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Abstract. In this paper we introduce a new class of functions
called #-b-continuous. Some characterizations and several proper-
ties concerning 6-b-continuity are obtained. Furthermore relation-
ships among 6#-b-continuity, strong 6-b-continuity, b-continuity,
weak b-continuity and faint b-continuity are investigated.
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1 Introduction

The notion of b-open sets is introduced by Andrijevic [3] and variants of con-
tinuity related to this concept are studied in [5,11,12,19,21,22]. The purpose
of the present paper is to introduce and investigate some of the fundamental
properties of #-b-continuous functions. In Section 3, we obtain some charac-
terizations and basic properties of #-b-continuous functions. In Section 4, we
investigate relationships between #-b-continuity and some other variants of b-
continuity. In Section 5, we investigate relationships between 6-b-continuity
and separation axioms and study relationships between 6-b-continuity and
b-0-closed graphs. In the last section we give some covering properties of
f-b-continuous functions.
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2 Preliminaries

Throughout this paper (X,7) and (Y,0) (or simply X and Y') represent
nonempty topological spaces on which no separation axioms are assumed,
unless otherwise mentioned. For a subset S of (X, 7), ¢l(S) and int(S) rep-
resent the closure of S and the interior of S, respectively. A subset S of
a space (X, 7) is said to be regular open [14] (resp. regular closed [14]) if
S =int(cl(9)) (resp. S = cl(int(S))). A point z of X is called a O-cluster
23] point of A if c/(U) N A # & for every open set U of X containing x. The
set of all #-cluster points of A is called the #-closure [23] of A and is denoted
by clg(A). A set A is said to be #-closed if A = cly(A). The complement of a
6-closed set is said to be f-open [9] . A subset S of a space (X, 7) is said to
be semi-open [7] (resp. preopen [10], a-open [13], semi-preopen [2] or [-open
[1], b-open [3] or y-open [5] ) if S C cl(int(S)) (resp. S C int(cl(5)), S C
int(cl(int(S))), S C cl(int(cl(S))), S C cl(int(S)) Uint(cl(S)) ). The family
of all semi-open (resp.preopen, a-open, -open, b-open) sets of X is denoted
by SO(X) (resp. PO(X), aO(X), O(X), BO(X)) The complement of a
semi-open (resp.preopen, a-open, G-open, b-open) set is said to be semi-closed
(resp. preclosed, a-closed, (-closed, b-closed). If S is a subset of a space X,
then the b-closure of S, denoted by bel(S), is the smallest b-closed set con-
taining S. The semiclosure (resp. preclosure, a-closure, 3-closure) of S is
similarly defined and is denoted by scl(S) (resp. pcl(S), aCl(S), BCI(S)).
The b-interior of S, denoted by bint(S), is the largest b-open set contained
in S. A subset S is said to be b-regular if it is b-open and b-closed. The
family of all b-closed (resp. b-regular) sets of X is denoted by BC(X) (resp.
BR(X)) and the family of all b-open (resp. b-regular) sets of X containing
a point x € X is denoted by BO(X,x) (resp. BR(X,x)).

A point x of X is called a b-0-cluster point [19] of S if bel(U)NS # & for every
U € BO(X,z). The set of all b-6-cluster points of S is called the b-6-closure
[19] of S and is denoted by bclp(S). A subset S is said to be b-6-closed if
S = bcly(S). The complement of a b-0-closed set is said to be b-0-open and the
b-0-interior of a set S, binty(S), is defined as binty(S) = {z € S : bel(U) C S
for some U € BO(X, z)}.

Lemma 1. (Andrijevic [3]) For a subset A of a space X, the following prop-
erties hold:

(a) bel(A) = scl(A) Npel(A);
(b) bint(A) = sint(A) U pint(A);
(c) z €bel(A) if and only if ANU # @ for every BO(X, x);
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(d) A€ BC(X) if and only if A = bcl(A).

Lemma 2. (Park, [19]) Let A and B be any subsets of a space X. Then the
following properties hold:

(a) A e BO(X) if and only if bel(A) € BR(X);

(b) if A C B, then bely(A) C bely(B);

(c) belg(belg(A)) = belp(A);

(d) z € bclp(A) if and only if VN A # @& for each V € BR(X, z);

(e) Aisb-f-openin X if and only if for each x € A there exists V € BR(X, z)
such that x € V C A;

(f) bclp(A) is b-6-closed,;
(g) if A€ BO(X), then bcl(A) = bclp(A).

Lemma 3. A subset U of a space X is b-0-open in X if and only if for each
x € U, there exists a W € BO(X) with v € W such that bel(W) C U.

Proof. Suppose that U is b-6-open in X. Then X\ U is b-0-closed. Let
xz € U, then x ¢ bclg(X\U) and so there exists W € BO(X) with x € W
such that bel(W) N (X\U) = @. Thus bel(W) C U.
Conversely, assume that U is not a b-6-open. Then X\ U is not b-0-closed,
and so there exists x € bclg(X\U) such that ¢ X\ U. Since x € U , by
hypothesis, there exists W € BO(X) with x € W such that bel(W) C U.
Thus bel(W) N (X\U) = @. This is a contradiction since x € belg(X\U).
O]

3 Characterizations

Definition 4. A function f : X — Y is said to be 6-b-continuous (briefly
0.b.c.) if for each x € X and each open set V' of Y containing f(x), there
exists U € BO(X, x) such that f(bcl(U)) C cl(V).

Theorem 5. The following properties are equivalent for a function f : X —
Y:

(a) fisf.b.c;
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(b) belo(f~" (int(cl(B)))) € £~ (cl (B)) for every subset B of Y
(c) belg(f" (int(F))) € f~' (F) for every regular closed set F of Y;
(d) belo(f~ (int(cl(V)))) € f~ (cl(V)) for every V € BO(Y);

(e) belg(f~ (int(cl(V)))) C =1 (cl(V)) for every V € BO(Y);

(S )
() belg(f~H(V)) C f~1(cl (V)) for every V € PO(Y);
(g) belo(f~H (V) C f~1(cl(V)) for every open set V of Y;

(h) f~1(V) Cbinty(f~' (el (V))) for every open set V of Y.

Proof. (a)=(b): Let B be any subset of Y. Assume that x € X\_f~(cl(B)).
Then f(z) € Y\cl(B) and there exists an open set V' containing f(x) such
that VN B = @; hence cl(V) Nint(cl(B)) = @. Since f is 6.b.c., there exists
U € BO(X,z) such that f(bel(U)) C cl(V). Therefore we have bcl(U) N
f~(int (cl (B))) = @ and hence z € X\bcly(f! (int (cl (B)))). Thus we
obtain belg(f~! (int(cl(B)))) C f~' (cl (B)).

(b)=-(c): Let F' be any regular closed set of Y. Then we have

bely (£ (int(F))) = belg(f~" (int(cl(int(F))))) € £~ (el (int(F))) = £~ (F).
(¢)=(d): Let V be any [-open set of Y. It follows that cl(V) is regular
closed. Since f is 6.b.c., by (c) we have belp(f~! (int (cl(V)))) C f~H(cl(V)).
(d)=(e): This is clear, since BO(Y) C fO(Y).

(e)=(f): This is clear, since PO(Y') C BO(Y).

(f)=(g): This is clear, since every open set is preopen.

(g)=(h): Let V be any open set of Y. Since Y\ ¢l(V) is open in Y we
have Xbinto(f~ (c (V) = belo( XS~ ((V))) = belg(f~ (YNl(V))
C fHd(YNA(V))) = L (YNant(c(V))) € XNSHV). Then f~1 (V) C
binte(f~ (cl (V))).

(h)=(a): Let z € X and V be an open set of Y containing f(z). Then
r € f~1(V) and, by (h) and Lemma 3, there exists U € BO(X, ) such that
bel(U) C f~' (cl (V). Hence f(bcl(U)) C cl(V) and f is f-b-continuous. [

Theorem 6. The following properties are equivalent for a function f : X —
Y:

(a) fis@.b.c,;
(b) f(bcla(A)) C cly(f (A)) for every subset A of X;

(c) belg(f~1(B)) C f~'(cly (B)) for every subset B of Y
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(d) belg(f~! (int(cly (B)))) C f~' (clg (B)) for every subset B of X.

Proof. (a)=-(b): Let A be a subset of X and x € bcly(A). Let V be any
open set of Y containing f(z). By (a) there exists U € BO(X, x) such that
fbel(U)) C cl(Vj. Then bel(U) N A # @ and @ # f(bcl(U)) N f(A) C
(V)N f(A) so that f(x) € clp (f(A)).

(b)=(c): Let B be a subset of Y. We have

flbelg(f71 (B))) C clg(f(f7" (B))) C clo(B) then bely(f~ (B)) C [ (clp (B)).
(¢c)=>(d): Let B be a subset of Y. Since cly(B) is closed in Y, we have
bely(f = (int(cly (B)))) C f~(cl(int(clp (B)))) C f~(cly (B)).

(d)=(a): Let V be any open set of Y. Then V' C int(cl (V')) = int(cly (V)
and hence bely(f~1 (V) Cbelg(f~1 (int(cly (V)))) C f~Hclg (V) C fH(cl (V)
and it follows from Theorem 5 that f is 6.b.c. ]

Lemma 7. (Andrijevic [3]). The intersection of an open set and a b-open
set is a b-open set.

Theorem 8. Let f: X — Y be a function and g : X — X XY the graph
function of f, defined by g(x) = (z, f(x)) for each x € X. Then g is 60-b-
continuous if and only if f is 0.b.c.

Proof. Necessity. Suppose that g is 6.b.c. Let x € X and V' be an open set of
Y containing f(z). Then X xV is an open set of X XY containing g(x). Since
g is 6.b.c., there exists U € BO(X,z) such that g(bcl(U)) C cl(X x V). It
follows that cl(X x V) = X x cl(V'). Therefore we obtain f(bcl(U)) C cl(V).
This shows that f is 6.b.c.

Sufficiency. Let € X and W be any open set of X x Y containing g(z).
There exist open sets Uy C X and V C Y such that g(z) = (z, f(x)) € U;
V C W. Since f is 6.b.c., there exists Uy € BO(X, ) such that f(bcl(Us)) C
(V). Let U = Uy NU; then U € BO(X,x) by Lemma 7. Therefore we
obtain g(bcl(U)) C cl(Uy) x f(bel(Us)) C cl(Uy) x cl(V) C el(W). This
shows that ¢ is 6.b.c. ]

Lemma 9. (El-Atik [5]). Let A and X, be subsets of a space (X,7) . If
A e BO(X) and Xy € aO(X), then AN Xy € BO(Xy).

Lemma 10. (Park [19]) If A C Xy C X and Xy is a-open in X, then
bel(A) N Xy = belx,(A), where belx,(A) denotes the b-closure of A in the
subspace Xy.

Theorem 11. If f : X — Y is6.b.c. and Xy is an a-open subset of X, then
the restriction f|y : Xo—Y is0.b.c.
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Proof. For any x € X, and any open neighborhood V' of f(z), there exists
U € BO(X,z) such that f(bcl(U)) C cl(V) since f is .b.c. Put Uy = UN X,
then by Lemma 9 Uy € BO(Xy,z) and by Lemma 10 bclx,(Uy) C bel(Uy).
Therefore, we obtain ( f|y, )(bclx,(Uo)) = f(belx,(Un)) C f(bel(Uy)) C

fbel(U)) C (V). O

Definition 12. A function f: (X, 7) — (Y, 0) is said to be O-continuous [6]
if for each x € X and each open set V of Y containing f(z), there exists an
open set U in X containing x such that f(cl(U)) C cl(V).

Theorem 13. If f : X — Y isf0.b.c. and g :Y — Z 1is O0-continuous, then
the composition go f : X — Z is 0.b.c.

Proof. Let W be an open set of Z. belg((g o f)™" (W) = belg(f~ (g~ (W))) C
1 (clg™ (W) © F g~ (W) € (g0 ) (cl(W)) which proves that
go fisf.b.c. 0

Theorem 14. Let f: X — Y and g:Y — Z be functions. Ifgof: X — Z
is 0.b.c. and f is surjective and satisfies the condition that f(bclg(A)) is
b-0-closed for every A C X, then g is 6.b.c.

Proof. Let W be an open set of Z. Since go f : X — Z is 6.b.c., by Theorem
5 belg(f~ (g™ (W))) C fH (g7 (cl(W)) and hence f(bely(f~ (g~ (W)))) C
g (cl(W)). Because f(bclg(f~ (g7 (W)))) is b-O-closed, bely(f(f~ (g7 (W))))
C f(belg(f~ (g7 (W)))). Finally, since f is surjective, it follows that

belg((g7 (W) C g~ H(cl(W)). By Theorem 5, g is 6.b.c. O

4 Comparisons

Definition 15. A function f : (X,7) — (Y, 0) is said to be

(a) b-continuous [5] if f~1(V) is b-open in (X,7) for every open set V of
(Y, 0),

(b) strongly #-b-continuous [19] (resp. weakly b-continuous [20], almost b-
continuous [22]) if for each x € X and each open set V' of Y contain-
ing f(z), there exists U € BO(X,x) such that f(bcl(U)) C V (resp.
fU) V), f(U) Cint(cl(V))),

(c) strongly 6-continuous [16] if for each € X and each open set V of V'
containing f(x), there exists an open set U in X containing x such that

fle(U)) cv,
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(d) faintly b-continuous [11] if for each x € X and each #-open set V' of Y
containing f(x), there exists U € BO(X, x) such that f(U) C V,

(e) O-semi-continuous [17] if for each € X and each open set V of Y
containing f(z), there exists U € SO(X,z) such that f(scl(U)) C
c(V),

(f) O-pre-continuous [18] if for each € X and each open set V of YV
containing f(x), there exists U € PO(X,x) such that f(pcl(U)) C
c(V).

Remark 16. Both 6-semi-continuity and 0-precontinuity imply 6-b-continuity
but the converse implication is not true in general as the following example
shows.

Example 17. Let 7 be the usual topology for R and o = {&,R,[0,1] U
((1,2) NQ), (—00,0) U ((1,2) NR\Q) U [2,00)}. Then the identity function
f:(R,7) = (R,0) is 0-b-continuous but it is neither 0-semi-continuous nor
0-pre-continuous.

Theorem 18. For a function f : X — Y, the following properties hold:

(a) if f is almost b-continuous, then it is 6.b.c.,

(b) if f is 0.b.c., then it is weakly b-continuous.

Proof. Statement (b) is obvious. We will show statement (a). Suppose z € X
and V is any open set of Y containing f(x). Since f is almost b-continuous,
f7r(int(cl(V))) is b-open and since cl(V) is regular closed f~!(cl(V)) is b-
closed by [22]. Now set U = f~! (int(cl(V))). Then we have U € BO(X, x)
and bel(U) C f~1(cl(V)). Therefore we obtain f(bcl(U)) C cl(V). This
shows that f is 6.b.c. ]

Remark 19. We have the following implications for a function f: X — Y:

Strongly #-b-continuous = b-continuous = almost b-continuous = 6-b-conti-
nuous = weakly b-continuous = faintly-b-continuous.

Remark 20. None of these implications is reversible in general as the fol-
lowing examples and related articles [11,19,21,22] shows.

Example 21. Let X =Y = {a,b,c}, 7 = {2, X, {c}}, 0 = {2, X, {a}, {b},
{a,b}} and f : (X,7) — (Y,0) be the identity function . Then f is weakly
b-continuous but it is not 0.b.c.
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Example 22. Let X = {a,b,c,d} andT = {2, X, {b}, {c}, {a, b}, {b, c}, {a,b,
c}}. Define [ (X,7) — (X,7) by f(a) = ¢, f(b) = d, f(¢) = b and

f(d) =a. Then f is 0.b.c. but it is not almost b-continuous.

Corollary 23. Let Y be a regular space. Then, for a function f : X — Y,
the following properties are equivalent:

(a) f is strongly 6.b.c.;

(b) f is b-continuous;

(c) f is almost b-continuous;
(d) f is #-b-continuous;

(e) f is weakly b-continuous;

(f) f is faintly b-continuous.

Proof. This is an immediate consequence of [22, Theorem 4]. O

Definition 24. A space X is said to be b-reqular [19] if for each closed set
F and each point x € X\ F', there exist disjoint b-open sets U and V' such
that v € U and F C V.

Theorem 25. Let X be a b-reqular space. Then f: X — Y is 6.b.c. if and
only if f is weakly b-continuous.

Proof. Suppose that f is weakly b-continuous. Let x € X and V be any open
set of Y containing f(x). Then there exists U € BO(X, ) such that f(U) C
cl(V). Since X is b-regular, there exists W € BO(X, x) such that x € W C
bel(W) C U by [19, Lemma 4.12]. Therefore we obtain f(bcl(W)) C cl(V).
This shows f is 6.b.c. O

5 Separation axioms and graph properties

Definition 26. A space X is said to be b-Ty [5] if for each pair of distinct
points x and y in X, there exist b-open sets U and V' of X containing x and
y, respectively, such that UNV = @.

Definition 27. A function f : X — Y is said to have a b-0-closed graph
if for each (z,y) € (X X Y)N\G(f), there exist a b-open set U of X and an
open set V of Y such that (z,y) € U x V and (bcl(U) x cl(V))NG(f) =&
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Lemma 28. The graph G(f) of a function f : X — Y is b-0-closed if and
only if for each (z,y) € (X x Y)N\G(f), there exist a b-open set U of X
containing x and an open set V in'Y containing y such that f(bcl(U)) N
cd(V)=wo.

Theorem 29. IfY is a Urysohn space and f: X — Y is 0.b.c., then G(f)
15 b-0-closed.

Proof. Let (z,y) € (X xY)N\G(f). Then y # f(x) and there exist open sets
V and W of Y containing f(x) and y, respectively, such that cl(V)Nel(W) =
& . Since f is 6.b.c., there exists a b-open set U of X containing x such that
f(bel(U)) C (V). Therefore, we obtain f(bcl(U)) N cl(W) = @ and hence
G(f) is b-O-closed in X x Y. O

Theorem 30. Let f : X — Y be a 0.b.c. function having the b-0-closed
graph G(f). If f is injective, then X is b-Ts.

Proof. Let x; and x5 be two distinct points of X. Since f is injective, f(z1)
# f(x2) and (21, f(x2)) ¢ G(f). Since G(f) is b-0-closed, there exist U €
BO(X,x1) and an open set V' of Y such that (z1, f(z2)) € U x V and
fbel(U))Nel(V) = @ . Since f is 0.b.c., there exists a W € BO(X, ) such
that f(bcl(W)) C cl(V'). Therefore, we have f(U) N f(W) = @ and hence
UNW = @ . This shows that X is b-T5. O

6 Covering properties

Definition 31. A subset K of a space X is said to be H-set [253] or quasi
H-closed relative to X [20] if for every cover {V,, : a € I} of K by open sets
of X, there exists a finite subset Iy of I such that K C U{cl(V,) : a € Iy}.

Definition 32. A topological space (X, T) is said to be

(a) almost compact [15] or quasi H-closed [20] if every cover of X by open
sets has a finite subcover whose closures cover of X;

(b) lightly compact [4] if every countable cover of X by open sets has a finite
subcover whose closures cover of X.

Definition 33. A topological space (X, T) is said to be

(a) b-closed [19] if every cover of X by b-open sets has a finite subcover
whose b-closures cover X;
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(b) countably b-closed [19] if every countable cover of X by b-open sets has
a finite subcover whose b-closures cover X.

(c) C-compact [24] if for each closed subset A C X and each cover {U,
« € I} of A by open sets of X, there exists a finite subset Iy of I such
that A C U{cl(U,) : « € Ip}.

Definition 34. A subset K of a space X is said to be b-closed relative to X
[19] if for every cover {V, : a € I} of K by b-open sets of X, there ezists a
finite subset Iy of I such that K C U{bcl(V,) : a € Iy}.

Theorem 35. If a function f : X — Y is 0.b.c. and K 1s b-closed relative
to X, then f(K) is quasi H-closed relative to Y .

Proof. Suppose that f: X — Y is 6-b-continuous and K is b-closed relative
to X. Let {V, : @ € I} be a cover of f(K) by open sets of Y. For each
point x € K, there exists a(x) € I such that f(r) € Vy). Since f is 6.b.c.,
there exists a U, € BO(X,x) such that f(bcl(U;)) C cl(Vo)). The family
{U, : x € K} is a cover of K by b-open sets of X and hence there exists a

finite subset Ky of K such that K C U bcl U,). Therefore, we obtain

) C U . This shows that f ( ) is quasi H-closed relative to
Y [

Corollary 36. Let f : X — Y be a 0.b.c. surjection. Then the following
properties hold:

(a) If X is b-closed, then Y is almost compact.

(b) If X is countably b-closed, then Y is lightly compact.

Proof. (a) Let {V,, : a € I} be a cover of Y by open sets of Y. For each point
x € X, there exists a(x) € I such that f(x) € V(). Since f is 6.b.c., there
exists a b-open set U, of X containing z such that f(bcl(U,)) C cl(Vay))-
The family {U, : © € X }is a cover of X by b-open sets of X and hence there

exists a finite subset X, of X such that X C U bcl U,). Therefore, we
obtain Y = f(X U . This shows that Y is almost compact.
(b) Similar to (a ) O

Theorem 37. If a function f : X — Y has the b-0-closed graph, then f(K)
s O-closed in'Y for each subset K which is b-closed relative to X .
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Proof. Let K be b-closed relative to X and y € Y\ f(K). Then for each x €
K, we have (z,y) € (X x Y)\G(f) and there exists U, € BO(X,z) and an
open set V, of Y containing y such that f(bcl(U,)) Ncl(V,) = @. The family
{U, : © € K} is a cover of K by b-open sets of X. Since K is b-closed relative
to X, there exists a finite subset K of K such that K C U{bcl(U,) : x € Ky}.
Put V' = Nyek, Vi, then V is an open set containing y and f(K) Necl(V) C

UMO [F(bel(U)) N el (V)] C UIEKO [f(bel(U,)) N el(V,)] = @. This shows
that f(K) is O-closed in Y. O

Theorem 38. Let X be a submaximal extremally disconnected space. If a
function f: X — Y has the b-0-closed graph, then f~Y(K) is 0-closed in X
for each H-set K inY.

Proof. Let K be an H-set of Y and z ¢ f~'(K). For each y € K, we have
(z,y) € (X x Y)\G(f) and there exist a b-open set U, of X containing
x and an open set V, of Y containing y such that f(bcl(U,)) N cl(V,) = @
and hence bel(U,)N f~1(cl(V,)) = @. The family {V, : y € K} is a cover
of K by open sets of Y. Since K is an H-set in Y, there exists a finite
subset Ky of K such that K C U{cl(V,) :y € Ky}. Since X is submaximal
extremally disconnected, each U, is open in X and bcl(U,) = cl(U,). Set
U = Nyek,U,, then U is an open set containing = and f(cl(U)) NK C

U [f(cl(U)) Nel(V, U f(bel(Uy)) Nel(V,)] = @. Therefore, we
yeKo

have cl(U)N f~YK) = o and hence JHK) is O-closed in X. O
Corollary 39. Let X be a submaximal extremally disconnected space and'Y

be a compact Urysohn space. Then the following properties are equivalent for
a function f : X —Y:

(a) fisb.b.c

(b) G(f) is b-0-closed in X x Y
(c) f is strongly f-continuous;
(d) f is #-continuous.

Proof. (a)=-(b): It follows from Theorem 29.

(b)=(c): Since Y is compact Urysohn space, Y is C-compact. Let A be a
closed set in Y. Then A is an H-set and f~!(A) is f-closed in X according
to Theorem 38. Therefore f is strongly -continuous by [8, Theorem 1].
(¢)=(d): This is clear.

(d)=-(a): Since Y is regular, it follows from Corollary 23. O
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Definition 40. A space X is said to be b-connected [5] (resp. b-0-connected)
if 1t can not be written as the union of the two nonempty disjoint b-open
(resp. b-0-open) sets.

Theorem 41. A space X is b-0-connected if and only if it is b-connected.

Proof. We prove only necessity, sufficiency can be seen similarly. Suppose
that X is not b-connected. There exists nonempty b-open sets V and W of
X such that VUW = X and VNW = &. Then V and W are b-open and
b-closed and so b-regular in X from the definition of b-regularness. This gives
V and W are b-0-open and b-6-closed by [19, Theorem 3.8]. Then X is not
b-6-connected. O]

Theorem 42. If f : X — Y s 0.b.c. surjective function and X is b-
connected, then Y 1is connected.

Proof. Let f : X — Y be a 6.b.c. surjective function and assume X is b-
connected. Then f is weakly b-continuous by Theorem 18. Since the image
of a b-connected space under a w.b.c. surjective function is connected [21],
the proof is complete. O
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