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Highlights
* This paper focuses on new applications of Pell and Pell-Lucas numbers.
* The vectors obtained from the Pell and Pell-Lucas numbers have been examined.
* The study focuses on both the algebraic and sequence properties of these vectors.
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1. INTRODUCTION

Fibonacci numbers were popularized in the thirteenth century by the Italian mathematician Leonardo
Fibonacci through his famous work Liber Abaci. Although the sequence itself was known to earlier
civilizations, Fibonacci systematically introduced it and investigated several of its properties in this work.
The Fibonacci sequence is defined by a simple recurrence relation in which each term is obtained as the
sum of the two preceding terms. One of the most well-known applications presented by Fibonacci is the
modeling of rabbit population growth, which illustrates the natural emergence of this sequence. Owing to
their simplicity and rich structure, Fibonacci numbers have continued to attract the attention of researchers,
and numerous studies have been devoted to their properties and generalizations [1-14].

Motivated by Fibonacci numbers, several related integer sequences have been introduced and studied,
including Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas sequences. Among these, Pell and
Pell-Lucas numbers play an important role due to their close connection with quadratic Diophantine
equations and linear recurrence relations [15-26].

Pell numbers P, are defined by a second-order recurrence relation, while Pell-Lucas numbers Q,, satisfy a
similar recurrence with different initial conditions. Their explicit representations are given by Binet-type
formulas involving the roots of the characteristic equation x? — 2x — 1 = 0.

Pell numbers P, are defined as follows [17].

P1:11P2=2) Pnzzpn—l-l_Pn, Tl23
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Pell-Lucas numbers Q,, are defined as follows [22].

01=1,0,=3, @ =20Qy-1+0Qpn n=3.

Binet formula of Pell, Pell- Lucas numbers are defined as follows [22].

P a* —p" _a”+b"
=Ty T

where a and b are roots of x2 —2x —1 = 0.

Furthermore, these sequences can be extended to negative indices, preserving important algebraic

symmetries.

Negative index Pell and Pell-Lucas numbers are defined as follows [20].

Over the years, many fundamental identities relating Pell and Pell-Lucas numbers, such as Cassini, Catalan,
Vajda, and d’Ocagne type identities, have been established. These identities form the basis for further
investigations and are frequently used in the study of generalized structures associated with these

sequences.

We now state a theorem that establishes the fundamental relations between Pell and Pell-Lucas numbers,
which will be used in the proof of Theorem 2.1.19. This theorem summarizes the basic identities connecting

P,= (_1)n+1Pn: Q_n = (=D"0n.

these two sequences and is based on known results in the literature [18,20,22].

Theorem 1.1. It follows from the above discussion that:

DP,+P1=0Q, n=2,

2) Qn + Q1 = 2P,
3) Py + Qn = Pny1,

4) 2P, + Qn = Qns1s
5) 2Qn + 3K, = Py,
6) 3Qn + 4P, = Qny2,
7) Qn+1 — Qn = 2H,,
8) Pny1 + Proq = 20y,

9) Qi1 + Qn-1 = 4B,

11) Qn + Qny1 + OQnys = 30n42,

12) Qn+1 — Qn-1 = 2Qn,
13) Ppy1 — Pooy = 25,
14) Ppiz + Py = 6Py,
15) Qniz + Qn—2 = 6Qn,
16) Ppiz — Ppay = 40,
17) Qn+2 — Qn-2 = 8Py,
18) 2P, + Qn+2 = 3Qn+1,

19) Ppy1 + Qn-q = 3P,

10) By + Pnyq + Pryz = 3Py, 20) Py = 2P, Q.

Theorem 1.2. Form, n = 0, the following equalities are satisfied [18].

1) BpPny1 — Ppya P = (_1)npm—n,
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2) QmQns1 — Qms10n = 2(_1)n_1pm—n-

Theorem 1.3. (Sum formula) [26]

Pype1—1
1) By Py = 2207

2) Tiy Qq = 22

The vector representations of Fibonacci and Lucas numbers have previously been introduced and
investigated from a geometric point of view, and various relationships between these vectors were
established [27]. Building on this approach, Horadam vectors were later defined in two-dimensional spaces,
and their fundamental algebraic properties were examined in detail, highlighting the usefulness of vector-
based methods in the study of recurrence sequences [28].

Motivated by these developments, the present study focuses on the vector forms of Pell and Pell-Lucas
numbers. First, these numbers are represented as vectors in two- and three-dimensional spaces, and
illustrative examples are provided. Then, the constructions are generalized to vectors of arbitrary
dimension. The proposed vectors are examined both geometrically and as vector sequences, and their linear
algebraic and sequence-theoretic properties are investigated in detail. This unified approach reveals new
connections between number theory and linear algebra and extends the scope of Pell-type sequences to
higher-dimensional settings.

2. MATERIAL METHOD

In this chapter, the main materials consist of Pell and Pell-Lucas number sequences and their known
algebraic properties. The methods employed are based on classical tools from number theory and linear
algebra. In particular, vector representations of recurrence-based sequences are constructed, and their
properties are investigated using inner products, vector products, norms, and matrix representations.

The analysis begins with the definition of Pell and Pell-Lucas vectors in low-dimensional spaces, followed
by their generalization to arbitrary dimensions. Recurrence relations, Binet-type formulas, and generating
functions are derived using algebraic techniques associated with second-order linear recurrences. Matrix
methods are employed to describe the evolution of the vectors and to establish structural relations between
different vector forms.

Furthermore, classical identities of integer sequences are extended to the vector setting by applying vector
operations and algebraic manipulations. All results are obtained through analytical reasoning, and no
numerical approximation or computational algorithm is required.

2.1. Pell and Pell-Lucas Vectors

In this section, Pell and Pell-Lucas vectors are introduced and their fundamental linear algebraic and vectorial
properties are discussed in detail. In particular, various operations such as inner products, norms, and vector
products are considered, and the cosines of the angles between these vectors are explicitly computed, providing
a clear geometric interpretation. Moreover, these vectors are also treated as number sequences, and their
recurrence relations and sequence-related properties are examined. This dual perspective allows the connection
between linear algebra and number theory to be explored within a unified framework.

Definition 2.1.1. For n,m > 0, Pell and Pell-Lucas vectors are defined respectively,
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Pn+m—1 mx1

0
iy g = |
Qn+m—1 mx1

where P, is nth Pell numbers and Q,is nth Pell-Lucas numbers.

Note that, 13;{” and 6}{1 are the nth Pell and Pell-Lucas vectors of length m.
If negative indices, Pell and Pell-Lucas vectors are defined respectively,

Py

P =| P

b

P_pim-1 mx1

Q-n
iy gm, = | @

Q-n+m-1 mx1
where P_, is —nth Pell numbers and Q_,, is—nth Pell-Lucas numbers.

Example 2.1.2.

e Form = 2, 2 —Pell and Pell-Lucas vectors are

B=[p ) di=[on]

e Form = 3, 3 —Pell and Pell-Lucas vectors are
) [Qn+1]
Qn+2

The three-dimensional plots of the first five Pell 3-vectors and the first five Pell-Lucas 3-vectors are
presented in Figures 1 and 2, respectively.

N
3 —
Pn_[n+1

n+2
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a) P}
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c) P}
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e) P2

Figure 1. a),b),c),d), e) are the graphs of the Pell 3-vectors

)G




Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

422

\\\\\\\\\
J \ \ \\ \\ \\ \




423 Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

i) 03

Figure 2. ), g), h),1), k) are the graphs of the Pell-Lucas 3-Vectors

The inner (dot) product and the vector product are two fundamental operations in vector algebra, each
capturing different geometric aspects of vectors. The inner product is a scalar-valued operation that
measures the extent to which two vectors are aligned. It is closely related to the angle between vectors and
is defined in terms of the product of their magnitudes and the cosine of the angle separating them. As a
result, the inner product plays a key role in defining norms, orthogonality, and projections in vector spaces.
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In contrast, the vector product is a vector-valued operation defined specifically in three-dimensional space.
The resulting vector is perpendicular to the plane spanned by the original vectors, and its magnitude is
proportional to the area of the parallelogram formed by them. The direction of the vector product is
determined by the right-hand rule, emphasizing its geometric nature. While the inner product captures
information about parallelism and angular relationships, the vector product encodes information about
orientation and perpendicularity.

Despite these differences, the inner and vector products are closely related through the angle between
vectors. Both operations depend on the magnitudes of the vectors and the sine or cosine of the angle between
them, respectively. In particular, the inner product involves the cosine of the angle, whereas the magnitude
of the vector product involves the sine of the angle. Together, these two products provide complementary
geometric descriptions of vector relationships and are often used simultaneously in the analysis of vector
sequences and geometric structures.

Definition 2.1.3. (Inner Product)
Qn

-, -, - - - T >
B, Gy =BG = (B Gr =B Pasr - Paemod)| 907
Qn+m—1

This is the basic definition of the inner product, but inner product can be done in different ways. For
example, it can be solved with the help of Binet's formula, the definition of which we will give in the
following sections.

Theorem 2.1.4. }_’;f and @ZL satisfy the inner products given below.
i) (13;12'13;721> = Pnim+1,
if) (P2, G2) = 2Ppymy1,
ii) (0%, G2) = Qnims1-
Proof. We only give the proof for i). The others is done similarly.
O (PP = [P:L]T o]
= Pnim+1-

Definition 2.1.5. (Vector product)

ér & é;
p3 A D3 _
By ANBp =Py Ppy1 Puypo
Bn Pmi1 Pma2

Theorem 2.1.6. P3 and (3, satisfy the vectoral products given below.

-1
i) B3 AP} = (=1)FP,_y —z],
1
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1
ii) Gi A Qi = 2(_1)kpn—k[ 2 ]

-1
Proof.
S, €1 € €3
l) n NP =By Ppy1 Pnyo
Py Pryr Py

=& ((—DF1P, ;) — €,(Py(2Pysq + Pi) — P (2Ppiq + BY))
+E3((=1)*Ppi)

= &1 (D' Po_y) — 28;(PyPis1 — PiPnsr) + E((—=1)*Pry)

=& ((—D*1P, ) — 28, (D Py_y) + & (=1 Pp_y)

= (-1 P,_(—€, — 28, + &)

-1
—2|.
1

The others are done similarly.

= (_1)kPn—k

Corollary 2.1.7. This means that the vector perpendicular to F_’;f and }_’E’ is

-1
(=DkP,_ —2].
1

Similarly, the vector perpendicular to Q),?{ and 6,3’ is

1
2(—1)’<Pn_k[ 2 ]
-1

Py
Theorem 2.1.8. For any vector B3 = [Pn+1
Pni2

, the vector product of this vector with the next vector is

13;? Aﬁr?l,+1 = (=1)"(é; + 2é, — é3)

of the form.
[
Similarly, for any vector Q3 = |Qn+1 |, the vector product of this vector with the next vector is
Qn+2

51?1 A 5131+1 =2(=1)"(—¢é; — 2, + é3)

of the form.
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Proof. If we use Theorem 2.6 we get the following. For k = n + 1, we have

B}AP3,, = (D)™ P41y (—€1 — 28, + €3)
= (=D"1P_;(—€; — 26, + &3)

If P_; =1, then

B3NP3 = ()" — (=&, — 28, + ;) = (—1)"(&, + 26, — &3).

1
Corollary 2.1.9.The all 13,13 vectors are perpendicular to vector (1,2,—1) = [ 2 ] and the all (‘_2),?{ vectors
-1
-1
are perpendicular to vector (—1,—2,1) = |-2].
1
In what follows, we present the matrix representations associated with two-dimensional Pell and Pell-Lucas
vectors. These matrix formulations are constructed to describe the transformation and structural properties
of the vectors and provide a convenient algebraic framework for analyzing their behavior in the two-

dimensional case.

Theorem 2.1.10. For
r=[ .
matrix, B2 and Q2 are provide the following equations.
i) Pisy = TR,
it) Qh+1 = TQ7.
Proof. We only give the proof for ). The other part is done similarly.

. 52 _ [0 1[Pn]:[Pn+1]:"2
D Th 1 2] Pnyq Pryo Prosa.

Likewise, let us give the matrix application for 3D Pell and Pell-Lucas vectors.

Theorem 2.1.11. For

0 1 0
T={0 0 1
01 2

matrix, 13;13 and @31 provide the following equations.
l) ﬁ3+1 = Tﬁr?s
ii) Qa1 =T0x,

Proof. We only give the proof for i). The other part is done similarly.



427 Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

N 0 1 01[ P .
) TP3=1|0 0 1||Pns1|=P3;1.
0 1 2/lPy

After presenting the matrix representations for two- and three-dimensional vectors, we proceed to introduce
the corresponding formulation for generalized Pell and Pell-Lucas vectors. The following theorem
establishes this generalized matrix representation and summarizes its main properties.

Theorem 2.1.12. For

01 0 0 0
00 1 0 0
T=10 0 o 1 0
00 0 0 1
000 " 1 24,

matrix, B and Q™ provide the following equations.

i) QM. = TQI-

Proof.
i)
010 .. 00O
001 .. 00 PPn
N R T 1
TR"=10 00 .. 1 0 :
000 ™ 01 Prim-tl
0 0 0 1 2dm

The resulting matrix product is derived directly from the recurrence relation satisfied by the Pell numbers.

Theorem 2.1.12. Pell and Pell-Lucas vectors satisfy the following vector recurrence relations,
i) B™ =2P™, +P™, forn>2,

i) QM =20, + Q™ forn>2.

Proof. We only give the proof for ). The others are done similarly.

i)
B, [ 2P, + Py,
pm — Pn+1 — 2Pn"'Pn—l
n : :
Pn+m—1 .ZPn+m—2 + Pn+m—2
[ 2P,_4 )
Y I
_2Pn+m—2 Pn+m—2
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Binet-type formulas provide explicit representations for terms of recurrence-based sequences and play a
crucial role in revealing their structural properties. Such closed-form expressions allow recurrence relations
to be analyzed through algebraic and analytic methods and offer valuable insights into the asymptotic
behavior of the sequences. In the context of Pell and Pell-Lucas numbers, Binet formulas establish a direct
connection between the sequences and the roots of their characteristic equations. In the following theorem,
we extend this classical approach to the vector setting and present Binet-type formulas for Pell and Pell—
Lucas vectors.

Theorem 2.1.13. (Binet’s Formula) For n = 0, we have

where

1 1

a b
d=| a* | and b =| b2

am_l bm—l
Proof.
B
= P, a-b"
ppm=| " | from B, = ——— we have
Pn+m—1
a* —p"
a—>b
n+1 n+1 a™—b"
a —b 1 n+1 n+1
pm _— b — a —-b
n a-—- a—b>b :
: n+m-1 n+m-1
a )
an+m—1 _ bn+m—1
a—>b

= ﬁ [a"& — b"l_;].

Theorem 2.1.14. (Binet’s Formula) For negative indices,

i) P = C [hrd — anB].

-, _1 n -
i) Q™, = % [b"d + a™b]
where
1 1
a b

a= qz andb =| p2

am_l bm—l



429 Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

Proof. For the proof, we use the Binet formula of Pell vectors. Thus, if —n is used instead of n, we have

i) Pm = [a‘”_’ ‘”E] since ab = —1,

— (—a)"b]

=" [b™d — a™b].
a-b
The proof of the remaining case follows by analogous arguments.

Theorem 2.1.15. We have

0 d.d= a™ 2P, m even
' a™1Q,,, m odd
. »7 _ (0, m even
i)a.b= {1, m odd °’
i) .5 = —b™ 2P, m even
' b™1Q,,, m odd
Proof.
1
Ddd=[la..a™ ]| ¢
e
=1+4+a*+a*+ - +a*™m?
m—1 m—1
a’ = ) (aa)’
0 0

from ab = —1, we have

m-1 ;
= = a
a.a = (—B

i=0 m

a
() -1

( 5= 1)

1 m—1 ( 1)m 1gm _ pm

b —a—

d.d=(—ay™? (—(‘1):";:‘bm).

If m is even, then

> _q1 {a™-p™ - -
d.d=amt (W) = a™ ta™ W2P,.

N _1(-a™-p™ _1 {a™+p™ _
a.&=am1( )=am1(—)=am 1Qm.
—-a-b a+b

If m 1s odd, then
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Hence, the proof is complete. The remaining parts can be obtained by analogous arguments. As a
consequence of Theorem 2.7, we obtain the following result.

Theorem 2.1.16. These vectors satisfy the inner products given below.

QmQ2n+m—1_(_1)n m Odd

N /pmM pmy _— 4 ’
DR BT = PmPantm-1
2 )

b

m even

QmQ2n+m—1+(_1)n
R , m odd
i) (Qn" r’l”>={ 2 :

P Ponsm—1 m even

(Zi=1,3,...,(m—1) Pn+k+i) + Ppym-1Prym—1, m odd
Yi=13,..(m-1) Pnsk+i m even

iit) (P, Q) = {
Proof.

i) (B, By = = [a"d — b"B]. = [a"d@ — b"B]

_a®d.d—a"b"d.b — b"a"b.d + b*"b.b
- (a = b)?

If m is even, then

aZnam—l\/sz _ banm—lﬁPm

pm pm\ _

— V2PmPon+m—1 _ PmPenim—1

(a-b) 2

If m is odd, then
aZnam—lQm _ anbn _ bnan + banm—lQm

pm pmy —
(Pn 'Pn ) (a_b)z

_ 2QmQ2n+m—1 - 2(_1)n

(a—b)?
_ QmQzn+m-1—(-1"
7 .

Thus, the proof is complete. The remaining part follows by analogous arguments.
Corollary 2.1.17. The norms of the @ and b vectors calculate as follows.

o /am‘lﬁP ,  m even
) llall = m ,

Jam™ 10, m odd
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it) lal|| Bl| = {(ﬁp’" meen

N _Jm-1
iii)|| b|| _ f bm-1\2P,, m even
Vb™1Q,,, m odd
Theorem 2.1.18. We have, for all integers n
i)ad=PM", +aB™,

ii) b"b = P™ | + bB™.

Proof.
Pyq B
= -
. P P
)P, +aPMm = "ol +al
Pn+m—2 Pn+m—1
a” 1
n+1
= a . =q" a
qntm-1 am-1
= a"d.

We now present a comprehensive collection of fundamental relations between the vector forms of Pell and
Pell-Lucas numbers. These relations describe the interactions between the two vector sequences under
various algebraic operations and reveal their structural similarities and differences. The obtained identities
extend well-known properties of the corresponding scalar sequences to the vector setting and provide a
unified framework for further theoretical developments. The results given here play a central role in the
subsequent analysis and form the basis for several applications discussed later.

Theorem 2.1.19. The fundamental identities of the basic Pell vectors and Pell-Lucas vectors are as follows.

1) B+ P, = QR 11) G + Gl + Qs = 3P,
2) O+ Q. = 2P, 12) Py — Py = 2P,
3) P+ Qi = Py, 13) @y — @y = 207,
4)Zﬁnm+6n =6771n+1a 14)ﬁrﬁ2+ﬁrﬁ2=6ﬁr{na
5) 2Q; + 3B™ = P, 15) @, + @, = 6Q,
6) 3¢ + 4P = QT 16) P, — P, = 4Q1,
7) Oy — Qi = 2B, 17) @i, — G, = 8P,

8) Pui1 + Pty = 207", 18) 2" + Qniz = 30441,
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9)677&1-'_677{1—1:413#, 19)ﬁm1+677{l_1:3ﬁ7{n,
10) Prln + Prrlr-ll—l + Prrlr-l|—3 = 3Prrlr—l{-2= 20) ZPr{n- Q‘;ln = P2n+2m—1 - P2n+1-
Proof.
B, +P,_4

pm Ppyi + B,

Pn+m—1 + Pn+m—2

Since Theorem 1.1. 1), we have

0n
By B, =| O = o,
Qn+m—1

The remaining parts of the theorem follow by applying the relations stated in Theorem 1.1 in an analogous
manner.

Theorem 2.1.20.(Generating Functions) For x real numbers, we have

= BM4+QMx
D Xnmo Bt x" =155,
= Qi +2P'x
2) Y=o Qn' x™ = T —=.
Proof.
1) Let G = ¥, B x™.
G =I36”+131’”x+---+13;{”xm... (*)

(*) If we multiply both sides of the equation by 2x and x?2, we have
2xG = PJ'x + PI'x? + -+ Bix™+1
x%G = ﬁg”xz + PMx3 oo Pymiz

If the necessary operations are carried out in accordance with the recurrence relation of Pell vectors, the
following is obtained.

G — 2xG — x2G = PJ" + P"x — P"x
Thus,

G(1—2x —x%) = B + Qi'x

G = P +QTx
1-2x—x2"

In this way, the proof is complete. The remaining part follows by analogous arguments.
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2.2. The Angle Between These Vectors

In this section, we examine the inner (dot) products of the vectors defined in the previous sections and
analyze the geometric relationships between them. In particular, by computing these inner products, we

determine the angles between the corresponding vectors, which provides a clearer geometric interpretation
of their mutual positions and structural properties.

Lemma 2.2.1. Forn € Z, we have

. a™nlp..  m even
l) mag= amtn-1g__pn
n +, m odd’
L. (p™mTip, m even
ll) PT{nb = Jqr-pmn-ig. ,
_— m odd
\/E )
am+n—1Pm
N T, m even
. m bl —
l”) Qn a = am+n—1Qm+bn 2
—=—, m odd
_bm+n—1pm
T m even
i) Qn'.b = pmn=1g Lqn .
— m odd

2 ’

Proof. Using the Binet formulas of the d and 13;{”, we obtain

From Theorem 2.1.15.

0 d.d= a™/2P,, m even
. -_ _ b
a™1Q,,, m odd
we have
. a™tn-ip m even
m -
a={, mn-15 _ .
n a Q b
7 , m odd

The other parts are shown similarly.

Theorem 2.2.2. For n € Z, the cosines of ﬁ,{”, Q?l”, @, b between the vectors are calculated as follows.
0, m even

i) COS(EZ,B) = {QL’ m odd’

m
i) cosiga = 1,

iii) €oS(55) = 1.



434 Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

Proof.
O Il Bllcos 4 5, = d.b

}
a.b

COS(=p\ = ——

@B) | 5]

from Theorem 2.1.15 and Corollary 2.1.17., we have

0, m even
COS(55) :{Qi m odd -

m

The remaining parts follow by analogous arguments.

Theorem 2.2.3. For n € Z the cosine of the angle between the vectors 13;{", a, @’{‘ and b is computed as
follows, where m is an even integer.

. b _1 |pg2n+m-1
l) COS(ﬁTTln"_i) - (a B ) ’ Qnim-1

. _1 [p2n+m-1
ii) COS(pmp) = 2(b—a) 2

s
2n+m-1

aint+m-1

1
iii) €oS(gma) = (a—>b) 2 Py’

i _1 [p2n+m-1
iv) COS(gmp) = —(b—a) 2

Pantm-1

Proof. If m is even then,

-

il ﬁ{””llc’z’llcos(ﬁ#ﬁ) =Pm.d

’P P. - ’
= % am_l\/ipmcos(ﬁma)

— am+n—1Pm
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= Jam 1PZn+m—1 =

2.3. Some Identities of the Pell and Pell-Lucas Vectors

In this section, several classical identities that play an important role in the theory of integer sequences are
extended to the vector setting. In particular, these identities are transferred to vector forms and explicitly
computed for Pell and Pell-Lucas vectors. The resulting vector identities generalize well-known
relationships of the corresponding number sequences and demonstrate that many fundamental properties
remain valid in a higher-dimensional vector framework. This extension provides a deeper insight into the
algebraic structure of Pell and Pell-Lucas vectors and highlights the consistency between scalar sequences
and their vector representations.
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Cassini identity is one of the fundamental relations in the theory of recurrence-based integer sequences and
plays a central role in revealing their intrinsic algebraic structure. This identity reflects the deep connection
between consecutive terms of a sequence and provides important insights into symmetry, invariance, and
determinant-like behavior associated with second-order recurrence relations. Beyond its classical scalar
form, Cassini’s identity serves as a powerful tool for understanding stability and consistency properties of
sequences such as Fibonacci, Pell, and Pell-Lucas numbers.

When extended to the vector setting, Cassini’s identity acquires a richer geometric interpretation.
Theorem 2.3.1. (Cassini Identities) We have, forn > 1

N R 0, m even
l) Prrlril n+1 (Pm) {(_1)n’ m Odd 5

0, m even

s = = = 2
i) erln—l- Qrﬁ-l - (erln) = { 2(_1)n—1 m odd
Proof. Using the Binet formula, the result follows.

i) By Bm, — (Bm)*

L (S b a5 + baE.a),

If m is even:
Prrlril 1 (Pm)

If is m is odd:

. . aB (_an+1bn—1 — pntign-1 4 2a™b™)
n—1- n+1 (P ) (a _ b)z

_ (@)™ = (@ = b
T @by

= (-1~

The other part is shown similarly.
Theorem 2.3.2. (Catalan Identities) We have, forn > ¢t

. . L 0, m even
i) Pm,.Pm, — (Bm)" = t—pt)’ ’
) Pple P ( n ) (—1)n-t+1 (a sb) . m odd

o, m even

N AM Am ~m\2 2
i) Qn-¢-Qnye — (Qn ) = { (=Dt (af-b)” modd
4 )

Proof.

i) Bm,.Bm, — (Bm)*
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_ 1
"~ (a-b)?

(_an—tbn+td>_l_9’ — ptqtth G + a™b"G.b + b™a™b. (‘1’)

If m is even:

- - - 2
P,ﬁt.PTﬁt—(P,{") = 0.
If is m 1s odd:

&*l_)’ (_an+tbn—t — pnttgn—t 4 Zanbn)
(a — b)?

N N S (2
P‘rrln—t'Pﬁt_(PTln) =

B _(ab)n—t(at _ bt)z
- (a —b)?

— n— (at_bt)z
— (_1) t+1 T

The remaining case can be established by applying the same arguments. It is worth noting that, when t = 1
the obtained result reduces to the classical Cassini identity.

Theorem 2.3.3. (Vajda Identities) We have, for n +k <r

- - > 0 m even
7 m m _ pm m _ )
D Prye o = BB {(—1)”PkPr_k_n, m odd °

i) Qnik-Qrip — Qn- Q" = {2(—1)n+1PkPr—k—n m odd -

Proof.
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_ 1
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bk ak
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Hence, the proof is complete. The remaining part can be established by analogous arguments.
Theorem 2.3.4. (d’Ocagne Identities) We have, for n < k

0, m even

i) B, By — B B ={ OB, moedd

o = ~ = = 0, m even
it) Qni1-Qk' — Qis1- O :{2(_1)"Pk_n, m odd °
Proof.

N pm  pm _ pm pm
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1 - - - -
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If is m is odd:
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pm pm pm pm _
Prye-Prog — P". B =

(a —b)?
anbn(ak—n _ bk—n)
“ (@-b
= (_1)npk—n~

Therefore, the proof is complete. The remaining part follows by a similar argument.

Theorem 2.3.5.(Honsberger Identities) We have, for k > 1

- = - > o PO iy m even

D Pimy " + P P = {szk::nn::ﬂ m odd °
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Proof.
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1
=@z

N _ - _ - 77
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\/Epm [ak+m+n—2 _ bk+m+n—2) + (ak+m+n _ bk+m+n]

B (a — b)?

— Pm(Pk+m+n—2 + Pk+m+n)

2
from, we have
Pty B+ P Pty = P Qpaman—1-
If is m is odd:
1 Qk+n+m—2 Qk+n+m k-1 k—1
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From, we have
pm pm _j pm pm _
Pk—l-Pn +Pk -Pn+1 - QmPk+m+n—1-

Consequently, the proof is complete. The remaining part can be derived in an analogous manner.
3. RESULTS

In this paper, a vector-oriented framework based on the Pell and Pell-Lucas number sequences is proposed
and investigated in detail. The primary objective of the study is to extend these classical sequences,
originally defined in a scalar setting, to higher-dimensional vector spaces and to examine the resulting
structures from both algebraic and sequence-theoretic viewpoints. In this sense, the sequences are analyzed
not only through their numerical characteristics but also through their behavior within the context of linear
algebra.

As an initial step, Pell and Pell-Lucas numbers are represented as vectors in two- and three-dimensional
spaces. These constructions are then generalized to vectors of arbitrary dimension. For the resulting vector
forms, fundamental concepts of linear algebra—including inner products, vector products, norms, and
matrix representations—are derived explicitly. In particular, the matrix representations obtained from the
associated recurrence relations are shown to effectively characterize the transition between successive
vector terms.

Furthermore, the introduced vectors are treated as vector sequences, and the corresponding recurrence
relations are formulated. Vector analogues of Binet-type closed formulas are established, extending the
classical results known for Pell and Pell-Lucas sequences. These findings are complemented by the
construction of suitable generating functions, which provide additional insight into the analytical properties
of the vector sequences.

To emphasize the geometric aspects of the proposed framework, the angles between Pell and Pell-Lucas
vectors are examined using inner products and norms. This approach allows the relationships between
different vector terms to be interpreted geometrically, offering an alternative perspective alongside the
algebraic analysis. As a result, classical connections between number sequences acquire a clear geometric
meaning within vector spaces.



439

Mine UYSAL, Engin OZKAN/ GU J Sci, 39(1): 415-440 (2026)

Finally, several well-known identities from the theory of integer sequences, including the Cassini, Catalan,
Vajda, d’Ocagne, and Honsberger identities, are extended to the vector setting. The obtained results
demonstrate that many fundamental properties of Pell and Pell-Lucas numbers remain valid when these
sequences are embedded in higher-dimensional vector structures.

Overall, the proposed approach provides a unified framework that naturally links number theory and linear
algebra. Moreover, the methodology developed in this study can be adapted to other recurrence-based
sequences, suggesting potential directions for further research.

This work could also be applied to different number sequences or polynomial sequences.
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