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In this paper, we define a new family of Gauss k-Lucas numbers. We give the relationships
between the family of the Gauss k-Lucas numbers and the known Gauss Lucas numbers.
‘We also define the generalized polynomials for these numbers. We obtain some interesting
properties of the polynomials. We also give the relationships between the generalized
Gauss k-Lucas polynomials and the known Gauss Lucas polynomials. Furthermore, we
find new generalizations of these families and the polynomials in matrix representation.
Then we prove Cassini’s identities for the families and their polynomials.
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1. Introduction

Fibonacci numbers have exciting properties and many applications in many
branches of mathematics [4, [6, 8, 10, 13]. In [5], Mikkawy and Sogabe gave a
new family of k-Fibonacci numbers. In [9], Ozkan et al. defined a new family of
k-Lucas numbers and give some properties the family of these numbers. There are
some works on polynomials of the families of k-Fibonacci numbers and k-Lucas
numbers [7, [12], 15]. In [3], Fale6n and Plaza defined general k-Fibonacci numbers
and showed that properties of these numbers were related with elementary matrix
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algebra. In [2], Bolat and Kdse found some important properties of k-Fibonacci
number. Finally, in [I4], Tas presented k-Gauss Fibonacci numbers and gave some
properties related to these numbers.

In Sec. 2 we recall some known definitions and properties. We organize Sec.
into two subsections. In Sec. Bl we define a new family of Gauss k-Lucas numbers.
We obtain some exciting properties of the family. We give the relationships between
the family of the Gauss k-Lucas numbers and the known Gauss Lucas numbers.
Moreover, we find the new generalization of these family in matrix representation.
Then we prove Cassini’s identities for the family.

In Sec. B2l we define the generalized polynomials for these numbers. We also
obtain some interesting properties of the polynomials. We also give the relationships
between the generalized Gauss k-Lucas polynomials and the known Gauss Lucas
polynomials. Furthermore, we find the new generalizations of these polynomials in
matrix representation. Then we prove Cassini’s identities for the polynomials.

2. Material and Methods

In this section, we introduce the Gauss Fibonacci numbers GF,,, the Gauss Lucas
numbers, the Gauss Fibonacci polynomials GF,, (x), the Gauss Lucas polynomials
GL,(x), the Gauss Lucas polynomial matrix gl,(z), k-Fibonacci numbers F{® and
k-Gaussian Fibonacci numbers GF),

Definition 2.1. The Gaussian Fibonacci numbers {GF, },~; are defined by the
following recurrence relation:

GFn—i—l =GF,+GF,_1, n>1 (21)

with initial conditions GFy =i and GF; =1 [1].
Binet formulas for GF,, are given as follows:
B a — Bn .an—l _ Bn—l

GF, = P +i p e (2.2)

1+2\/5 andf = 172\/5 [4.

where o =

Definition 2.2. The Gaussian Lucas numbers {GL,}52, are defined by the fol-
lowing recurrence relation:

GLn+1 =GL,+GL,_1, n>1 (23)

with initial conditions GLy =2 — i and GL; = 1+ 24 [1].
Binet formulas for GF,, are given as follows:

GL, =a" + 3", (2.4)

where a = 1+2\/g and 3 = % [4.
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Definition 2.3. The Gaussian Fibonacci polynomials {GF,(x)} ", are defined in
the following recurrence relation:

GF,41(z) = 2GF, () + GF,_1(x), n>2 (2.5)

with initial conditions GFy(z) = 1 and GFs(x) = = + 1.
For n > 2, we have

GF,(z) = F,(z) + iF,—1(2) (2.6)
Binet formulas for GF, (x) are given as follows:

0@ =), o @)= )
)= w e @ @7

(z) = ztveitd \/212+4 and f(z) = z=ve i+l v;2’+4 )

where «
The Gauss Fibonacci polynomial matrix gf, (x) is defined by

B GF,i1(x) GF,(2)
9fn(x) = CFu2) GFr(@)| n >0 [11].

Definition 2.4. The Gaussian Lucas polynomials {G L, (z)},~, are defined in the
following recurrence relation:

GL(z) = 2GLy(x) + GLp-1(x), n>2 (2.8)

with initial conditions GL1(x) = o + 2i and GFy(x) = 2 + 2 + ix.
For n > 2, we have

GL,(z) = Ly(z) +iL,—1(x). (2.9)
Binet formulas for GL, () are given as follows:

GLy(2) =a" + " +i(a" ' + ") (2.10)
where a(r) = £+ V2””2+4 and f(x) = === W [11].
The Gauss Lucas polynomial matrix g, (z) is defined by

B GLy11(z)  GL,(x)

- . n>0[11].
GL,(z) GLyp_1(x)

gln(z)

Definition 2.5. Let n and k£ # 0 be natural numbers, then there exist unique
numbers m and r such that n = mk + r (0 <r < k). Using these parameters, we
define generalized k-Fibonacci numbers F,gk) by
1 k—r
FR) =
(V5)

(amth — gt T (A2 gAYy — ke [5).
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Definition 2.6. Let n and k # 0 be natural numbers, then there exist unique
numbers m and r such that n = mk + r(0 < r < k). Using these parameters, we
define generalized k-Gauss Fibonacci numbers GF Slk) by

o (V5 (5-v5\\ . Vs (5+v3) )\ L1
et = (o5 (F557) ) (4 (507)1) ]
[ (e ()

n=mk+r

T

)

S

where a = 1'*2—\/5 and § = 152 [14].

3. Main Results
3.1. The generalized k-Lucas numbers

Definition 3.1. There are unique numbers, m and r such that n = mk 4+ r where
m, k (# 0) natural numbers and 0 < r < k. The generalized Gauss k-Lucas numbers
GL®) are defined by

GLY = (@™ + F™) + i{a™ ! 4 F1Y=7 (@ 4 g
+i(a™+5")", n=mk+r

where o = 1+2_\/5 and 8 = %

Also, we can find the generalized Gauss k-Lucas numbers by the matrix methods.
Indeed, it is clear that

(k) (k)
GLkilgl _ GLkn+1 GLkn
R (eT A BeTa
kn kn—1
GL,+1 GL,

where gl,, = [ GL. GLn,l] and n > 0.

Let us give some values for the Gauss k-Lucas numbers in Table [
From (24) and Definition Bl we obtain the following relation between the
generalized Gauss k-Lucas and the Lucas numbers.

GL® .= (GLy)* " (GLpmy1)", n=mk+r (3.1)

If £ =1 in the last equation, we have that m =n and r = 0 so GLS) = GL,.
Throughout this paper, let km € {1,2,3,...}.

Theorem 3.1.2. For k and m, we have

[(GLmi1)* — (GLp)¥] = [GLg’;gH)k —GaLM.
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Table 1. The generalized Gauss k-Lucas numbers G’Lglk) for some k and n.

k=1 k=2 k=3 k=4 k=5 k=6
arl?  2-i 3—4i 2-11i 7240 —38—4li  —117 —44i
L™ 142 4+3i 1142 24— Ti 41— 38i 117 + 44i
GLY 344 —344i -2+ 11i 7+ 24i 38 + 41 —44 + 1173
GL{ 4436 147 —11-2  —2447i 41438 @ —117—44i
G 744 8 + 6i —1349i  —T—24i  -38—4li 44— 11Ti
ar® 1147 9413 —44+22i —31—17i 41— 38 117 + 44i
GLY 18411 T424i 184260  —48+ 14i 3 — 79 161 — 73i
GLY 20418  16437i  8+48  —34+62  —T6-82 88— 234i
GLY) 47428  33456i  —3+79 284960  —158—6i  —146 — 322

GLY)  76+4+47i  49493i —44+11Ti  —6+158  —164+ 152 —468 — 176
GLY) 1234760 7241540 —4T+196i —88+234i —124316i  —644 + 292

Proof.

aL® |~ GLY) = (GLw)" *(GLui1)"] — (GLn)" " (GLyni1)")

(m+1)k

= (GLm-H)k - (GLm)k O

For k = 2, 3,4 and n, we have the following interesting properties between these
numbers:
) GLY) = GL2,
) GLM+1 = GL + GLQn 1
) GLY = GL3,
) GL3nJrl =GL2GLyy1,
) GL3n+2 =GLy GL%H»
i) GLY,, =aL) +arf) |,
) GL4n - GL;ln
) GLY), | = GL3GL, 1,
) GL, = GIAGL2, .
) GL4n+3 - GL GLn+17
y oLl =arly +arl) .

Theorem 3.1.4. For n, we have the relation
GLy),, = GLy) +GLyj) .

2150101-5



E. Ozkan & M. Tastan
Proof. By using (B1)),

¥ +arL®) | =qGrk +GL, .GLE!
=GL"YGL, +GL, 1)
=GL'GL,

_ (k)
- GLkn—i—l .

Theorem 3.1.6 (Cassini’s identity). Let GLS“) be the generalized Gauss k-Lucas

numbers. For n,k > 2, Cassini’s identity for GLgC) is as follows:

GL(k) GL(k) (GL(k)

2k—2 n+1 . _
. {GLn (—1)"*t15(2—14), t=1,
kn+t kn4t—2 kn+t71) -

0, t#£1.

Proof. By using B.1I), we get

k k k
GLI(Cn)thGLI(cn)thfQ - (GLI(677,)+t71)2

= (GLE ' GLyt) (GLE ' GLysr—s) — (GLE T GLsr1)”

— (GLE Y (GLuttGLunsiz — (GLyse1)?)
= GLY *((GLn4tGLnst—2 — (GLypti-1)?)
For t =1;
= GL*2((GLp41GLy—1 — (GL,)%)
= GLA*2(—1)""15(2 — ).
Fort#£1,t=m;
= GLY *(GLymGLngm—2 — (GLygm—1)%)
= GLikJ(Gng)wm—z - GLéi)+2’m—2)
=0.

a

For n, there are exciting relations between the generalized Gauss k-Lucas num-

bers and the known Gauss Lucas numbers

(k)
GLnk:—i—t

:GLZ_tGLihLu
t=0,1,2,...,k— 1.
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3.2. The generalized Gauss k-Lucas polynomials

Definition 3.2.1. There are unique numbers m and r such that n = mk + r
where m, k (# 0) natural numbers and 0 < r < k. The generalized Gauss k-Lucas
polynomials GL*) (z) are defined by

GL® (z) = (™ (@) + 8™ () + ix(a™ (z) + 5™ (2)" (@™ (2)

+ ™ (@) 4+ iz (o (z) + B ()", n=mk+r,
where a(r) = 2+ V2””2+4 and f(z) = 2=v22id \/2$2+4_

Also, we can find the generalized Gauss k-Lucas polynomials by the matrix
methods. Indeed, it is clear that

k k
' GLY) (@) GLS) ()

where

_|GLpa(z)  GLy(2)
gln(x) - GLn(x) GLnil(:L’) , n> 0.

Let us see some value of GL (z) for some k and n in Table 2l

Table 2. The generalized Gauss k-Lucas polynomials GLF,P (z) for some k and n.

k=1 k=2 k=3 k=4
GLY () 2 4 8 16
L' (@) w4 2 2 + 4i da + 8 8z + 16i
L (x) 22 42+ 2% — 4+ dix 222 — 8 + iz 422 — 16 + 16ix
GLY (x) 3+ 32 @3 + 3ix? + 4i 23 — 122 223 — 24z
+ix? + 2 + 6ix? — 8i + 12ix? — 16¢
GLY (z) ot 4422 +2 ot + 322 + 4 at — 622 — 8 at — 2422 4 16
+ iz 4 3ix + 2ia® + dix + 5ix3 + dix + 8izd — 32z
GLgm(m) x° + 523 + 5z x° + 423 4 da x® — 2 — 4z z° 4+ 1623 — 162
+ izt 4+ dix? + 20 + 2ixt + Tix? + 4diz* + 10iz? + Tix* + ix?
+ 44 +8i — 160
GLék> (x) o8 +62* +922 +2 26 +52* + 522 —4 26+ 32% + 622 +8 26— 9zt — 2422
+iz® 4+ 5ixd + 5ix 4 2ix® 4+ 10iz3 + 3iz® 4+ 11423 — 16 + 6ix®
+12iz + 12ix + 8ix3
GL(7k>(m) 27 + Tx® + 1423 x7 + 62° 4 923 27 + 4x® + 523 x7 — 325 — 1623
+7x +ixb + 6ix? +2i28 + 124zt +4dx + 3ixb — 16z + 5iz6
+ 9ix? + 2 + 1962 + 44 + 155x* + 22122 + 17ix* + 24ix?
+8i +6i
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The generalized Gauss k-Lucas polynomials and the known Gauss Lucas poly-
nomials are related by

GL® (2) := (GLym ()" " (GLmy1 ()", n=mk+r. (3.2)
If k = 1 in last equation, we have that m = n and r = 0, we get GL\Y (2) = GL,, ().

Theorem 3.2.2. For k and m, the generalized Gauss k-Lucas polynomials and the
known Gauss Lucas polynomials satisfy

(GL,, . (@)" = (GLu()*) = [GL¥), | (x) — GLY) (2).

(m4+1)k
Proof. By using (32), we have
GL{,) (@) = GLUL () = [(GL@)" " (CLns (2)"]
~[(GLun(@))* " (GLim+1(2))"]
= (GLyyy (0)" = (GLm(2))", 0
For k = 2,3,4 and n, we have the following interesting properties:

(i) GLY) (x) = GL2(x),

(i) GLE), () = GL,(2)GL,, (),
(iii) GLS) . (x) = 2GLY) (x) + GLE) | ().
(iv) GLE) () = GL3 (x),
(v) GLS),, (2) = GLA(2)G Ly (2),
(vi) GLE) () = GLn(2)GL ., (),
(vii) GLS),, (2) = 2GLE) () + GLE)  (w),
(vil) GLY (z) = GLA (),
(ix) GLY), (x) = GLE (2)G Ly (2),
(x) GL () = GL2(2)GL] (),
(xi) GLY, () = GL(2)GL (),
(xii) GLSY,, (2) = 2GLY) () + GLE) (2.

Theorem 3.2.3. For n, we have the following relation:

GLY) (2) = 2GLY) () + GLYY) | ().
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Proof. By using ([B.2)), we have
2GLy) (z) + GLY)_ | (¢) = 2GLE (2) + GLyo1 (x)GLE (2)
= GLY ™ (2)(2G L () + GLy 1 (2))
= GLF Y (2)G L, (2)
= GLEC]:I)-"-l(I)' 0O

Theorem 3.2.4 (Cassini’s identity). Let GL") (z) be the generalized Gauss k-
Lucas polynomials. For n,k > 2, Cassini’s identity for GLS“) (x) is as follows:

k k k
GL](€77,)+t<:E)GLI(€TL)+t72(:E) - (GLl(cn)thfl(x))Q

GL?*72(2)(—1)" T (22 + 4)(2 —iz), t=1,
0, t#1.

Proof. By using [32), we get

GL®™

W L @GLY,, (@) — (GLE) ,  (2))?

kn+t—2

= (GLE ™ (0)G Ly 4(2))(GLE ™ (2)GLy 4-2(2)) — (GLE ()G L y11(x))

— (GLE (@) (GLust (0)GL, o) = (CLaye—1())?)
= GLik_2(x)(GLn+t($)GLn+t—2($) - (GLn+t—1($))2)-
Fort =1;
= GL?zk_2(x)(GLn-i-l(w)GLn—l(w) - (GLn(x))Q)
= GL*2(2)(—=1)" 1 (2® + 4)(2 — ix).
Fort #£1,t=m;
= GLY 2 (2)(GLyym(2)GL,,  y 5(®) = (GLyim—1(x)))
= GLY 7 (2)(GLE) s (@) — GLE 5, ()
=0.

For any natural numbers n, there are the following interesting relations between the
generalized Gauss k-Lucas polynomials and the known Gauss Lucas polynomials:

arL™

wii(@) =GLy Y 2)GLL 4 (x); t=0,1,2,...,k—1. O
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4. Conclusion

In this paper, we defined a new family of Gauss k-Lucas numbers and their poly-

nomials. We gave some relations between the family and the known Gauss Lucas

numbers. We also give the relationships among their polynomials and the known

Gauss Lucas polynomials. Furthermore, we find the new generalization of the family

and the polynomials in matrix representation. Then we proved Cassini’s identities

for the family and their polynomials.
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