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On Gauss Fibonacci polynomials, on Gauss Lucas polynomials
and their applications
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ABSTRACT
We define the Gauss Fibonacci polynomials. Then we give a formula for
the Gauss Fibonacci polynomials by using the Fibonacci polynomials. The
Gauss Lucas polynomials are described and the relation with Lucas polyno-
mials are explained. We show that there is a relation between the Gauss
Fibonacci polynomials and the Fibonacci polynomials. The Gauss Lucas pol-
ynomials are also given by using the Gauss Fibonacci polynomials. Some
theorems like Cassini’s theorem are proved for the polynomials. Their
Binet’s formulas are obtained. We also define the matrices of the Gauss
Fibonacci polynomials and the Gauss Lucas polynomials. We examine
properties of the matrices.
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1. Introduction

The investigation of Gaussian numbers is a research topic of great interest. The set of these num-
bers is denoted by Z[i]. One of the first studies on this subject belongs to Gauss. Gaussian num-
bers were investigated by Gauss in 1832. Then, in 1963, Horadam [6], introduced the concept of
Gaussian Fibonacci numbers. And then Jordan [8] considered the two different sequences of
Gaussian numbers and extended some relationships which are known about the common
Fibonacci sequences.

Horadam also studied also the complex Fibonacci polynomials [7]. Polynomials that can be
defined by Fibonacci-like recursion relations are called Fibonacci Polynomials and they were
studied in 1883 by Catalan and Jacobsthal. More mathematicians were involved in the study of
Fibonacci polynomials such as Yuan and Zhang [14], among others. Berzsenyi [2] presented a
natural manner of extension of the Fibonacci numbers into the complex plane. In addition to
this, Berzsenyi obtained some interesting identities for the classical Fibonacci numbers. And, he
gave a closed form for Gaussian Fibonacci numbers by the Fibonacci Q matrix. In 1981, Harman
gave the extension of Fibonacci numbers into the complex plane [5]. And, the author generalized
the methods are given by Horadam and Berzsenyi. Stakhov and Rozin [13] derived analytical for-
mulas for the Fibonacci p-numbers. They showed that these formulas are similar to the Binet for-
mulas for the classical Fibonacci numbers.
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The Fibonacci polynomials, The Lucas polynomials, The Gauss sequence and their properties
have been studied by some authors; see for example [1, 3, 4, 9–12].

2. Gauss Fibonacci polynomials, Gauss Lucas polynomials and their some properties

2.1. Gauss Fibonacci polynomials

In this section, we introduce Gauss Fibonacci polynomials GFnðxÞ and present some of their basic
properties.

Definition 1. Gauss Fibonacci polynomials GFnðxÞ are defined by

GFnþ1ðxÞ ¼ xGFnðxÞ þ GFn�1ðxÞ, n � 2

with GF1ðxÞ ¼ 1 and GF2ðxÞ ¼ xþ i:

The first few terms are as follows:

GF3ðxÞ ¼ xGF2ðxÞ þ GF1ðxÞ
¼ xðxþ iÞ þ 1 ¼ x2 þ 1þ ix

GF4ðxÞ ¼ xGF3ðxÞ þ GF2ðxÞ
¼ xðx2 þ 1þ ixÞ þ xþ i ¼ x3 þ 2xþ ix2 þ i

GF5ðxÞ ¼ xGF4ðxÞ þ GF3ðxÞ
¼ x4 þ 3x2 þ 1þ ix3 þ 2ix

GF6ðxÞ ¼ xGF5ðxÞ þ GF4ðxÞ
¼ x5 þ 4x3 þ 3xþ ix4 þ 3ix2 þ i

GF7ðxÞ ¼ xGF6ðxÞ þ GF5ðxÞ
¼ x6 þ 5x4 þ 6x2 þ 1þ ix5 þ 4ix3 þ 3ix:

And, if we write x¼ 1 in the equation GFnþ1ðxÞ ¼ xGFnðxÞ þ GFn�1ðxÞ, then we
obtain GFnð1Þ ¼ GFn:

Theorem 1. For n> 2, we have
GFnðxÞ ¼ FnðxÞ þ iFn�1ðxÞ:

Proof. We can prove the theorem by the induction method on n. For n¼ 3, we have

GF3ðxÞ ¼ xGF2ðxÞ þ GF1ðxÞ ¼ x2 þ 1þ ix ¼ F3ðxÞ þ iF2ðxÞ:
Now, assume that the theorem holds for n¼ k, that is

GFkðxÞ ¼ FkðxÞ þ iFk�1ðxÞ:
Then, for n ¼ kþ 1, we have

GFkþ1ðxÞ ¼ xGFkðxÞ þ GFk�1ðxÞ
¼ xðFkðxÞ þ iFk�1ðxÞÞ þ ðFk�1ðxÞ þ iFk�2ðxÞÞ
¼ xFkðxÞ þ xiFk�1ðxÞ þ Fk�1ðxÞ þ iFk�2ðxÞ
¼ xFkðxÞ þ Fk�1ðxÞ þ iðxFk�1ðxÞ þ Fk�2ðxÞÞ
¼ Fkþ1ðxÞ þ iFkðxÞ

Thus, the result follows. w
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We defined Binet’s formulas for the Gauss Fibonacci polynomials. Let aðxÞ and bðxÞ be the
solutions of the quadratic equation t2 � xt � 1 ¼ 0 :

aðxÞ ¼ xþ ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 42

p

2
, bðxÞ ¼ x� ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ 42
p

2
:

So we obtain

GFnðxÞ ¼ an�1ðxÞðaðxÞ þ iÞ � bn�1ðbðxÞ þ iÞ
aðxÞ � bðxÞ :

Theorem 2. For n � 3, we have

GF2nðxÞ þ GF2nþ1ðxÞ ¼ F2nðxÞðxþ 2iÞ:
Proof.

GF2nðxÞGF2nþ1ðxÞ ¼ F2nðxÞðxþ 2iÞ
¼ ðFnðxÞ þ iFn�1ðxÞÞ2 þ ðFnþ1ðxÞ þ iFnðxÞÞ2
¼ F2nðxÞ þ 2iFnðxÞFn�1ðxÞ þ i2F2n�1ðxÞ
þ F2nþ1ðxÞ þ 2iFnþ1ðxÞFnðxÞ þ i2F2nðxÞ

¼ F2nþ1ðxÞ � F2n�1ðxÞ þ 2iFnðxÞðFn�1ðxÞ þ Fnþ1ðxÞÞ
¼ ðFnþ1ðxÞ þ Fn�1ðxÞÞðFnþ1ðxÞ � Fn�1ðxÞÞ þ 2iFnðxÞLnðxÞ
¼ xFnðxÞLnðxÞ þ 2iFnðxÞLnðxÞ
¼ FnðxÞLnðxÞðxþ 2iÞ
¼ F2nðxÞðxþ 2iÞ:

w

Theorem 3. For n � 1, we have

GF2nþ1ðxÞ � GF2n�1ðxÞ ¼ ðx2 þ 2ixÞF2n�1ðxÞ:
Proof. If we use Theorem 2, we have

GF2nþ1ðxÞ ¼ F2nðxÞðxþ 2iÞ � GF2nðxÞ
GF2n�1ðxÞ ¼ F2n�2ðxÞðxþ 2iÞ � GF2nðxÞ

If to the first equation, we subtract the second one we have:

GF2nþ1ðxÞ � GF2n�1ðxÞ ¼ F2nðxÞðxþ 2iÞ � F2n�2ðxÞðxþ 2iÞ
¼ ðxþ 2iÞðF2nðxÞ � F2n�2ðxÞÞ
¼ ðxþ 2iÞxF2n�1ðxÞ
¼ ðx2 þ 2ixÞF2n�1ðxÞ:

w

Definition 2. Gauss Fibonacci polynomial matrix gfnðxÞ is defined by

gfnðxÞ ¼
GFnþ1ðxÞ GFnðxÞ
GFnðxÞ GFn�1ðxÞ

" #
, n � 0:

For example gf0ðxÞ ¼ 1 0
0 0

� �
and gf1ðxÞ ¼ xþ i 1

1 0

� �
:
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Proposition 1. For n � 2, we have

detðgfnðxÞÞ ¼ ð�1Þnð2� ixÞ:

Proof. We prove the proposition by the induction method on n. For n¼ 2, we have���� x2 þ 1þ ix xþ i
xþ i 1

���� ¼ x2 þ 1þ ix� ðxþ iÞ2 ¼ 2� ix

Now, assume that the equation holds for n¼ k, that is

detðgfkðxÞÞ ¼ GFk�1ðxÞGFkþ1ðxÞ � GF2kðxÞ ¼ ð�1Þkð2� 1ixÞ:
Then, for n ¼ kþ 1, we have

detðgfkþ1ðxÞÞ ¼
GFkþ2ðxÞ GFkþ1ðxÞ
GFkþ1ðxÞ GFkðxÞ

����
���� ¼ GFkþ2ðxÞGFkðxÞ � GF2kþ1ðxÞ

¼ ðxGFkþ1ðxÞ þ GFkðxÞÞGFkðxÞ � GFkþ1ðxÞGFkþ1ðxÞ
¼ ðxðxGFkðxÞ þ GFk�1ðxÞÞ þ GFkðxÞÞGFkðxÞ � ðxGFkðxÞ þ GFk�1ðxÞÞGFkþ1ðxÞ
¼ x2GF2kðxÞ þ xGFk�1ðxÞGFkðxÞ þ GF2kðxÞ � xGFkðxÞGFkþ1ðxÞ � GFk�1ðxÞGFkþ1ðxÞ
¼ x2GF2kðxÞ þ xGFk�1ðxÞGFkðxÞ þ GF2kðxÞ � xGFkðxÞðxGFkðxÞ þ GFkþ1ðxÞÞ
� GFk�1ðxÞGFkþ1ðxÞ

¼ GF2kðxÞ � GFk�1ðxÞGFkþ1ðxÞ
¼ ð�1ÞðGFkþ1ðxÞGFk�1ðxÞ � GF2kðxÞÞ
¼ ð�1Þð�1Þkð2� ixÞ
¼ ð�1Þkþ1ð2� ixÞ:

Using Proposition 1 and properties of the determinant we can deduce that. w

Proposition 2. For n � 2, we have

detðgf 2n ðxÞÞ þ detðgf 2nþ1ðxÞÞ ¼ 2ð2� ixÞ2:

Proof.

detðgf 2n ðxÞÞ þ detðgf 2nþ1ðxÞÞ
¼ detðgfnðxÞÞdetðgfnðxÞÞ þ detðgfnþ1ðxÞÞdetðgfnþ1ðxÞÞ
¼ ð�1Þnð2� ixÞð�1Þnð2� ixÞ þ ð�1Þnþ1ð2� ixÞð�1Þnþ1ð2� ixÞ
¼ ð�1Þ2nð2� ixÞ2 þ ð�1Þ2nþ2ð2� ixÞ2
¼ ð�1Þ2nð2� ixÞ2ð1þ ð�1Þ2Þ
¼ 2ð2� ixÞ2:

w

Proposition 3. For n,m � 2, we have

detðgfmþ1ðxÞgfnþ1ðxÞÞ þ detðgfmðxÞgfnðxÞÞ ¼ 2ð�1Þmþnð2� ixÞ2:
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Proof. From definition of determinant, we have

detðgfmþ1ðxÞgfnþ1ðxÞÞ þ detðgfmðxÞgfnðxÞÞ
¼ ð�1Þmþ1ð2� ixÞð�1Þnþ1ð2� ixÞ þ ð�1Þmð2� ixÞð�1Þnð2� ixÞ
¼ ð�1Þmþnþ2ð2� ixÞ2 þ ð�1Þmþnð2� ixÞ2
¼ ð�1Þmþnð2� ixÞ2ðð�1Þ2 þ 1Þ
¼ 2ð�1Þmþnð2� ixÞ2:

w

Proposition 4. For n,m � 2, we have

ð2� ixÞdetðgfmþnðxÞÞ ¼ detðgfmðxÞÞdetðgfnðxÞÞ

Proof.

detðgfmðxÞÞdetðgfnðxÞÞ ¼ ð�1Þmð2� ixÞð�1Þnð2� ixÞ
¼ ð�1Þmþnð2� ixÞð2� ixÞ
¼ ð2� ixÞdetðgfmþnðxÞÞ:

w

Proposition 5. For n � 2, we have

ðgf nnþ1ðxÞÞ � detðgf nn ðxÞÞ ¼
0, n even

2ð2� ixÞn, n odd
:

�

Proof.

detðgf nnþ1ðxÞÞ � detðgf nn ðxÞÞ ¼ ðð�1Þnþ1ð2� ixÞÞn � ðð�1Þnð2� ixÞÞn

¼ ð�1Þn2þnð2� ixÞn � ð�1Þn2ð2� ixÞn

¼ ð�1Þn2ð2� ixÞðð�1Þn � 1Þ
w

Then the result follows.

2.2. Gauss Lucas polynomials

In this section, we introduce Gauss Lucas polynomials GLnðxÞ and present some of their
basic properties.

Definition 3. Gauss Lucas polynomials GLnðxÞ are defined by

GLnþ1ðxÞ ¼ xGLnðxÞ þ GLn�1ðxÞ, n � 2

with GL1ðxÞ ¼ xþ 2i and GL2ðxÞ ¼ x2 þ 2þ ix:
The first few terms are as follows:

GLnðxÞ ¼ xGLn�1ðxÞ þ GLn�2ðxÞ
GLnþ1ðxÞ ¼ xGLnðxÞ þ GLn�1ðxÞ
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GL3ðxÞ ¼ xGL2ðxÞ þ GL1ðxÞ
¼ xðx2 þ 2þ ixÞ þ xþ 2i ¼ x3 þ 3xþ ix2 þ 2i

GL4ðxÞ ¼ xGL3ðxÞ þ GL2ðxÞ
¼ xðx3 þ 3xþ ix2 þ 2iÞ þ x2 þ 2þ ix

¼ x4 þ 4x2 þ 2þ ix3 þ 3ix

GL5ðxÞ ¼ xGL4ðxÞ þ GL3ðxÞ
¼ x5 þ 5x3 þ 5xþ ix4 þ 4ix2 þ 2i

GL6ðxÞ ¼ xGL5ðxÞ þ GL4ðxÞ
¼ x6 þ 6x4 þ 9x2 þ 2þ ix5 þ 5ix3 þ 5ix

GL7ðxÞ ¼ xGL6ðxÞ þ GL5ðxÞ
¼ x7 þ 7x5 þ 14x3 þ 7xþ ix6 þ 6ix4 þ 9ix2 þ 2

Theorem 4. For n> 2, we have
GLnðxÞ ¼ LnðxÞ þ iLn�1ðxÞ:

Proof. We can prove the theorem by the induction method on n. For n¼ 3, we have

GL3ðxÞ ¼ xGL2ðxÞ þ GL1ðxÞ ¼ x3 þ 3xþ ix2 þ 2i ¼ L3ðxÞ þ iL2ðxÞ
Now, assume that the theorem holds for n¼ k, that is

GLkðxÞ ¼ LkðxÞ þ iLk�1ðxÞ:
Then, for n ¼ kþ 1, we have

GLkþ1ðxÞ ¼ xGLkðxÞ þ GLk�1ðxÞ
¼ xðLkðxÞ þ iLk�1ðxÞÞ þ ðLk�1ðxÞ þ iLk�2ðxÞÞ
¼ xLkðxÞ þ xiLk�1ðxÞ þ Lk�1ðxÞ þ iLk�2ðxÞ
¼ xLkðxÞ þ Lk�1ðxÞ þ iðxLk�1ðxÞ þ Lk�2ðxÞÞ
¼ Lkþ1ðxÞ þ iLkðxÞ

w

We find Binet’s formulas for the Gauss Lucas polynomials. Let aðxÞ and bðxÞ be the solutions of
the quadratic equation t2 � xt � 1 ¼ 0;

aðxÞ ¼ xþ ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 42

p

2
, bðxÞ ¼ x� ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ 42
p

2
:

So we obtain

GLnðxÞ ¼ an�1ðxÞðaðxÞ þ iÞ þ bn�1ðxÞðbðxÞ þ iÞ:
Theorem 5. For n � 4, we have

GLnðxÞ ¼ GFnþ1ðxÞ þ GFn�1ðxÞ
Proof.

GLnðxÞ ¼ LnðxÞ þ iLn�1ðxÞ ¼ ðFnþ1ðxÞ þ Fn�1ðxÞÞ þ iðFnðxÞ þ Fn�2ðxÞÞ
¼ Fnþ1ðxÞ þ Fn�1ðxÞ þ iFnðxÞ þ iFn�2ðxÞ
¼ Fnþ1ðxÞ þ iFnðxÞ þ Fn�1ðxÞ þ iFn�2ðxÞ
¼ GFnþ1ðxÞ þ GFn�1ðxÞ:

w
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Theorem 6. For n � 5, we have

GLnþ1ðxÞ þ GLn�1ðxÞ ¼ ðx2 þ 4ÞGFnðxÞ:
Proof.

GLnþ1ðxÞ þ GLn�1ðxÞ ¼ Lnþ1ðxÞ þ iLnðxÞ þ Ln�1ðxÞ þ iLn�2ðxÞ
¼ ðFnþ2ðxÞ þ FnðxÞÞ þ iðFnþ1ðxÞ þ Fn�1Þ
þ ðFnðxÞ þ Fn�2ðxÞÞ þ iðFn�1ðxÞ þ Fn�3ðxÞÞ

¼ Fnþ2ðxÞ þ iFnþ1ðxÞ þ FnðxÞ þ iFn�1ðxÞ
þ FnðxÞ þ iFn�1ðxÞ þ Fn�2ðxÞ þ iFn�3ðxÞ

¼ GFnþ2ðxÞ þ GFnðxÞ þ GFnðxÞ þ GFn�2ðxÞ
¼ ðxGFnþ1ðxÞ þ GFnðxÞÞ þ 2GFnðxÞ þ GFn�2ðxÞ
¼ xðxGFnðxÞ þ GFn�1ðxÞÞ þ 3GFnðxÞ þ GFn�2ðxÞ
¼ x2GFnðxÞ þ xGFn�1ðxÞ þ GFn�2ðxÞ þ 3GFnðxÞ
¼ x2GFnðxÞ þ GFnðxÞ þ 3GFnðxÞ
¼ ðx2 þ 4ÞGFnðxÞ:

w

Theorem 7. For n � 3, we have

GFmþnðxÞ ¼ FmðxÞGFnþ1ðxÞ þ Fm�1ðxÞGFnðxÞ:
Proof.

FmðxÞGFnþ1ðxÞ þ Fm�1ðxÞGFnðxÞ
¼ FmðxÞðFnþ1ðxÞ þ iFnðxÞÞ þ Fm�1ðxÞðFnðxÞ þ iFn�1ðxÞÞ
¼ FmðxÞFnþ1ðxÞ þ Fm�1ðxÞFnðxÞ
þ iðFmðxÞFnðxÞ þ Fm�1ðxÞFn�1ðxÞÞ

¼ FnþmðxÞ þ iFnþm�1

¼ GFmþnðxÞ:
w

Theorem 8. For n � 3, we have

GFnðxÞGLnðxÞ ¼ ðxþ 2iÞF2n�1ðxÞ:
Proof.

GLnðxÞGFnðxÞ ¼ ðLnðxÞ þ iLn�1ðxÞÞðFnðxÞ þ iFn�1ðxÞÞ
¼ ðFnþ1ðxÞ þ Fn�1ðxÞÞ þ iðFnðxÞ þ Fn�2ðxÞÞ½ �FnðxÞ
þ i ðFnþ1ðxÞ þ Fn�1ðxÞÞ þ iðFnðxÞ þ Fn�2ðxÞÞ½ �Fn�1ðxÞ

¼ Fnþ1ðxÞFnðxÞ þ Fn�1ðxÞFnðxÞ � FnðxÞFn�1ðxÞ
� Fn�2ðxÞFn�1ðxÞ þ iðF2nðxÞ þ FnðxÞFn�2ðxÞ
þ Fnþ1ðxÞFn�1ðxÞ þ F2n�1ðxÞÞ

¼ F2nðxÞ � F2n�2ðxÞ þ iðF2nðxÞ þ F2n�1ðxÞ
þ FnðxÞFn�2ðxÞ þ Fnþ1ðxÞFn�1ðxÞÞ

¼ xF2n�1ðxÞ þ iðF2n�1ðxÞ þ F2n�1ðxÞÞ
¼ ðxþ 2iÞF2n�1ðxÞ:

w
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Definition 4. Gauss Lucas Polynomial matrix glnðxÞ is defined by

glnðxÞ ¼
GLnþ1ðxÞ GLnðxÞ
GLnðxÞ GLn�1ðxÞ

" #
, n � 0:

For example, gl0 ¼ xþ 2i 2� ix
2� ix 2iþ ix2 � x

� �
and gl1 ¼ x2 þ 2þ ix xþ 2i

xþ 2i 2� ix

� �
:

Proposition 6. For n � 2, we have

detðglnðxÞÞ ¼ ð�1Þnþ1ðx2 þ 4Þð2� ixÞ:
Proof. We prove the proposition by the induction method on n. For n¼ 2, we have

detðgl2Þ ¼ x3 þ 3xþ ix2 þ 2i x2 þ 2þ ix
x2 þ 2þ ix xþ i

����
���� ¼ �ðx2 þ 4Þð2� ixÞ

Now, assume that the equation holds for n ¼ k: That is

glkðxÞ ¼ GLkþ1ðxÞ GLkðxÞ
GLkðxÞ GLk�1ðxÞ

� �
¼ ð�1Þkþ1ðx2 þ 4Þð2� ixÞ:

Then, for n ¼ kþ 1, we have

glkþ1ðxÞ ¼
GLkþ2ðxÞ GLkþ1ðxÞ
GLkþ1ðxÞ GLkðxÞ

" #
¼ GLkþ2ðxÞGLkðxÞ � GL2kþ1ðxÞ

¼ GLkþ2ðxÞGLkðxÞ � GLkþ1ðxÞGlkþ1ðxÞ
¼ ðGLkðxÞ þ xGLkþ1ðxÞÞGLkðxÞ � GLkþ1ðxÞGlkþ1ðxÞ
¼ ðxðxGLkðxÞ þ GLk�1ðxÞ þ GLkðxÞÞGLkðxÞ
� ðxGLkðxÞ þ GLk�1ðxÞÞGLkþ1ðxÞ

¼ ðx2 þ 1ÞGLkðxÞGLkðxÞ þ xGLkðxÞGLk�1ðxÞ
� xGLkðxÞGLkþ1ðxÞ � GLk�1ðxÞGLkþ1ðxÞ

¼ ðx2 þ 1ÞGLkðxÞGLkðxÞ þ xGLkðxÞGLk�1ðxÞ
� xGLkðxÞðxGLkðxÞ þ GLk�1ðxÞÞ � GLk�1ðxÞGLkþ1ðxÞ

¼ GL2kðxÞ � GLk�1ðxÞGLkþ1ðxÞ
¼ ð�1ÞðGLk�1ðxÞGLkþ1ðxÞ � GL2kðxÞÞ
¼ ð�1Þð�1Þkþ1ðx2 þ 4Þð2� ixÞ
¼ ð�1Þkþ2ðx2 þ 4Þð2� ixÞ:

w

Proposition 7. For n � 2, we have

detðglnðxÞÞ ¼ ð�1Þðx2 þ 4ÞdetðgfnðxÞÞ:

Proof. The proof is easily deduced from Proposition 1 and Proposition 6. w

3. Conclusion

We defined new polynomials by using definitions of Gauss sequence, Fibonacci Polynomial,
Lucas Polynomial. The properties of those polynomials were examined. Some theorems about
these polynomials were presented.
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