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1. Introduction

The investigation of Gaussian numbers is a research topic of great interest. The set of these num-
bers is denoted by Z[i]. One of the first studies on this subject belongs to Gauss. Gaussian num-
bers were investigated by Gauss in 1832. Then, in 1963, Horadam [6], introduced the concept of
Gaussian Fibonacci numbers. And then Jordan [8] considered the two different sequences of
Gaussian numbers and extended some relationships which are known about the common
Fibonacci sequences.

Horadam also studied also the complex Fibonacci polynomials [7]. Polynomials that can be
defined by Fibonacci-like recursion relations are called Fibonacci Polynomials and they were
studied in 1883 by Catalan and Jacobsthal. More mathematicians were involved in the study of
Fibonacci polynomials such as Yuan and Zhang [14], among others. Berzsenyi [2] presented a
natural manner of extension of the Fibonacci numbers into the complex plane. In addition to
this, Berzsenyi obtained some interesting identities for the classical Fibonacci numbers. And, he
gave a closed form for Gaussian Fibonacci numbers by the Fibonacci Q matrix. In 1981, Harman
gave the extension of Fibonacci numbers into the complex plane [5]. And, the author generalized
the methods are given by Horadam and Berzsenyi. Stakhov and Rozin [13] derived analytical for-
mulas for the Fibonacci p-numbers. They showed that these formulas are similar to the Binet for-
mulas for the classical Fibonacci numbers.
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The Fibonacci polynomials, The Lucas polynomials, The Gauss sequence and their properties
have been studied by some authors; see for example [1, 3, 4, 9-12].

2. Gauss Fibonacci polynomials, Gauss Lucas polynomials and their some properties
2.1. Gauss Fibonacci polynomials

In this section, we introduce Gauss Fibonacci polynomials GF,(x) and present some of their basic
properties.

Definition 1. Gauss Fibonacci polynomials GF,(x) are defined by
GF,11(x) = xGF,(x) + GF,_1(x),n > 2
with GF;(x) =1 and GF,(x) = x +i.
The first few terms are as follows:
GF;(x) = xGF,(x) + GF,(x)
=x(x+i)+1=x*+1+ix
GF4(x) = xGF5(x) + GF,(x)
=x(® +1+ix) +xti=x+2x+ix> +i
GF5(x) = xGF4(x) + GF;(x)
= x4+ 367 + 1 +ix® + 2ix
GFs(x) = xGFs5(x) + GFy(x)
=X +4X° +3x +ix* + 3ix* + i
GF;(x) = xGFs(x) + GF5(x)
=x% 4 5x* + 6x° + 1 + ix® + 4ix” + 3ix.
And, if we writt x=1 in the equation GF, ;(x)=xGF,(x)+ GF,_(x), then we
obtain GF,(1) = GF,,.
Theorem 1. For n> 2, we have
GF,(x) = Fy(x) + iFy_1 (x).
Proof. We can prove the theorem by the induction method on n. For n=3, we have
GF3(x) = xGF,(x) + GF;(x) = x* + 1 + ix = F3(x) + iF5(x).
Now, assume that the theorem holds for n =k, that is
GFy(x) = Fx(x) 4 iFx_1(x).
Then, for n = k+ 1, we have
GFy11(x) = xGFj(x) + GFy_1(x)
= x(Fy(x) + iFi1 (%)) + (Fr1 (%) + iFi2(x))
= xFy(x) + xiFx_1 (x) + Fj_1(x) + iFf_2(x)
= XFi(x) + F_1(x) + i(xFx_; (x) + Fr_2(x))
= Fiy1(x) + iF(x)

Thus, the result follows. O
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We defined Binet’s formulas for the Gauss Fibonacci polynomials. Let o(x) and f(x) be the
solutions of the quadratic equation t> — xt — 1 = 0:

x+vV/x2+4 x—vxt+4

o) = EEEA iy <22V
So we obtain
_ o ) (alx) +0) = BN (Bx) + 1)
OFnlx) = () — B0 |

Theorem 2. For n > 3, we have
GF%(x) + GF>_ | (x) = Fyu(x)(x + 2i).
Proof.
GF.(x)GF.,,(x) = Fy(x)(x + 2i)
= (Fa(%) + iFy1(x))* + (Far1 (x) + iFa(x))?
= F2(x) + 2iF,(x)F,_1(x) + *F>_, (x)
+ Fopy (%) + 2iF1 (%) Ea(x) + Fy ()
Fﬁ+1( ) — Fifl(x) + 2iF, (x)(Fy—1(x) + Fut1(x))
= (Fu1 (%) + Fuo1 (%)) (Fug (%) = Fu1(x)) + 2iFu(x)La(x)
= xF,,(x)L,(x) + 2iF,(x)L,(x)
L

= F, ()L, (x)(x + 2i)
= Fpu(x)(x + 2i).
O
Theorem 3. For n > 1, we have
GFiH( ) = GF,_ (%) = (& + 2ix)Fp1 ().
Proof. 1f we use Theorem 2, we have
GF%H( ) = Fou(x)(x +2i) — GF; (x)
GF,_,(x) = Fau_2(x)(x + 2i) — GF,(x)
If to the first equation, we subtract the second one we have:
GF,_ | (x) — GF,_y (x) = Fau(x) (x + 2i) — Fap_(x)(x 4 2i)
= (x + 2i) (Fan(x) — Fan—2(x))
= (x + 2i)xF,—1(x)
= (x* + 2ix)Fyp_1 (x).
|

Definition 2. Gauss Fibonacci polynomial matrix gf,(x) is defined by

GFn+l( ) GF( )
SO G e m]

For example gfy(x) = [(1) 0] and gfi (x) [erz }
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Proposition 1. For n > 2, we have

det(gfu(x)) = (-1)"(2 — ix).

Proof. We prove the proposition by the induction method on n. For n=2, we have

XH+1+ix x+i

2 o N2
i L= +14ix—(x+i) =2—ix

Now, assume that the equation holds for n =k, that is

det(gfi(x)) = GFi_1(x)GFy i1 (x) — GF(x) = (—1)k@2 - 1ix).
Then, for n = k+ 1, we have
GFyi2(x)  GFgpa(x)

dergon (1) = | o2 ot = GRa()GR) ~ GFE ()
— (¥ (x ) + GEW(x))GFu(x) — GFeu1 (x)GFi (%)
= (x(xGFx(x) + GFx_1(x)) + GFk(x))GFi(x) — (xGFi(x) + GFi_1(x)) GFr11(x)
= x*GF{(x) + xGFy_ (x)GFi(x) + GF;(x) — xGFy(x)GFy41(x) — GF—1(x)GFjs1(x)
= x*GF;(x) + xGFy_1(x)GFi(x) + GF{(x) — xGFy(x)(xGFi(x) + GFyy1(x))
— GFi1(x)GFy11(x)
= GF;(x) — GFi—1(x)GFis1 (x)
= (=1)(GFis1 (x) GFy-1 (%) — GF(x))
= (-)(-D"2 - ix)
— (D)2 ix).
Using Proposition 1 and properties of the determinant we can deduce that. O

Proposition 2. For n > 2, we have

det(gf; (x)) + det(gfy,, (x)) = 2(2 — ix)*,

Proof.
det(gfy (x)) + det(gfy, (x))
= det(gfy(x))det(gfu(x)) + det(gfur1(x))det(gfur1(x))
= (=1)"2 =) (=1)"(2 = ix) + (-=1)"" (2 = ix)(=1)"" (2 — ix)
= (-1)"(2—ix)" + (1" (2 ~ ix)?
= (-1)"(2 - ix)’(1+ (-1))
=202 —ix)%.

Proposition 3. For n,m > 2, we have

det(gfini1(x)gfus1(x)) + det(gfim(x)gfu(x)) = 2(—1)m+"(2 — ix)z.
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Proof. From definition of determinant, we have

det(gfmr1(X)gfut1 (%)) + det(gfn(x)gfu(x))

(=)™ 2= ix)(~)" (2 — i) + (-1)"(2 — i) (~1)"(2 — ix)
( )m+n+2( )2 + (_1)m+n(2 o l.x)z

(=1)""(2 = ix)*((=1)* + 1)
2

=2(-1)""(2 — zx) .
|
Proposition 4. For n,m > 2, we have
(2 — ix)det(gfmin(x)) = det(gfin(x))det(gf(x))
Proof.
det(gf(x))det(gfu(x)) = (=1)"(2 — ix)(=1)"(2 — ix)
= (=1)""(2 —ix)(2 — ix)
= (2 — ix)det(gfyrn(x)).
|
Proposition 5. For n > 2, we have
" d " [0, n even
o) = delgy) = { )
Proof.
det(gfy., (x)) — det(gfy (x)) = ((=1)"" (2 = ix))" = ((=1)"(2 = ix))"
= ()" =) - ()" 2 - i)
= (=)' Q2-ix)((=1)" - 1)
O

Then the result follows.

2.2. Gauss Lucas polynomials

In this section, we introduce Gauss Lucas polynomials GL,(x) and present some of their
basic properties.

Definition 3. Gauss Lucas polynomials GL,(x) are defined by
GL,41(x) = xGL,(x) + GLy—1(x),n > 2
with GL;(x) = x + 2i and GL,(x) = x* + 2 + ix.
The first few terms are as follows:
GL,(x) = xGL,—1(x) + GL,_»(x)
GL,11(x) = xGL,,(x) + GL,,—1(x)
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GL;(x) = xGLy(x) + GL;(x)
= x(x® + 2 +ix) +x+2i = x° + 3x + ix® + 2i
GL4(x) = xGL3(x) + GL,(x)
=x(x* +3x + ix* +2i) + x> + 2+ ix
=x*+ 4 + 2+ ix + 3ix
GLs(x) = xGL4(x) + GL5(x)
= x° + 5% + 5x + ix* + 4ix® + 2i
GLg(x) = xGLs(x) + GL4(x)
= %%+ 6x* +9x* + 2 + ix’ + 5ix’ + 5ix
GL;(x) = xGLg(x) + GLs(x)
=x +7x + 14x° + 7x + ix® + 6ix* + 9ix” + 2

Theorem 4. For n> 2, we have
GL(X) = Ly(x) + iLy 1 (x).
Proof. We can prove the theorem by the induction method on n. For n=3, we have
GL3(x) = xGL,(x) + GLy(x) = x* + 3x + ix* + 2i = L3(x) + iL,(x)
Now, assume that the theorem holds for n =k, that is
GLi(x) = Lg(x) 4 iLg_1 (x).
Then, for n = k + 1, we have
GLj11(x) = xGLg(x) + GLx_1(x)
= x(Li(x) 4 iLx-1(x)) + (Li—1(x) + iLk—2(x))
= xLg(x) + xilg_1(x) + Lg_1(x) + iLx_»(x)
= xL(x) + Lg_1(x) 4 i(xLg_1(x) + Lyk_2(x))
= Li (x) + iLk(x)
O

We find Binet’s formulas for the Gauss Lucas polynomials. Let o(x) and f(x) be the solutions of
the quadratic equation t* — xt — 1 = 0;

x4+ Vx2+4 x—vxt+4
e e R

So we obtain
GLy(x) = 0" (%) (ex(x) + i) + "7 () (B(x) + ).
Theorem 5. For n > 4, we have
GL,(x) = GF41(x) + GFy_1(x)
Proof.

GLn(x) = Ln(x) + iLn- ( ) = (Fus1(x) + Fuo1(x)) + i(Fu(x) + Fua(x))
= Fp1(x) + Fu1(x) + iFy(x) + iFy2(x)
= Fpi(x) + ( ) + Fuo1(x) + iFy2(x)
= GFnH(x) + GF, 1 (x).
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Theorem 6. For n > 5, we have
GLy11(x) + GLy1(x) = (x* + 4)GF, ().

Proof.

GLyt1(x) + GLy—1(x) = Lyt1(x) + iLn(x) + Ly—1(x) + iLy—2(x)

= (Fus2(x) + Fu(x)) + i(Fps1 (x) + Fa1)
+ (Fa(x) + Fua(x)) + i(Faa(x) + Fu3(x))
+1Fn+1 X) + Fy(x) + iFy1(x)
+ Fya(x) + iF,_3(x)
= GFn+2 x) + GF, ( ) + GF,(x) + GF,_»(x)
wi1(X) + GFy(x)) + 2GF,(x) + GF,_»(x)

= x(xGF (x) + GF,—1(x)) + 3GF,(x) + GF,_»(x)
= x*GF,(x) + xGF,_(x) + GF,_5(x) + 3GF,(x)
= x*GF,(x) + GF,(x) + 3GF,(x)
= (x* + 4)GF,(x).

vv

Theorem 7. For n > 3, we have
GFyin(x) = Fi(x)GF11(x) + Frye1(x) GF, (x).

Proof.

Fpy(x)GF,q1(x) + Fpy—1 (x)GF,(x)

= F(0) (Fus(5) + 1Fu(x)) + Pt (9)(Falx) + iFo 1 (4)

= Fyu(%)Fy11(x) + Fyu1(x)Fu(x)

+ i(Ep (%) (x) + Fine1 (x)Fymi (%))
= Fpym(x) + iFupm—1
= GFm+n(x)'

Theorem 8. For n > 3, we have
GF,(x)GLy(x) = (x + 2i)Fap—1(x).
Proof.
GLy(x)GFy(x) = (Ln(x) + iLy—1(x)) (Fu(x) + iFs1(x))
= [(Far1(x) 4+ Fu1(x) 4 i(Fa(x) + Fua(x))]Fn(x)
+ i[(Fu1 (%) + Fuo1 (%)) + i(Fu(x) + Fuz (%)) Fua ()
= Foi1 (X)Fu(x) + Fy1 (%) F(x) — Fy (%) Fpo1 (x)
— Fuoa(x)Fue (x) + i(F, (x) + Ey(x) Faa(x)
+ Fur1 (%)Fae1 (x) + Fy_y ()
—FZn( ) = Fana(x) + i(F3(x) + Fy_, ()
Fy(x)Fy—2(x) + Fpi1(x)Fao1(x))
—Xan 1(x) + i(F2n-1(x) + F2u1(x))
= (x + 2i)Fp-1(x).
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Definition 4. Gauss Lucas Polynomial matrix gl,(x) is defined by

GLyia(x)  GLa(x)

GL,(x) GL,_(x)

x+2i 2 —ix } {x +2+ix x—|—21}
and g, =

gh(x) =

For example, gly = {Zz‘x 2+ ix® — x x+2i 2 —ix

Proposition 6. For n > 2, we have
det(gl,(x)) = (—1)""' (o« + 4)(2 — ix).
Proof. We prove the proposition by the induction method on n. For n =2, we have

B 43x+ix?+2i xX¥*+2+ix
det(gh) =" 27 ) [ x+i

Now, assume that the equation holds for n = k. That is

ghix) = [Géﬂé’)‘) Gi’;kf’&)] — ()M + 42— i),

Then, for n = k + 1, we have

= —(x* +4)(2 —ix)

GLyya( GLjt1(x)
GLiy1 ( GLi(x)
= GLj42 (%) GLi (%) — GLyr1 (%) Gliyr ()
= (GLy(x) + xGLy41(x))GLy(x) — GLgy1 () Gliy1(x)
= (x(xGLy(x) + GLx_1(x) + GLi(x))GLk(x)

— (¥GLi(¥) + GLi1(x))GLes1 (%)
= (x* + 1)GLk(x)GLy(x) 4+ xGLg(x)GLx_ (x)

— XGL(%)GLys1 () — GLi_1 (x)GLisr (x)
= (x® + 1)GLi(x)GL(x) 4+ xGLi(x)GL_, (x)

— xGLy(x)(xGLg(x) + GLg—1(x)) — GLg—1 () GLi+1 (%)
= GL;(x) — GLi—1(x)GLg 14 (x)

— (—1)(GLi1(x)GLis (x) — GLE(x)

= (-1)(-D)"(F +4)(2 - ix)

= (=" (P +4)(2 — ix).

x
Shi(x) =

-

) ] = GLi12(x)GLi(x) — GL;,(x)

d
Proposition 7. For n > 2, we have
det(gh(x)) = (=1)(x* + 4)det(gfu (x)).
Proof. The proof is easily deduced from Proposition 1 and Proposition 6. O

3. Conclusion

We defined new polynomials by using definitions of Gauss sequence, Fibonacci Polynomial,
Lucas Polynomial. The properties of those polynomials were examined. Some theorems about
these polynomials were presented.
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