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ABSTRACT

In this study, the known real, complex, hyperbolic and dual numbers are combined to form a
hybrid number system. While creating this system, a different number sequence was created
by combining Narayana numbers with real, complex, hyperbolic and dual numbers in each
term. Then, some properties of this obtained sequence of numbers, Binet formula, sum
formula, generating function were investigated.
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1. Introduction

Hybrid numbers were introduced by Ozdemir in [5]. A hybrid number is given by K =
{a+bi+ce +dh: ab,c,d ER,i2= —1,62= 0, h? = 1,ih = hi = ¢ + i} where
i, &, h are hybrid units and their multiplication’rules are in Table 1.

. i & h
i -1 1—h e+i
& 1+h 0 —&
h —&—1i £ 1

Table 1: Multiplication Rules

Recently, many researchers [1,3-5] have studied hybrid numbers. Pell, Pell-Lucas, Jacobsthal,
Jacobsthal-Lucas hybrid numbers were studied, and some properties were given. In addition,
the results of these studies were generalized by creating a Horadam hybrid number sequence.
In addition, Kizilates, Szynal-Liana and Wloch [4,9-11] generalized the special polynomials
of these number sequences to form hybrinomials. The Fibonacci and Lucas hybrid numbers
are defined, respectively, as:

FH, = E, + Fyqi + Fyipe + Fyy3h
and

LH, = L, + Lpyqi+ Lyyoe+ Lyysh

Recently, many number sequences have been combined with hybrid number sequences in
different ways [6-8].

In addition to working with many quadratic number sequences, third order recurrence number
sequences have also been the subject of hybrid number sequences. Starting from this point, in
this study, Narayana number sequences with third order recurrence are discussed.

The Narayana sequence denoted [2] by N,,, with 0,1,1,1 initial condition.
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Npy1 = Np+Np
The first few Narayana sequence can be written as:
0,1,1,1,2,3,4,6,9,13, ...
The Binet’s formula and characteristic equation of this sequence are shown in the figure

below:

rn+1 Sn+1 tn+1

an(r—s)(r—t)+(s—r)(s—t)+(t—r)(t—s)

and x3 — x2 — 1 = 0. where 7, s, t are the roots of the characteristic equation.
Based on the above-mentioned information, we will define Narayana hybrid numbers and
give the generating functions of these numbers, the Binet’s formula and some important
theorems and propositions.
2. The Narayana hybrid sequences
Definition 1. The Narayana hybrid sequences defined as follows:
HN, = N,, + Npyqi + Nppyppe + Nyish

The first few Narayana hybrid sequence can be written as:

HNy=i+e+h  HN =1+i+e+2h  HN,=1+i+2e+3h,..

Theorem 2. Let n > 0 be an integer. The character of the Narayana hybrid number is:
C(}[Nn) = Nn+1(Nn+1 - 2Nn+2) — Npyo (Nn+2 + 2Nn)-

Proof. From the definition of the Narayana sequence, we get

(Nn + Npyql + Npype + Nn+3h)(Nn — Npyal — Npyp€ — Nn+3h)
= N% + NpNpy1l + NpNpyo€ + NyNpyzh — NnNn+1i+Nr%+1 — Np1Npyole
— Np+1Npizih — NpNpyp€ — Ny p N1 €0 — N1$+2€2_Nn+2Nn+35h
— Npy3Nph — Ny 3Ny hi — N3Ny phe — Nr%+3
If we substitute the required values, we obtain
C(HNy) = N + N1$+1 - N1$+3_2Nn+1Nn+2
= Nj + Nr%+1_2Nn+1Nn+2 — (Np4z2 + Nn)z
= Npy1(Nnp1 — 2Npy2) = Npyz (Npyz + 2N,)

Corollary 3. The norm of the Narayana hybrid sequence is:
”}[anlz = |Nn+1(Nn+1 - 2Nn+2) - Nn+2 (Nn+2 + ZNn)l
Proof. By the definition of character and norm for hybrid numbers
1Nl = CHN) = INp 1 (N1 = 2Npy2) = Noyy (Nyz + 2N,)]
”g'“\,n”2 = |Nn+1(Nn+1 - 2Nn+2) - Nn+2 (Nn+2 + ZNn)l

Theorem 4. Let n = 0. Then
r"1(1 +ri+r2c+1r3h) N s™(1 + si + s?e + s3h) N t" (1 + ti + t2e + t3h)
(r=s)(r—1t) (s=1r)(s—1) (t—7r)(t—13)

Proof. From Binet’s formula for Narayana sequence in the Narayana hybrid number, we get

HN, =
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.r.TH-l Sn+1 tn+1
= —oe-0t6one-0  t=nit-9

rn+2 Sn+2 tn+2 )

+<(r—s><r—t>+<s—r>(s—t>+<t—r)(t—s)>‘
rTL+3 Sn+3 tTI.+3

+ <(r—s)(r—t) TGN (t—r)(t—s))e
rTL+4- Sn+4 tTI.+4

+ <(r—s)(r—t) TGN (t—r)(t—s))h

— m(l +ri+-1l- r?c+13h) +m(1 + si + s?e + s3h)

+m(1+ti+t2€+t3h)

Theorem 5. Let n > 0. Then
n

Z}[Nk =HNyyy +HNy+HN,_;—1—i—¢e—2h

k=0
Proof.

z}uvk = H Ny + HN; + HN, + -+ KN,

) k=0
thus, we obtain

Z}[Nk = HNy + HN, + KNy + -+ HN,
k=0
= (NO + Nll + Nzg + Ngh) + (Nl + Nzl + N3€ + N4_h) + -
+ (Nn + Nn+1i + Nn+2€ + Nn+3h)
= (NO + N1 + NZ + -+ Nn) + l(Nl + NZ + N3 + -+ Nn+1)
+ s(N2 + N3+ Ny + -+ Npyy) + h(N3 + Ny + Ns + -+ Ny y3)

n+1 n+2 n+3

ZNR+zZNk+eZ(1vk—1)+hZ(1vk—2)

- (Nn+1 + Ny, + Nn 1 1) + l(Nn+2 + Nn+1 + Ny, 1) + S(Nn+3 + Npz + Npy1 — 1)
+ h(Nn+4 + Nn+3 + Nn+2 2)
= HNyyy + HN, +HN,_; —1—i—¢c—2h

Theorem 6. The generatmg function for Narayana hybrid sequence #'N,, is

L _iteth+x(1+h)+x*(e+h)
Z}[Nnx - 1—x—x3

n=
Proof. Narayana hybrid sequence # N,, has the following form

flx) = Z}[Nnx” = H Ny + HNyx + HNyx? + HNyx3 + -
n=0
xf(x) = HNyx + HN;x? + HNyx3 + H Nyx* + -+
x3f(x) = HNyx® + HNyx* + HNox® + HN3x6 + -
) —xf(x) —x*f(x)
= H Ny + x(HN; — HNp) + x2(H N, — HN,) + x3(HN; — HN, — HN,)
+0+0+ -
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f)A—x—x3%)
=i+e+h+x(1+i+e+2h—i—e—h)+x*(1+i+2e+3h—1—i
—&—2h)

f(x):i+£+h+x(1+h)+x2(e+h)

1—x—x3

Definition 7. Letn > 0, n € Z. Let us define
HS, =HN, +HN_,, HS;, =HN, —HN_,
where
}[N—n = N_n+N_(n+1)i + N_(n+2)€ + N_(n+3)h

According to this new sequence, table 2 can be created.

n 1 2 3 4
HN_, i—h 1—e+h —i+e+h —1+4+i+e—2h
HS, 1+2i+e+h 24+i+e+4h 14+i+4¢+5h 1+4+4i+5¢+4h
S, 1+e+3h i+3e+2h 1+3i+2e+3h 3+2i+3¢+8h

Table 2. Sum and difference values of negative index Narayana sequence

Theorem 8. Letn > 0, n € Z. Then
HNy_y +HNy_ 1 = HS, +HSp_ ) —HS,_3
Proof. By the definition of /'S,,, we get
HSp+HSy_ 3 —HSp 3= HNy+HN_+HNy_ 5+ HN_(n_) — (HNp_5 +
HN_(n-3))h
= (Np + Npy1i + Npyoe + Nyysh) + (N—n + N_ni1yl + N_(nyzye + N—(n+3)h)
+ (Np_y + Ny_qi + Npe + Nyy h)
+ (N_(n-2) + N_n1yi + N_p& + N_(y1)h)
— (Ny—3 + Nyy_pi + N,_q€ + Nyh)
— (N_(n-3y + N_n-2)i + N_u_1)€ + N_,h)
= [Nn +N_p,+ Ny, + N—(n—Z) —(Np—3 + N—(n—B))]
+ [Nns1 + Nognany + Npoy + N_gnozy = (Npa + Nz i
+ [Nn+2 + N—(n+2) +Np +N_p — (Nn—l + N—(n—l))]‘S
+ [Nn+3 + N—(n+3) + Npy1 + N—(n+1) - (Nn + N—n)]h
Then we get from definition of Narayana sequence
HSy +HSp_p —HSp_3
= (Np—z + Np—q) + (Np—1 + Np)i + (N + Npyq)e + (Npyq + Npyo)h
=HN,_, + HN,_,
As desired.

3. Conclusion

In this study, we examined the hybrid numbers in Narayana sequence then we have expressed
some important features, theorem, and definition of Narayana hybrid sequence. This work can
be similarly defined on many number sequences.
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