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We prove some theorems concerning truncated Fibonacci sequences, which are defined below in

Section 2. We also state some conjectures concerning the period (modm) of truncated Fibonacci

sequences, where the integerm is greater than or e8qual to 2. In addition, we present some

computer-generated results that tend to support these conjectures.
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1. INTRODUCTION

A sequence{ai} is said to be periodic with periodk if it is satisfiesai = ai+k for i = 1, 2, . . .

. We let sn denote thenth member of the sequence of integerss0 = a , s1 = b, . . . , where

sn+1 = sn + sn−1 . The symbolh(m) will denote the length of the period of the sequence resulting

from reducing eachsn modulom. An n-step Fibonacci sequence
{

f
(n)
k

}∞
k=1

is defined by letting

f
(n)
k = 0 for k ≤ 0, f

(n)
1 = 1, f

(n)
2 = 1, and other terms according to the linear recurrence

equationf
(n)
k =

n∑
i=1

f
(n)
k−i for k > 2 . The basic (2-step) Fibonacci sequence will be given by

f0 = 0, f1 = 1, . . . and the Lucas sequence byg0 = 2, g1 = 1, . . .. The symbolk(m) will denote

the length of the period of the 2- step or 3-step Fibonacci sequences when they are reduced modulo

m. We sometimes call it Wall’s number after a pioneer in this area. For example, letfn be the 2-step

Fibonacci sequence andm = 5 . If we reduce eachfn modulo 5, then we obtain following periodic

sequence.

0, 1, 1, 2, 3, 0, 3, 3, 1, 4, 0, 4, 4, 3, 2, 0, 2, 2, 4, 1, 0, 1, . . . and then repeat; sok(5) = 20 .

From now on, letk(m) denote the Wall number of the 2 and 3-step Fibonacci sequences and

kr(m) denote the Wall number of truncated Fibonacci sequences (defined in section 2)
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We will let Z andZm represent the group of integers and the group of integers modulom,

respectively.

In the recent years, there has been much interest in applications of Fibonacci numbers and

sequences. Takahashi gives a fast algorithm which is based on the product of Lucas numbers to

compute large Fibonacci numbers [1]. zkan has proved two original theorems concerning the Wall

number of the 3-step Fibonacci sequences and given some conjectures concerningk(m) of the 3-

step Fibonacci sequence [2]. We give a few of them in Conjecture 1.3.

Fibonacci sequences appear in many branches of mathematics. These include group theory,

calculus, applied mathematics, linear algebra, etc.

One of the latest works in this area is [3] where Sik Choi introduces the truncated Fibonacci

sequences and the truncated Lucas sequences.

In this paper, we give some interesting properties of the truncated Fibonacci sequences and we

show that the functionkr(m) associated with this sequence is a multiplicative function. Further-

more, we examine the relationship betweenm andkr(m) of the truncated Fibonacci sequences. We

obtain interesting results. We also obtain results similar to the following theorems. We give them in

section 3.

For the 2-step Fibonacci sequences, we gather some of the well-known properties ofk(m) into

the following two theorems.

Theorem1.1— [4, 5]

(i) (Wall): If mhas the prime factorizationm =
∏

pei
i and ifhi = k(pei

i ) thenk(m) is the least

common multiple of thehi.

(ii ) (Wall) If k(p) 6= k(p2), thenk(pe) = pe−1k(p). Also, if n is the largest integer with

k(p) = k(pn), thenk(pe) = pe−1k(p) for e > n.

(iii ) (Wilcox) Form > 2, k(m) = 2n, where

n = min({n : n even and m|fn}∪{n : n odd and m|gn}), fn is thenth member of the 2-step

Fibonacci sequence andgn is thenth member of the Lucas sequence.

Remark: In all known cases,k(p2) = pk(p) for p a prime, and it appears to be open question

whether the casek(p2) = k(p) ever occurs.

Theorem 1.2[4] — In Zm, the following hold:

(i) If p is a prime andp = 10x± 1, thenk(p)|(p− 1).

(ii ) If p is a prime andp = 10x± 3, thenk(p)|(2p + 2).

(iii ) If p is a prime andp = 10x± 3, thenh(pe) = k(pe).

Let fn be 3-step Fibonacci sequence. Then,fn(modm) forms periodic sequence. That is, the

sequence is periodic and repeats by returning to its starting values.

We also gather some of the properties ofk(m) into the following conjecture (3-step Fibonacci

sequences).
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Conjecture1.3[2] —

(i) If p is a prime number andk(p) < p ,thenk(p)|(p− 1).

(ii ) If p is a prime number andk(p) ≡ 0(mod2) ,then(p± 1)|k(p).

(iii ) If p is a prime number andk(p) ≡ 1(mod2) ,then(p± 1)|(k(p)− 1) or p|(k(p)− 1).

(iv) p > 2 andk(p) is the Wall number ofn-step Fibonacci sequence such thatn = 2t andt > 1,

thenk(p) is an even number.

2. TRUNCATED FIBONACCI SEQUENCE

Throughout this paper, letR∞ denote the infinite dimensional real vector space consisting all real

sequences(x0, x1, x2, . . .)T, and letP denote The Pascal matrix

[(
i

j

)]
, (i, j = 0, 1, 2, . . .).

Associated with the Pascal matrixP, let P→, P ↓ denote the matrices defined by

P→ =




1 0 0 0 0 0 0 0 . . .

0 1 1 0 0 0 0 0 . . .

0 0 1 2 1 0 0 0 . . .

0 0 0 1 3 3 1 0 . . .

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .




where the rowi, (i = 0, 1, 2, . . .), is that of the Pascal matrixP preceded by0T
i , where0i is the

i-vector of zeros, and
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P ↓ =




1 0 0 0 . . .

1 0 0 0 . . .

1 1 0 0 . . .

1 2 0 0 . . .

1 3 1 0 . . .

1 4 3 0 . . .

1 5 6 1 . . .

. . . . . . .

. . . . . . .

. . . . . . .




where the columnj, (j = 0, 1, 2, . . .), is that ofPpreceded by0T
j . The sequenceF = (f0, f1, f2, . . .)T

defined byf0 = 0, f1 = 1, fn = fn−1 + fn−1, (n ≥ 2) is called 2-step Fibonacci sequence.

There are some generalizations of the notion of Fibonacci sequences. We are interested in

generalization of Fibonacci sequences [3].

Suppose that we arrangen congruent cubic blocks in such a way that the blocks are arranged

in one or two rows and each of the blocks in the top row(top blocks) is placed on a block in the

bottom row(base block). We call such an arrangement aFibonacci arrangementof n blocks. Let

Fn denote the set of all Fibonacci arrangements ofn blocks. It is well known that|Fn |, the number

of elements ofFn, is equal to

(
n

0

)
+

(
n− 1
1

)
+ . . . +

(
1

n− 1

)
+

(
0
n

)
= fn+1, the

(n + 1)st Fibonacci number. For a nonnegative integerr, let Fr,n denote the set of all Fibonacci

arrangements ofn blocks with the’truncation’ condition that the number of top blocks is≤ r.

In what follows we assume, for an integeri and for a nonnegative integert, that

(
i

t

)
= 0 if

i < t.

Let Fr = (fr,0, fr,1, fr,2, . . .)T be defined byfr,0 = 0, fr,1 = 1, fr,n = |Fr,n−1| for n ≥ 2.

Let t be the number of top blocks in an arrangement inFr,n. Then the number of base blocks in

that arrangement isn− t, and hence there are

(
n− t

t

)
ways that thet top blocks can be placed.

Since0 ≤ t ≤ r, we havefr,n+1 =
r∑

t=0

(
n− t

t

)
. We see thatfr,n+1 is equal to the sum of the

entries ofP lying on the linei + j = n within the range0 ≤ j ≤ r, and hence thatFr is the row



ON TRUNCATED FIBONACCI SEQUENCES 5

sum vector of

[
0T

P↓[0, 1, 2, . . . |0, 1, . . . , r]

]
.

We callFr ther th truncated Fibonacci sequence.

The following table I shows first 19 terms of 1.,2.,3. and 4. truncated Fibonacci sequence.

TABLE I

Fr,n+1 n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13 n=14 n=15 n=16 n=17 n=18 n=19

r=1 1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

r=2 1 1 2 3 5 8 12 17 23 30 38 47 57 68 80 93 107 122 138 155

r=3 1 1 2 3 5 8 13 21 33 50 73 103 141 188 245 313 393 486 593 715

r=4 1 1 2 3 5 8 13 21 34 55 88 138 211 314 455 643 888 1201 1594 2080

Theorem2.1— fr,n+2 = fr−1,n + fr,n+1

PROOF:

fr,n+2 =
r∑

t=o

(
n + 1− t

t

)
=

(
n + 1
0

)
+

(
n

1

)

+

(
n− 1
2

)
+ . . . +

(
n + 1− r

r

)
(1)

fr−1,n + fr,n+1 =
r−1∑
t=o

(
n− 1− t

t

)
+

r∑
t=o

(
n− t

t

)

=

(
n− 1
0

)
+

(
n− 2
1

)
+ . . . +

(
n− r

r − 1

)

+

(
n

0

)
+

(
n− 1
1

)
+ . . . +

(
n− r

r

)
(2)

In (2), since

(
t

j − 1

)
+

(
t

j

)
=

(
t + 1

j

)
we write following equalities;

(
n− 1
0

)
+

(
n− 1
1

)
=

(
n

1

)
,

(
n− 2
1

)
+

(
n− 2
2

)

=

(
n− 1
2

)
, . . . ,

(
n− r + 1

r − 2

)
+

(
n− r + 1
r − 1

)
=

(
n− r + 2
r − 1

)

and

(
n + 1
0

)
=

(
n

0

)
, so we show thatfr,n+2 = fr−1,n + fr,n+1 .

Result2.2 —f1,n = n− 1 .

PROOF: f1,n =
1∑

t=0

(
n− 1− t

t

)
=

(
n− 1
0

)
+

(
n− 2
1

)
= 1 + (n− 2) = n− 1 .
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Result2.3 —f0,n = 1.

PROOF: f0,n =
0∑

t=0

(
n− 1− t

t

)
=

(
n− 1
0

)
= 1 .

We suppose thatfr,n+1 = f0
r,n+1 and forn ≥ r, i ≤ r − 1 and i, r, n ∈ Z+ , f i

r,n+1 =
f i−1

r,n+1 − f i−1
r,n .

Theorem 2.4 —f r−1
r,n+1 =

r−1∑
i=0

(−1)i

(
r − 1

i

)
f0

r,n+1−i, ( n + 1 ≥ 2r ). Furthermore, notice

that coefficients of termf0
r,n+1 are the same as those of binomial expansion of the term(x− y)r−1 .

PROOF: We will prove the theorem by induction onr.

For r = 1,

f0
r,n+1 =

0∑

i=0

(−1)i

(
r − 1

i

)
f0

r,n+1−i = (−1)0
(

r − 1
0

)
f0

r,n+1 = f0
r,n+1.

For r = k, we suppose thatfk−1
k,n+1 =

k−1∑
i=0

(−1)i

(
k − 1

i

)
f0

k,n+1−i. That is, we have

fk−1
k,n+1 = (−1)0

(
k − 1
0

)
f0

k,n+1 + (−1)1
(

k − 1
1

)
f0

k,n + (−1)2
(

k − 1
2

)
f0

k,n−1 + . . .

+(−1)k−2

(
k − 1
k − 2

)
f0

k,n+1−(k−2) + (−1)k−1

(
k − 1
k − 1

)
f0

k,n+1−(k−1).

For r = k + 1, let’s find

fk
k+1,n+1 =

k∑

i=0

(−1)i

(
k

i

)
f0

k+1,n+1−i = (−1)0
(

k

0

)
f0

k+1,n+1 + (−1)1
(

k

1

)
f0

k+1,n + . . .

+(−1)k−1

(
k

k − 1

)
f0

k+1,n+1−(k−1) + (−1)k

(
k

k

)
f0

k+1,n+1−k.

By using this equality thatfk
k+1,n+1 = fk−1

k+1,n+1 − fk−1
k+1,n,

We obtainfk
k+1,n+1 = fk−1

k+1,n+1 − fk−1
k+1,n

= (−1)0
(

k − 1
0

)
f0

k+1,n+1 + (−1)1
(

k − 1
1

)
f0

k+1,n + (−1)2
(

k − 1
2

)
f0

k+1,n−1 + . . .

+(−1)k−2

(
k − 1
k − 2

)
f0

k+1,n+1−(k−2) + (−1)k−1

(
k − 1
k − 1

)
f0

k+1,n+1−(k−1)

−(−1)0
(

k − 1
0

)
f0

k+1,n − (−1)1
(

k − 1
1

)
f0

k+1,n−1 − (−1)2
(

k − 1
2

)
f0

k+1,n−2 + . . .
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−(−1)k−2

(
k − 1
k − 2

)
f0

k+1,n−(k−2) − (−1)k−1

(
k − 1
k − 1

)
f0

k+1,n−(k−1).

We can write

(−1)0
(

k − 1
0

)
f0

k+1,n+1 = (−1)0
(

k

0

)
f0

k+1,n+1,

−(−1)k−1

(
k − 1
k − 1

)
f0

k+1,n−(k−1) = (−1)k

(
k

k

)
f0

k+1,n+1−k

and (
k + 1

j

)
=

(
k

j

)
+

(
k

j − 1

)
.

Together with the last three equalities, the proof is completed.

Theorem2.5 — We supposefr,n+1 = f0
r,n+1 andf i

r,n+1 = f i−1
r,n+1 − f i−1

r,n for n ≥ r, i ≤ r− 1
andi, r, n ∈ Z+. Then(f r−1

r,2r , f r−1
r,2r+1, f

r−1
r,2r+2, . . . , f

r−1
r,2r+s, . . .) = (1, 2, 3, . . . , s + 1, . . .) .

PROOF: We will, in fact, prove that

(f r−1
r,2r , f r−1

r,2r+1, f
r−1
r,2r+2, . . . , f

r−1
r,2r+s, . . .) = (1, 2, 3, . . . , s + 1, . . .)

= (f0
1,2, f

0
1,3, f

0
1,4, . . . , f

0
1,s+2, . . .)

Here we give a proof off r−1
r,2r = f0

1,2 = 1. For generals, the proof is similar and is left to the reader.

If r = 1, thenf r−1
r,2r = f0

1,2. Because,f0
1,n = n− 1, f0

1,2 = 1 by result 2.2.

For r = 2, f r−1
r,2r = f1

2,4 = f0
2,4 − f0

2,3 = f0
1,2 = 1.

For r = 3, f r−1
r,2r = f2

3,6 = f1
3,6 − f1

3,5 = f0
3,6 − f0

3,5 − f0
3,5 + f0

3,4

= f0
2,4 − f0

2,3 = f0
1,2 = 1.

For r = 4, f r−1
r,2r = f3

4,8 = f2
4,8 − f2

4,7 = f1
4,8 − f1

4,7 − f1
4,7 + f1

4,6

= f0
4,8 − f0

4,7 − f0
4,7 + f0

4,6 − f0
4,7 + f0

4,6 + f0
4,6 − f0

4,5 = f0
3,6 − f0

3,5 − f0
3,5 + f0

3,4

= f0
2,4 − f0

2,3 = f0
1,2 = 1

Similarly,

f r−1
r,2r = f r−2

r,2r − f r−2
r,2r−1
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= f r−3
r,2r − f r−3

r,2r−1 − f r−3
r,2r−1 + f r−3

r,2r−2

.

.

.

= (−1)0
(

r − 1
0

)
f0

r,2r + (−1)1
(

r − 1
1

)
f0

r,2r−1 + (−1)2
(

r − 1
2

)
f0

r,2r−2 + . . .

+(−1)r−2

(
r − 1
r − 2

)
f0

r,r+2 + (−1)r−1

(
r − 1
r − 1

)
f0

r,r+1

= (−1)0
(

r − 1
0

)
f0

r,2r + (−1)1
[(

r − 2
1

)
+

(
r − 2
0

)]
f0

r,2r−1

+(−1)2
[(

r − 2
2

)
+

(
r − 2
1

)]
f0

r,2r−2 + . . .

+(−1)r−2

[(
r − 2
r − 2

)
+

(
r − 2
r − 3

)]
f0

r,r+2 + (−1)r−1

(
r − 1
r − 1

)
f0

r,r+1

= (−1)0
(

r − 1
0

)
f0

r,2r + (−1)1
(

r − 2
0

)
f0

r,2r−1 + (−1)1
(

r − 2
1

)
f0

r,2r−1

+(−1)2
(

r − 2
1

)
f0

r,2r−2 + (−1)2
(

r − 2
2

)
f0

r,2r−2 + . . .

+(−1)r−2

(
r − 2
r − 3

)
f0

r,r+2 + (−1)r−2

(
r − 2
r − 2

)
f0

r,r+2 + (−1)r−1

(
r − 1
r − 1

)
f0

r,r+1

= (−1)0f0
r−1,2r−2 + (−1)1

(
r − 2
1

)
f0

r−1,2r−3 + . . . + (−1)r−1f0
r−1,r

and we go on similarly, we obtain

= f0
3,6 − f0

3,5 − f0
3,5 + f0

3,4

= f0
2,4 − f0

2,3 = f0
1,2 = 1.

Thus, one can show easily thatf r−1
r,2r+s = f0

1,s+2 = s + 1.

We consider 2-step Fibonacci sequencefn = fn−1 + fn−1 , for f0 = 0, f1 = 1 and n ≥ 2 and

terms of the truncated Fibonaccifr,n+1 =
r∑

t=0

(
n− t

t

)
. As we see Table I, firstlyfr,n+1 = fn+1

but, forn sufficiently large we see thatfr,n+1 6= fn+1, (showed black bold in Table I).
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We clarify this assertion via the following theorem.

Theorem2.6— fr,2r+2 = f2r+2 andfr,2r+3 6= f2r+3.

PROOF:

fr,2r+2 =
r∑

t=0

(
2r + 1− t

t

)
=

(
2r + 1

0

)
+

(
2r

1

)
+

(
2r − 1

2

)

+ · · ·+
(

r + 2
r − 1

)
+

(
r + 1
r

)
(3)

and sincefn+1 =

(
n

0

)
+

(
n− 1
1

)
+ . . . +

(
1

n− 1

)
+

(
0
n

)
,

we write

f2r+2 =
(

2r + 1
0

)
+

(
2r

1

)
+ . . . +

(
r + 2
r − 1

)

+
(

r + 1
r

)
+

(
r

r + 1

)
+ . . . +

(
1
2r

)
+

(
0

2r + 1

)
(4)

For an integeri and for a nonnegative integert, since that

(
i

t

)
= 0 if i < t, and equation (1) and

(2), we see easily thatfr,2r+2 = f2r+2 .

Now we show thatfr,2r+3 6= f2r+3.

fr,2r+3 =
r∑

t=0

(
2r + 2− t

t

)
=

(
2r + 2

0

)
+

(
2r + 1

1

)

+
(

2r

2

)
+ . . . +

(
r + 3
r − 1

)
+

(
r + 2

r

)
(5)

and

f2r+3 =

(
2r + 2

0

)
+

(
2r + 1
1

)
+ . . . +

(
r + 2
r

)

︸ ︷︷ ︸
fr,2r+3

+

(
r + 1
r + 1

)

︸ ︷︷ ︸
1

+

(
r

r + 2

)
+ . . . +

(
0

2r + 2

)

︸ ︷︷ ︸
0

(6)

Since equation (5), we writef2r+3 = fr,2r+3 + 1. That is,fr,2r+3 6= f2r+3.

3.THE FUNCTION kr(m)

This section is concerned with determining the length of the recurring sequence obtained by reduc-

ing a Fibonacci sequence by a modulom.
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Let Fr = (fr,0, fr,1, fr,2, . . .)T be ther th truncated Fibonacci sequence. Then,Fr(modm)
does not form a periodic sequence. But if we takeFr,n+1 = (fr,n+1, fr,n+2, fr,n+3, . . .)T, ( n =
r, r + 1, r + 2, . . . ), thenFr,n+1(modm) forms a periodic sequence. Now we can talk about the

functionkr(m) of the sequenceFr,n+1(modm). We make the following conjectures.

Conjecture3.1 —kr(m.n) = kr(m).kr(n) on condition that(m, n) = 1 .

That is, the functionkr(m) is a multiplicative function.

Conjecture3.2 — If p is a prime number andt ∈ Z+, thenkr(pt) = pt−1kr(p).

Conjecture3.3 — If p is a prime number andp > r, thenkr(p) = p.

Conjecture3.4 — If m is not a prime number, thenm |kr(m) andm 6= kr(m).

For several values of the parameters, these conjectures seem to be validated by a computer

program written in MAPLE and FORTRAN.

In addition, Table II shows Wall number of2., 3., . . . , 7. truncated Fibonacci sequence for some

numbers. Validities of above conjectures can be checked with Table II. We have lots of data for

various ofm andr.
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TABLE II

r = 2 r = 3 r = 4 r = 5 r = 6 r = 7

k(2) = 4 k(2) = 4 k(2) = 8 k(2) = 8 k(2) = 8 k(2) = 8

k(3) = 3 k(3) = 9 k(3) = 9 k(3) = 9 k(3) = 9 k(3) = 9

k(4) = 8 k(4) = 8 k(4) = 16 k(4) = 16 k(4) = 16 k(4) = 16

k(5) = 5 k(5) = 5 k(5) = 5 k(5) = 25 k(5) = 25 k(5) = 25

k(6) = 12 k(6) = 36 k(6) = 72 k(6) = 72 k(6) = 72 k(6) = 72

k(7) = 7 k(7) = 7 k(7) = 7 k(7) = 7 k(7) = 7 k(7) = 49

k(8) = 16 k(8) = 16 k(8) = 32 k(8) = 32 k(8) = 32 k(8) = 32

k(9) = 9 k(9) = 27 k(9) = 27 k(9) = 27 k(9) = 27 k(9) = 27

k(10) = 20 k(10) = 20 k(10) = 40 k(10) = 200 k(10) = 200 k(10) = 200

k(11) = 11 k(11) = 11 k(11) = 11 k(11) = 11 k(11) = 11 k(11) = 11

k(12) = 24 k(12) = 72 k(12) = 144 k(12) = 144 k(12) = 144 k(12) = 144

k(13) = 13 k(13) = 13 k(13) = 13 k(13) = 13 k(13) = 13 k(13) = 13

k(14) = 28 k(14) = 28 k(14) = 56 k(14) = 56 k(14) = 56 k(14) = 392

k(15) = 15 k(15) = 45 k(15) = 45 k(15) = 225 k(15) = 225 k(15) = 225

k(16) = 32 k(16) = 32 k(16) = 64 k(16) = 64 k(16) = 64 k(16) = 64

k(17) = 17 k(17) = 17 k(17) = 17 k(17) = 17 k(17) = 17 k(17) = 17

k(18) = 36 k(18) = 108 k(18) = 216 k(18) = 216 k(18) = 216 k(18) = 216

k(19) = 19 k(19) = 19 k(19) = 19 k(19) = 19 k(19) = 19 k(19) = 19

k(20) = 40 k(20) = 40 k(20) = 80 k(20) = 400 k(20) = 400 k(20) = 400

k(21) = 21 k(21) = 63 k(21) = 63 k(21) = 63 k(21) = 63 k(21) = 441

k(22) = 44 k(22) = 44 k(22) = 88 k(22) = 88 k(22) = 88 k(22) = 88

k(23) = 23 k(23) = 23 k(23) = 23 k(23) = 23 k(23) = 23 k(23) = 23

k(24) = 48 k(24) = 144 k(24) = 288 k(24) = 288 k(24) = 288 k(24) = 288

Notice that by using Conjecture 3.3, We can now rewrite some items of Theorem 1.1, Theorem

1.2 and Conjecture 1.3. So we can see a relationship betweenk(p) andkr(p).
Result3.5 —

If k(p) 6= k(p2), thenk(pe) = kr(p)e−1k(p) . Also, if n is the largest integer withk(p) = k(pn),
thenk(pe) = kr(p)e−1k(p) for e > n .

Result 3.6: InZm, the following hold:

(i) If p is a prime andp = 10x± 1 ,thenk(p)|(kr(p)− 1) .

(ii ) If p is a prime andp = 10x± 3 ,thenk(p)|(2kr(p) + 2) .

Result 3.7—

(i) If p is a prime number andk(p) < p , thenk(p)|(kr(p)− 1).

(ii ) If p is a prime number andk(p) ≡ 0(mod2) ,then(kr(p)± 1)|k(p).
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(iii ) If p is a prime number andk(p) ≡ 1(mod2) ,then(kr(p)±1)|(k(p)−1) or kr(p)|(k(p)−
1).
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