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Summary. In this study, we examine the k-Leonardo, k-Leonardo-Lucas, and Modified k-
Leonardo sequences, and some terms of these sequences are given. Then, we obtain the
generating functions, summation formulas, etc. Also, we obtain the Binet formulas in three
different ways. The first is in the known classical way, the second is with the help of the
sequence's generating functions, and the third is with the help of the matrices. In addition, we
examine the relations between the terms of the k-Leonardo, k-Leonardo-Lucas, Modified k-
Leonardo, Leonardo, Leonardo-Lucas, Modified Leonardo, Francois, Fibonacci, and Lucas
sequences. Moreover, we associate the terms of these sequences with matrices. Furthermore,
we present on the application of these sequences to hyperbolic quaternions. For these
quaternions, we give many properties such as Binet formulas. Finally, the terms of the k-
Leonardo, k-Leonardo-Lucas, and Modified k-Leonardo sequences are associated with their
hyperbolic quaternion values.

1 INTRODUCTION

The Fibonacci and Lucas sequences are famous sequences of numbers. These sequences
have intrigued scientists for a long time. Fibonacci sequences have been applied in various
fields such as Cryptology [1], Phylotaxis [2], Biomathematics [3], Chemistry [4], Engineering
[5], etc. Many generalizations of the Fibonacci sequence have been given. The known
examples of such sequences are the k-Jacobsthal, k-Jacobsthal-Lucas, Leonardo, k-Fibonacci,

-Chebyshev, Copper Fibonacci sequences, etc, (see for details in [6-11]).

For n € N, Fibonacci numbers F and Lucas numbers are defined by the recurrence

relations, respectively, )
Foio =Fp1 + Fp, withFo=0and F, =1,

For and  Binet formulas are given by the following relations,

n_n
Fn=a BandLn:oz”+,B”
a—f
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where a = 5 and f = =5 are the roots of the characteristic equation — —1=0.

Here the number « is the known golden ratio.

Leonardo numbers, which are related to Fibonacci and Lucas numbers, were first
introduced by Catarino and Borges. The application of Leonardo numbers in many areas has
attracted the attention of scientists. Some of these applications are coding theory [12],
quaternions [13], Physics [14].

In [15] and [17], for n € N, the Leonardo numbers [, Leonardo-Lucas numbers H,,
Modified Leonardo numbers G,, and Francois numbers f, are defined by the recurrence
relations, respectively,

= ln+1 + ln + 1,W|th lO = 1and ll == 1,

=H,y1 +H,—1,with =3and =2,
=Gpy1 + G, +1,with =0and =1,
=faue1+fn+1L,with =2and =1.
Forl,, , ,and f,, Binetformulas are given by the following relations, respectively,
1
T Ny
=——t1ad = + +———1.
Hence, a = 5 and g = 5 are the roots of the characteristic equation — —1=0.

In [16] and [17], Soykan found many properties about these sequences. Also, Modified
Leonardo numbers were obtained with the help of the following equation:

2 0 -1 -G -G
10 0 = -G -G :
01 O -G -G

With the help of the recurrence relation of the Fibonacci sequence, k-sequences were
introduced, and these sequences have an important place in number theory [19]. In [20],
Falcon and Plaza introduced the k-Fibonacci sequence and obtained many properties related
to this sequence. In addition, Falcon defined the k-Lucas sequences [21]. Moreover, Falcon
applied the Hankel transform to the k-Fibonacci sequence and obtained the terms of
Fibonacci sequences differently [22].

The quaternions were first described by Hamilton in 1843. In addition, quaternions are
used to control rotational movements, especially in Kinematics [23], 3D games [24],
mechanics [25], Eulerian angles [26], Chemistry [27]. In [28], Horadam defined Complex
Fibonacci and Fibonacci quaternions, and various features were found.

The algebra of hyperbolic quaternions is an algebra that is not related to the elements of the
form over the real numbers.

=xi; +yi, +ziz+ ,x,y,zt€eR

He gave the properties of the g components defined in Table 1.
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In [29], Macfarlane did a lot of research on hyperbolic quaternions and their properties. An
expression of the general form of hyperbolic quaternions is

h = h1i1+h2i2 + h3i3+h4i4 == (hll hz, h3, h4_)

Here, hq, h, hs, h, are the terms of the sequence and iy,i,, i3, i, are hyperbolic
quaternions.

i1 i i3 iy
iq | ix iy i3 iy
iz | i i1 i —i3
i3 | is —i, iy iy
iy | is i3 —i, iy

Table 1. Hyperbolic Quaternions Units

As seen above, many generalizations of Fibonacci and Lucas sequences have been given so
far. In this study, we give new generalizations inspired by the k-Fibonacci and Leonardo
sequences. We call these sequences the k-Leonardo, k-Leonardo-Lucas, and Modified k-
Leonardo sequences and denote them as Ly, ,, Hj, , and Gy ,,, respectively.

2 GENERALIZATION OF THE k-LEONARDO SEQUENCES

For k € R* and n € N, the k-Leonardo Ly ,, k-Leonardo-Lucas H}, ,, and Modified k-
Leonardo Gy , sequences are defined by, respectively,

Lk,n+2 == Lk,n+1 + Lk,n + k, W|th Lk,O = 1 and Lk,l = 1,

}[k,n+2 = }[k,n+1 + }[k,n - k, W|th }[k,O = 3 and g-[k,l = 2,

Gkne2 = Grne1 + Gin + b, With G g = 0 and Gy, = 1,
(see [15]).

Also, the third-order recurrence relations of the Ly ,, H},, and Gy, sequences are as
follows, respectively,

Lk,n+3 == 2Lk,n+2 - Lk,n' Wlth Lk,O = 1, Lk,l = 1, and Lk,Z = k + 2,
}[k,n+3 = 2Hk,n+2 - j{k,n! Wlth j{k,O = 3, jfk,l = 2, and }[k,z = 5 - k,
Gints = 2Gkn+2 — G With Gy o = 0, G 1 = 1,and Gy, = k + 1,
(see [15]).

Then, let’s give some information about the equations of these sequences.
The characteristic equation of the k-Leonardo, k-Leonardo-Lucas, and Modified k-
Leonardo sequences is

t3—-2t2+1=0t-1D(t*-t—-1)=0.
The roots of this equation are;
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ﬁ,ﬁz#,%d&zl.

1+
a =
2

The relationship between these roots is given below;
a+pB+6=2,af +ad+ L6=0,and a6 = —1.

The Ly, Hy n, and Gy , Values for the first six n natural numbers are given below;

o Lyo=1 Hipo =3 Gk, =0,

o Ly =1 Hyq =2 Gk =1,

o Ly,=k+2 Hy,=5—k Gr2=k+1,

o Lyz=2k+3 Hyz=7-2k Grs =2k + 2,

o Lp,=4k+5 Hy s =12 — 4k Gra = 4k + 3,

o Lys=7k+8 Hys =19 -7k Grs =Tk +5.
(see [15]).

In the following theorem, the Binet formulas of the k-Leonardo L ,, k-Leonardo-Lucas
H}. n, and Modified k-Leonardo Gy ,, sequences are expressed.

Theorem 2.1. Let k € R* and n € N. We obtain

. 1+k 1+k . 4-k-a 4—k-p

. L = — " —_— (" — k, 1. H, = n n k,
kn = apan ¢ T ol kn = e * TEoenl T

_ —ltk+a n —1+k+p n_

-Gen = aopan @ T eman P K

Proof. i. The Binet form of a sequence is as follows
Lyn=xa™+yp" + z56".
For these n values, we obtain;
Lio=x+y+z,
Ly, =xa+yp + zd,
Lin =xa*+yp* + z8%

We find
1+k 1+k
= — = —— an = —K.
* = e Y T ooy 42k
Other proofs are shown in a similar way. O

In the following theorems, we give the generating functions of the k-Leonardo Ly ,,, k-
Leonardo-Lucas H ,,, and Modified k-Leonardo G, ,, sequences. In addition, we obtain Binet
formulas of Ly ,,, Hy »,, and Gy, sequences with the help of generating functions.

Theorem 2.2. The generating functions for k-Leonardo Ly ,, k-Leonardo-Lucas Hj, ,, and
Modified k-Leonardo G ,, sequences are given as follows, respectively,
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_ R _ kt2—t+1 (1-K)t?—4t+3
I. l(t) - Zn:()[.:k'ntn - t3—2t+1, “ h’(t) - ZTL 0}[’( ntn t3 2t+1 !
_ _ (k-1Dt?+t
1. g(t) - Z?lo:() gk,ntn - t3—2t+1 '

Proof. i. For the k-Leonardo sequence, we have

1) = Yoo Lint™ =1+t + (k+ 2)t% + Xy Ly nt™
=1+t+(k+2)t* + 23X 3 Lin-1t" — Yo Lign-st™
=1+t+(k+2)t2+ 2t N o L nt™ — 3 Yo Lignt™

_ kt?-t+1
T o3-2t+1°

Other proofs are shown in a similar way. m|

Theorem 2.3. For Ly ,, Hy n, and G, the Binet formulas can be obtained with the help of
the generating functions.

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of
the t3 — 2t + 1 = 0 equation become i % and %. For Ly ,, we have

kt?—t+1 1+k 1 " 1+k 1 1
t3-2t+1  (a—B)(a—8) 1-at = (B—a)(B—8) 1-& 1-6t
_ 1+k o0 ngn ngn 00 ngn
B (a—ﬁ)(a—8)2”=°“ 7+ G nmo B — e i 87
_ am 1tk n_ k)
= 2n=o(epws) ﬁ)(a 5% T oeal )
= 21?:01:16,11
Similarly, the Binet formulas of the sequences #} ,, and gy ,, are found. m|

Next, we give special sum formulas of the k-Leonardo £y ,, k-Leonardo-Lucas #} ,,, and
Modified k-Leonardo Gy ,, sequences.

Theorem 2.4. Let k € R* and n € N. We obtain

Yo Ly =2Lgn + Lgnoy — (n— Dk -1,

il X5=0His = 2Hypn + Hygn-1 + (n — Dk — 2,

i, X5-0Gk,s = 2Gkn + Gen-1 — (n — Dk — 1.

Proof. ii. From the definition of the k-Leonardo-Lucas sequence, we have
Hiz = 2Hp1 + Hio — k,
Hiz = 2Hy 2 + Hyn — k,

Hin = 2Hyn-1 + Hipn—2 — k.
So, we have
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—5+ X0 His = 2081 Hys — 25=6 His — (n = Dk,
=5+ Yo His
= 2(~Hin = Hio + X¥=oHis) = (=Hin = Hin-1 + Lo Hys) — (n = Dk.
Thus, we obtain
Ys=0His = 2Hyn + Hygng + (n— Dk — 2.

Other proofs are shown in a similar way. m|
Theorem 2.5. Let k € R* and n € N. We obtain
I X0 Lr2s = Liz2nt1 — 1k, . Y5=0Lizs41 = Liznt1 + Lian — 1k — 1,
ii. X520 H2s = Hione1 + 1k + 1, V. Y50 Hi 241 = Hizns1 + Hion + 1k + 3,
V. Xs=0Gk2s = Gran+1 — Nk — 1, Vi. X5-0Gk,2s+1 = Gkzns1 + Gran — 1K,
Proof. The proofs are shown similarly to Theorem 2.4. O

3 RELATIONS AMONG SPECIAL SEQUENCES

In this chapter, we examine the relationships among the k-Leonardo, k-Leonardo-Lucas,
Modified k-Leonardo, Leonardo, Leonardo-Lucas, Modified Leonardo, Francois, Fibonacci,
and Lucas sequences. Finally, we associate the terms of these sequences with matrices.

In the following theorems, we examine the relations between the k-Leonardo L ,, k-
Leonardo-Lucas H},, Modified k-Leonardo G ,, Leonardo [,, Leonardo-Lucas H,,
Modified Leonardo G,,, and Francois f,, sequences.

Theorem 3.1. Let k € R*, and n € N. The following equations are true:

o —4k + 15 » N 5k — 14 » k2—6k+12% )

Pk S T 11T T R g 11 R T k2 — Tk 4 11 R

e k 2k +1 N 2k?

0Ln =2 7y 119 T l@ — 7k 110 Ve — 7k 4 11 e

—k+1 k—1 > (see [15])

lll.gk’n = Tln+2 + Tln+1 + kln,

_ 8k + 3 7k + 2 6k +1

v. kn =" a2 T T a1 T T M

V. gk’n = _an+2 + (Zk + 1)GTL+1 - GTU J
. —7k+4 8k-3 10k-1

Vi. Ly = —fosz +— for1 + = fu-

Proof. i. The following relation is used for proofs;
Lyn=axHyniz tbx Hypyr +cx Hyp.
For these n values, we obtain;
Lyo=axHy,+bxHys+cxHy,,
Lyi=axHgz+bxHy,+cxHys,
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Ly, =axHys+bxHygs+cxHyy,.

We find
_ —4k+15 __ 5k-14 and ¢ = — k2—6k+12
T k2-7k+11' T k2-7k+11] €= Tk
Other proofs are shown in a similar way. m|
Theorem 3.2. Let k € R*, and n € N. The following equations are true:
. 4 5 k )
LHyn = mﬁk,mz - k—HLk,n+1_k—HLk,n'
N 3k—3 3k —k?*+k+4
W Hin = 7= =7 Ykn2 — gz =g =g Gkmrt Tz —p =1 Gk
k+3 k + 4 —2k+1 » (see[15])
1ll-g'[‘lc,n = Tln+2 - Tln+1+ T n
_ —8k+8 7k —7 6k — 1
1V. Hk,n = THYH_Z + THn+1+THn,
V.Hyn = (k= 1)Gnyp + (=2k + 5)Gpp1—4Gy, )
. 7k+11 8k+11 10k
VL. Hk,n = Tfn+2 - Tfn+1 - ?fn
Proof. iv. If Binet formulas are used for proofs, we get
-8k + 8 7k —7 6k — 1 —8k + 8
e Hpgy + e Hpt e Hy = () @2 4 77 + 1)
5 5 5 5
Tk —7 ) ) 6k — 1
+( z )(a"+ + ™M+ 1) —( z Ya™ + B+ 1)
_ 4—k-a n 4k n _
@@ * T Eaen P TE= M
Other proofs are shown in a similar way. m|

Theorem 3.3. Let k € R*, and n € N. The following equations are true:

. k
LGkn = g 1 Frne2 + p 1Lk,n+1+ k__l_lLk,n’
ioo o T8k+12 . 3k-9 . —k’+7k-14
WGkn = 2 7y o2 Tz — g 1 11 ket e S 1t
k k+1 2k — 1
l“-gk,n = _Eln+2 + Tln+1+Tln'
_ 8k + 1 Tk +1 6k + 2
WV.Gn =~ Hnez +T ne1~ 5 Hn
V. gk,n = (_k + 1)Gn+2 + (Zk - Z)Gn+1+Gn'
—-7k+1 8k+2 10k-3

Vi.Gin = ——favz t =7 fori T S

Proof. The proofs are shown similarly to Theorem 3.2.
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Theorem 3.4. Let k € R*, and n € N. The following equations are true:

I. (see [15])
—2k+11 -k?+6k—-11 3k—11
o G, =———— _ j—[
n = ek ten+2 T m e Tten+t Tz Tk
1 k+1
o G, =——0L +—r +—17°
n k2+k kn+2 k2+k kn+1 k2+k kns
—k+1 k2- 1
b Gn - k3_k2_kgk,n+2 + K3— k2 gkn+1 3_k2_kgk,n!
ii. (see [15])
—3k?%+14k—11 4k?—5k+11 —6k+11
o H =——F"—7""H +—-— 4+
N T o ps_gp2q1k C O RMAZ T 3 _gp2pqqk T RNt T ps_gp2iqqic k0
3k+1 4k+1 1
e H =—17L —L —L
n k2+k kn+2 — k2+k kn+1 — k2+k kny
3k2—2k 1 —4k%41 3k+1
i HTl - k3— ngl+2 + k3— gk n+1 + K3—k2— kgkn-
iii. (see [15])
k-1
i ln = k2+kLkn+2 +—— k2 Lkn+1 + - Lkn’
o | = —k?+k-11 n k?+k-11 n —-k2+5k-11
N T pd_7k2411k” K2 T s gpzgqq” kAl T s _gp2pqqg 7 M
k?—k+1 k?+k+1 k?+k-1
i ln - K3— gkn+2 K3— gkn+1 + K3—k2— kngL'
iv.
2k-1 3k+1 2k+1

b fn = K21k Lk,n+2 + K24k Lk,n+1 + e Lk,n
. f _ —2k%+4k+11 n 3k?-4k-11 —2k2+7k-11
N T k3_gr2411k " KMA2 T ps_gp2iqq T TRAL T s gpaiqq Y kN

2k?—k+1 3k%+2k+1 2k?+2k-1
i fn = K3—Kk2— gkn+2 K3—K2— gkn+1 + K3—Kk2— gkn

Proof. The proofs are shown similarly to Theorem 3.1.

In the following theorem, we examine the relationships among the k-Leonardo, k-

Leonardo-Lucas, Modified k-Leonardo sequences, and special numbers sequences.

Theorem 3.5. Let k € R*, and n € N. The relationships of the k-Leonardo Ly ,,, k-Leonardo-
Lucas H} ,,, and Modified k-Leonardo Gy ,,, sequences with the Fibonacci sequence F, and

Lucas sequence L,, are as follows:

Lk,n = Fpy1 + kFpyq — k, (See [15])
k+1 2k+2
Lk,n = TLn+1 L, —k, (See [15])

Fn (Lk n+1 Lk n)
Ln ( Lkn+1+3Lkn)+_

k+1

k+1
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o Hin=Q@-KF,—FE+k, (see [15])
—k+1 2k+7
* Hin=—FLnwt L, + k, (see [15])
—k+3 k-2 k
* h=aoan e T a5 Henn — @50
S e L3kt _ 2Kk
T k211" KL T 2 gpqqq TR T g2 gpy
iii.
* gkn - an+1 + F k, (See [15])
k42 2k-1
* Gin =7 Lptat—/—Ln—k, (see [15])
k k+1 k
* Fn = k2—k— lgk,n+1 k2—k— lngL ﬁ’
k+2 3k+1 2k?—k
[ ) Ln= —k2 X 1gkn+1+kz — 1gkn m

Proof. i. If Binet formulas are used for proofs, we get

Fn+1 N an+1 ke a +1 _ Bn+1 N k n+1 ﬁn+1 o
a—p a—p
a(ak + a) + B (kB + B) _k
a—p
1 1
- (a_ﬁ;(:;_l) at+ (ﬁ—a;(l;—l)ﬁn — k= Lin:
Other proofs are shown in a similar way. m|

In the following theorems, we associate the terms of the k-Leonardo L ,, k-Leonardo-
Lucas H}, ,,, and Modified k-Leonardo G, ,, sequences with matrices. In addition, we obtain
the Binet formulas of these sequences with the help of the matrices.

Theorem 3.6. Let k € R*, and n € N. The following equations are true:

I. For the k-Leonardo sequence,

[Lin+2] [2 0 —17"[k +2 Lin 01 07T 1
1. | Lgnst| = [1 0 O 1 1, 2. | Lkns1| = [0 0 1 1
| Lin 01 0 1 Ly n+2 2 0 -1l lk+2
ii. For the k-Leonardo-Lucas sequence,
[ Hniz] 12 0 —11"[5 -k Hien 3
1. Hk,n+1 = [1 0 O] [ 2 ], . j{kn+1 [ ] [ 2 ]
| Hin 01 0 3 Hin+2 —11 I5-k
iii. For the Modified k-Leonardo sequence,
[(Gin+2] [2 0 —17"[k+1 Gkn 01 07 O
1. gk,n+1 = [1 0 0 1 ) 2. gk,n+1 = [0 0 1 1 .
| Gkn 01 0 0 Gkn+2 2 0 -1 lk+1
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Proof. The proofs are shown by the induction method using definitions of sequences and
properties of multiplication in matrices. O

Theorem 3.7. (Simpson Formulas, see [15]) Let k € R* and t € N. The following equations
are satisfied.

Litsz L1 Lie
I. det Lk,t+1 Ly ¢ Lk,t—l = (—1)t+1k(k + 1)2,
Lyt L1 Lii—
Hierz Hiprr  Hir
i. det [Hierr  Hie  Hie-1| = (—1)'k(11 - 7k + k?),
Hie Hir-1 Hir-2
Gtz Grer1 Gkt
iii. det gk,t+1 gk,t Qk,t_l = (—1)tk(1 +k— kz)
Ot Grt-1 Gre—2

Proof. The proofs are shown by the induction method using definition and determinant
properties. m|

Theorem 3.8 (see [15]). Let k € R* and n € N. The following equations are true:

i. For the k-Leonardo sequence;

2 0 —-1\" X11  X12  X13
1 0 O =|(X21 X22 X33
01 O X31 X32 X33

where

X11 = Gpy1 = _ﬁLk,n+3 + kkz%lkﬁk:n*'z + k2_1+kLk'"+1’
X1z = —Gpq = k2_1+k/3k,n+1 - kkz%lk‘ﬁk,n - ﬁﬁk,n—b
X3 = —Gp = ﬁﬁk,n+2 - kkz%lkl:k,n+1 - ﬁﬁk,n’

X =G, = k21+kLk n+2 T %Lk,n+1 + kz_lkﬁk,n’

Xo2 = —Gp_y k21+k Lk,n kkz-:_lk Lyn-1— ﬁ kn—2»
Xo3 = —Gp_q k21+k['kn+1 kkz-:lkﬁkn - ﬁﬁk,n—b
X317 = Gpoq = k21+k Lk,n+1 + kkz:( Lk,n + ﬁ['k,n—la
X33 = —Gp_3 kzl_l_k*ck n—1 kkzj_lk Lin—2 kzl_l_k‘Ck n—3
X33 = _Gn—z = #Lk,nq.z - %Lk,n+1 - ﬁﬁk.n'

ii. For the k-Leonardo-Lucas sequence;
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2 0 —-1\" Yii Y12 Y13

1 0 O =|Y21 Y22 Y23
01 O V31 Y32 Y33
where
—2k+11 —k?+6k-11 3k—-11
=G, =t ZkTrok—11 _3k—11
yll n+1 K3—7k2+11k kn+3 + K3—7k2+11k kn+2 + K3—Kk2—k kn+1:
- _G _ —-2k+11 -k?+6k—-11 3k—11
Y12 = TUn-1 = T a5k el T g gkzq11k ) Tk T ja_gz—g ” tkn-1)
- _G = —-2k+11 —-k2+6k-11 3k-11
Y13 = 70 = Tia T tent2 T 3 gz aak entl T @ gz Tl

—2k+11 —k?+6k-11 3k-11
Y21 = Gn = ek ten+2 T s Tten+t Tz g{’”“

—2k+11 —k?+46k-11 3k—11

=G, ,=——21 Sl T el N T

Y22 n-2 k3-7k2+11k " KM k3_7k2411k " BNl g3_p2_pt Tkn-2
-G _ —-2k+11 —-k2+6k-11 3k-11

Y23 = TUn-1 T T parqa Tkt T i gz gk ok T o ge_g ) ten—1

—2k+11 —k2+6k—-11 3k-11

=G, 4 =—""" 4+ - —H

Y31 n=1 7 p3_gp2411k " ONFL T ps_gp2ziqq” kn T g3z tkn-1
-G _ —-2k+11 —k2+6k-11 3k-11

Y32 = TUn-3 = T iaT ek k-1 T e gpagiak ) k=2 T gz Y tkn=3)
- _G _ —-2k+11 —k2+6k-11 3k-11

Y33 = TUn-2 T TiaT ik Uk T i gkzeiik hn1 T a_gz_g Y tkn-2e

iii. For the Modified k-Leonardo sequence;

2 0 —1\" Z11 Z12  Z13
1 0 O =221 Z22 Z33
01 O Z31 Z32 Z33

where

—k+1 k2-1 1
Z11 = Gpy1 = PERPT Gknes T PERPT Grknez — —kg_kz_kgk,n+1!

Zip = —Gp_q = _%gk,n+l - %gk,n + kg,_—llcz_kgk,n—la
Z13 = —Gp = Ic;Lgkn+2 kgk—gkn+1 t S e k2 gkn:

Z71 = Gn = ,(;&gk n+2 + %gkrwl 3_]1<2_kgk,n’

Zyy = —Gp_p = _%gk,n kgkigkn 1Y 50 e k2 gkn 21
Zyz = —Gpg = _%gk,n+l - kgk_zT_zl_kgk,n + mgk,n—b
z31 = Gpq1 = kg_&gkrwl t = k3 kz = Okn ~ g Ykn-1

Z3; = —Gp_3 = — gkn 1 Lgkn 2 +k3 k2 gkn 3
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. _ —k+1 k2
Z33 = _Gn—z - _k3_k2_kgk,n - K3— gkn 1 t = K3— kz gkn 2

Proof. For the Modified Leonardo sequence, the foIIowmg relation is true:
2 0 —-1\" [(Gny1 —Gupg —Gy
1 0 0) =| G —Gpz —Gpq)
0 1 0 Gn—l _Gn—3 _Gn—z
The proofs are obtained with the help of the following relations:

—2k+11 —k?+6k-11 3k—11
S S ————H, }[ Theorem 3.4. i.
n T k3_7k2411k " Kmt2 T k3-7k2+11k " Fntl R K3—k2— k.n» ( )

——Lyn+2 + Lk n+1 vy Lkn, (Theorem 3.4.1.)

[ ]
* Gp=- k2+k

—k+1 kZ—
* G =5 Oknsz t ng n+1 = maa—y Ykn- (Theorem 3.4.1.) O

Theorem 3.8. For Ly ,,, Hy , and Gy ,, sequences, the Binet formulas can be obtained with the
help of the matrices.

Proof. The following relation is used for proof (see for details Corollary 3.1 in [30]).

1
tn=m j=1Tm+1-jdet (A).

Thus,
1
Letm =i = 3,
a? a 1 a1l a1 a? a1t 1 a’? a a1t
— BZ B 1 ﬁn 1 ﬁ 1 ’AZ — BZ ﬁn—l 1 ’and A3 — ﬁz '3 ,Bn_l
1 1 1 1 1 1 1 1 1 1 1 1
So, we obtain
1
Lk,n = mZ Lk,4_jdet (A])
j=1
= det (A) (Lk,3 det(Al) + Lk,Z det(Az) + Lk,l det(A3))
_ 1+k n 1+k n_
@pan® ol kK
Similarly, the Binet formula of the # ,,, and G ,, sequences are found. O

4  APPLICATIONS

In this chapter, we present on the application of generalized k-Blaise sequences to
hyperbolic quaternions. Then we define hyperbolic k-Leonardo, k-Leonardo-Lucas, and
Modified k-Leonardo quaternions. For these quaternions, we give many properties such as
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Binet formulas. Finally, the terms of the k-Leonardo, k-Leonardo-Lucas, and Modified k-
Leonardo sequences are associated with their hyperbolic quaternion values.

Definition 4.1. For n € N, the hyperbolic k-Leonardo HL,, hyperbolic k-Leonardo-Lucas
HH,, and hyperbolic Modified k-Leonardo HG,, quaternions are defined by, respectively,

HLyp = Lyniy + Liny1lz + Linsaiz + Linisis = L Lint1 Liontzr Lin+s):
HHyp = Hynly + Hyni1lz + Hinazls + Hinasis = Hin Hiner Hinrz Hins)

HGin = Ginlt + Gins1iz + Gent2is + Ginesia = (Gins Gins1, Gion+2r Grnts)-

where L, , is nt" k-Leonardo sequence, H; ,, is n'" k-Leonardo-Lucas sequence, Gy, is
Modified k-Leonardo sequence and iy, i,, i3 and i, are the hyperbolic quaternion units in table
1.

Let now give the first two terms of the H L, ,, HH} ., and HGy ., respectively,

o HLyg=iy+ i+ (k+2)iz+ (2k + 3)i,

o HLy, =iy + (k+2)iy+ (2k + 3)is + (4k + 5)iy,

o HHpo=3iy+2iy+ (5—k)iz + (7 — 2k)iy,

o HH,=2i1+ (5 —k)iy + (7 —2k)is + (12 — 4k)i,,
o HGyo =iy + (k+1)is+ (2k + 2)iy,

o HGii =i+ (k+Di, + 2k + 2)is + (4k + 3)iy4.

Definition 4.2. For n € N, the conjugate of hyperbolic k-Leonardo AL}, hyperbolic k-
Leonardo-Lucas H#;;, and Modified k-Leonardo HG, quaternions are defined by,
respectively,

IT r* _ . . . . _
HLn - Lk,nll - Lk,n+112 - Lk,n+213 - Lk,n+314 - (Lk,nf _Lk,n+1' _Lk,n+2' _Lk,n+3)n
IT * . . . . _
H:}[n - }[k,nll - }[k,n+1lz - }[k,n+zl3 - }[k,n+3l4 - (}[k,n' _}[k,n+1' _}[k,n+2r _}[k,n+3)a
and
7 * . . . .
Hgn - gk,nll - gk,n+1lz - gk,n+zl3 - gk,n+314 - (gk,n' _gk,n+1' _gk,n+2r _gk,n+3)-

Definition 4.3. For n € N, the norms of the hyperbolic k-Leonardo FILk,n, hyperbolic k-
Leonardo-Lucas HHj ,, and Modified k-Leonardo Flgk,n quaternions are defined by,
respectively,

”HLk.n” = \/lec,n + Li,n+1 + Ll%,n+2 + Ll%,n+3’

135l = 56 + s+ Hsa + Hhns

and
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”Hgk.n” = \/gl%,n + gl%,n+1 + gl%,n+2 + gl%,n+3'

In the following theorems, we examine the relations between the HLy ,, HL,’Q,n, HHy
HH; ., HGy.n, and HGy ,, quaternions.

Theorem 4.1. Let n € N. The following equations are true:

. Hl:k,n+3 = 2HLk,n+2 - H/Lk,nv ii. H/L;;,n+3 = 2HLI*c,n+2 - H/L;,nv
iii. HHy nos = 2HH ) oo — HHy iV. HH o5 = 2HH nyp — HHY
V. Hgk,n+3 = 2H/gk,n+2 - Hgk,na Vi- Hglz,n+3 = 2Hg;,n+2 - Hgltn

Proof. i. If the definition is used, we have

2HLiniz = HLpn = 2(Lignsain + Linasiz + Linaais + Linssia)
—(Linis + Linsris + Liniais + Liniaia)

= (2Lkn+2 — Lin)is + (2L nrs — Lins1)iz + (2Lknsa — Linsa)is

+(2Lien+s — Lin+s)is.
Since, Ly n+3 = 2Ly 42 — Ly n. Thus, we obtain

H'Ck,n+3 = 2H'L:k,n+2 - HLk,n-

Other proofs are shown in a similar way. m|
Theorem 4.2. Let n € N. We obtain
. —4k+15 = 5k—14 = k?-6k+12 =
L Hhyen = a5y T Hnse a0y HHienss = a0 e
R k ~ 2k+1
. HLyp = k2—7k+11 HGkn+2 — k2—7k+11 gk n+1 + k2 Tk+11 an,

e = 4 = 5 - k =
. HHy p, = _HLk,n+2 - k_HLk,n+1__HLk,na

3k-3 —k%+k+4 =

iv. HH, ., = ———H —= ——H
kn k2—k—1 gkn+2 k2 k-1 gkn+1+ K2—k—1 gkni
V. Hgk,n = HLk n+2 + HLk n+1+ HLk n
. o= —3k+12 = 3k—9 —k24+7k-14 =
VI HGjn = k2—7k+11 kn+2 T k2—7k+11 }[k n+1t k2—7k+11 kn:

Proof. iii. The following relation is used for proofs;
AHy = axHLy pig + bxHLy iy +exHL .
For these n values, we obtain;
HHy o = axHLy, + bxHLy 1 +cxHLy
Hg{m = axHLk,g + bxl\-I/,Ck,2+cxHLk‘1,
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H?—[ka = axﬁLkA + be:I’,Ck,3+cx17Lk‘2.
We find

5 k
a =— :—— n = - —
k+1’b k+1 and c k+1'

Thus, we obtain
~ 4 5 = k =
HHypn =7 HLinsz = g HLignar— 7 Hlkn:
Other proofs are shown in a similar way. O

In the following theorem, the Binet formulas of the ALy ,, AL ., HHyo s HH oy HGiem,
and H G n Quaternions are expressed.

Theorem 4.3. Let n € N. We obtain
1+k = 1+k =

L H Ly = a(oc—[f)(oc—l) T

i. ALin = @ — ﬁ)(a et g m 5 k,
li. Ay =@ (a4/_3;{(;a Tl B (B:;{(_Bﬁ—l) +8

v H}[’z” =@ (a:f;((zl) + E* (ﬁ:;c(_ﬁ[il) + g*k’
V. HGin = @ (a- 1;;1((;- al) + E(ﬁ_-la?'fﬁn ~ 8k,
Vi-HGin = s E*#’({ffl) -5k,
where

@ =i +ai, +a’i; +aliy, = (1,aaa®), @ =, —a —a? —a?),
B =i+ Biy+ By + By = (LBB%EY, B = (L—B.—B%—B,
8—11+12+l3+l4—(1111)and8 =(1,-1,-1,-1).

Proof. i. The Binet form of the hyperbolic k-Leonardo quaternions is

1+k + 1+k
@pya-1 'Y p-aB-1)

With the initial conditions, the following equations are obtained. For n = {0, 1, 2}, when
the resulting equation is solved

I\‘I/Lk,n =X —zk.

x—11+a12+a L3+a iy =

a
y =iy + Biy + B2z + B3, ﬁ

z=li1+i,+iz+i,= 0.

Other proofs are shown in a similar way. m|
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In the following theorems, we associate the terms of the k-Leonardo, k-Leonardo-Lucas,
and Modified k-Leonardo sequences with their hyperbolic quaternion values.

Theorem 4.4. We obtain

i, HLyp + L}, = 2L4nis, i, AL2 ) = 2Ly nH Ly p + (| HLin||” = 2£2 )i,

i, HHyp, + HH = 2Hig iy, iv. HHZ, = 2H 0 Ay + (|HH || — 272,01,
- o . = - =12 .

V. Hgk,n + Hgk,n = ng,nlla VL. Hgl%,n = ng,ank,n + (”Hgkn” - Zglg,n)ll-

Proof. ii. If the definition is used, we have
HLE = (Ligniy + Lipariz + Lineais + Linssis) Linis + Lignsiiz + Linaais + Linrais)
= (Lin + Lins1 + Lhnsa + Lhnes)in + @LnLins)iz + 2Lk Lins2)is
+(2LknLin+3)ls
= 2Ly (Linis + Linsriz + Linszis + Linesis) ¥ (—Lon + Lo ner + Li sz + Lo nes)is.
Thus, we obtain
ALEn = 2Lenf Lo + (1 Linl” = 222

Other proofs are shown in a similar way. m|
Theorem 4.5. We obtain
. ilﬁﬁk,n - izﬁLk,nﬂ - i3ﬁﬁk,n+2 - i4ﬁﬁk,n+3 = (Lk,n - Lk,n+2 - Lk,n+4 + Lk,n+6)i1-
i, iy AHjen — i HHna1 — i3HHimiz = aHHines = (Hien — 6Hienaz + 5Hines) i,
i, i1 A Gy — 2AGine1 = 3HGinez = 1aHGknes = (—4Gin + 4Gins2)in.
Proof. i. If the definition is used, we have
ilﬁﬁk,n - izﬁﬁk,nﬂ - i3HLk,n+2 - i4HLk,n+3 = (Lk,n - Lk,n+2 - Lk,n+4 + Lk,n+6)i1
+(Lin+1r = Lins1 — Limss + Lines )iz + (Lensz + Linsa — Linsz = Linea)ia
+(Lin+z = Lin+z + Linsz = Lin+z)ia
= (Lin = Lin+z — Lignta + Linre)in-

Other proofs are shown in a similar way. O

5 CONCLUSIONS

In this study, we examine the k-Leonardo, k-Leonardo-Lucas, and Modified k-Leonardo
sequences. Then, we found the features of these sequences. In addition, we obtained the
relationships between the terms of these sequences. Moreover, we examined k-Leonardo, k-
Leonardo-Lucas, and Modified k-Leonardo sequences with Fibonacci and Lucas numbers.
Finally, we associated the terms of these sequences with matrices. We presented on the
application of generalized k-Leonardo sequences to hyperbolic quaternions. Then we defined
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hyperbolic k-Leonardo, k-Leonardo-Lucas, and Modified k-Leonardo quaternions. For these
quaternions, we given many properties such as Binet formulas. Finally, the terms of the k-
Leonardo, k-Leonardo-Lucas, and Modified k-Leonardo sequences associated with their
hyperbolic quaternion values. If this study is examined, such features can be found in other
sequences such as Fermat, Olivier, and Mersenne sequences.
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