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We prove some theorems concerning truncated Fibonacci sequences, which are defined below in
Section 2. We also state some conjectures concerning the perioadfpobttuncated Fibonacci
sequences, where the integeris greater than or e8qual to 2. In addition, we present some
computer-generated results that tend to support these conjectures.
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1. INTRODUCTION

A sequence{a;} is said to be periodic with perioklif it is satisfiesa; = a;4 fori = 1,2,...

. We lets, denote then!” member of the sequence of integegs= a , s; = b,..., where
Sn+1 = Sn+ Sn—1 . The symboh(m) will denote the length of the period of the sequence resulting
from reducing each,, modulom. An n-step Fibonacci sequenr{ef,gn)}:o ) is defined by letting

f,i”) = 0fork < 0,f = 1,f{") = 1, and other terms according to the linear recurrence

equationf,g") = i f,fﬁ)i for £ > 2. The basic (2-step) Fibonacci sequence will be given by
fo=0,f1=1,. .Z._énd the Lucas sequence iy = 2,91 = 1,.... The symbolk(m) will denote
the length of the period of the 2- step or 3-step Fibonacci sequences when they are reduced modulo
m. We sometimes call it Wall’'s number after a pioneer in this area. For exampfg,betthe 2-step
Fibonacci sequence amd = 5 . If we reduce eaclf,, modulo 5, then we obtain following periodic
sequence.

0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,... and then repeat; J0(5) = 20 .

From now on, let(m) denote the Wall number of the 2 and 3-step Fibonacci sequences and
k-(m) denote the Wall number of truncated Fibonacci sequences (defined in section 2)
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We will let Z and Z,, represent the group of integers and the group of integers madulo
respectively.

In the recent years, there has been much interest in applications of Fibonacci nhumbers and
sequences. Takahashi gives a fast algorithm which is based on the product of Lucas numbers to
compute large Fibonacci numbers [1]. zkan has proved two original theorems concerning the Wall
number of the 3step Fibonacci sequences and given some conjectures conck(nin®f the 3-
step Fibonacci sequence [2]. We give a few of them in Conjecture 1.3.

Fibonacci sequences appear in many branches of mathematics. These include group theory,
calculus, applied mathematics, linear algebra, etc.

One of the latest works in this area is [3] where Sik Choi introduces the truncated Fibonacci
sequences and the truncated Lucas sequences.

In this paper, we give some interesting properties of the truncated Fibonacci sequences and we
show that the functiort, (m) associated with this sequence is a multiplicative function. Further-
more, we examine the relationship betweeandk, (m) of the truncated Fibonacci sequences. We
obtain interesting results. We also obtain results similar to the following theorems. We give them in
section 3.

For the 2-step Fibonacci sequences, we gather some of the well-known propekties) afito
the following two theorems.

Theoreml.1— [4, 5]

(i) (Wall): If mhas the prime factorizatiom = [[ p;* and ifh; = k(p;’) thenk(m) is the least
common multiple of thé;.

(i) (Wall) If k(p) # k(p?), thenk(p®) = p*~'k(p). Also, if nis the largest integer with
k(p) = k(p"), thenk(p®) = p*~1k(p) for e > n.

(iii) (Wilcox) Form > 2, k(m) = 2n, where

n = min({n : n even and m/|f,}U{n : n odd and m|g,}), f, is then® member of the 2-step
Fibonacci sequence amg is then! member of the Lucas sequence.

Remark In all known casesk(p?) = pk(p) for p a prime, and it appears to be open question
whether the cask(p?) = k(p) ever occurs.

Theorem 1.4] — In Z,,, the following hold:

(i) If pis a prime angh = 10z £ 1, thenk(p)|(p — 1).
(i) If pis a prime angh = 10z £ 3, thenk(p)|(2p + 2).
(iii) If pis a prime angp = 10z £ 3, thenh(p®) = k(p©).

Let f,, be 3-step Fibonacci sequence. Thén,modm) forms periodic sequence. That is, the
sequence is periodic and repeats by returning to its starting values.

We also gather some of the propertiesff) into the following conjecture (3-step Fibonacci
sequences).
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Conjecturel.3[2] —

(i) If pis a prime number ankl(p) < p ,thenk(p)|(p — 1).

(i) If pis a prime number ankl(p) = 0(mod2) ,then(p + 1)|k(p).

(iii) If pis a prime number ank(p) = 1(mod2) ,then(p & 1)|(k(p) — 1) or p|(k(p) — 1).

(iv) p > 2 andk(p) is the Wall number of-step Fibonacci sequence such that 2t andt > 1,
thenk(p) is an even number.

2. TRUNCATED FIBONACCI SEQUENCE

Throughout this paper, &> denote the infinite dimensional real vector space consisting all real

sequenceérg, r1, 2, ...)", and letP denote The Pascal matr[x( Z. )] (1,7 =0,1,2,...).
J

Associated with the Pascal mati let P—, P! denote the matrices defined by

[ 10000000 ...
01100000...

00121000...
P~ =

00013310...

where the row, (i = 0,1,2,...), is that of the Pascal matrRR preceded b)@iT, where0; is the
i-vector of zeros, and
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where the colump (j = 0,1, 2,...), is that ofP preceded bjb;f . The sequence = (fo, f1, f2,...)"
defined byfo =0, fi=1, fo=fa-1+ fu-1, (n>2)iscalled 2-step Fibonacci sequence.

There are some generalizations of the notion of Fibonacci sequences. We are interested in
generalization of Fibonacci sequences [3].

Suppose that we arrangecongruent cubic blocks in such a way that the blocks are arranged
in one or two rows and each of the blocks in the top row(top blocks) is placed on a block in the
bottom row(base block). We call such an arrangemdfibanacci arrangementf n blocks. Let
F,, denote the set of all Fibonacci arrangements blocks. It is well known thatF;, |, the number

n—1 1 0

. n
of elements off;,, is equal to + 4+ + = fni1, the
0 1 n—1 n

(n + 1)st Fibonacci number. For a nonnegative integdet ). ,, denote the set of all Fibonacci
arrangements af blocks with thetruncation’ condition that the number of top blocksdsr.

In what follows we assume, for an integeand for a nonnegative integerthat ( ; ) =0if

1 <t.
LetF, = (fro, fr1, fr2,-..)" be defined byf, o = 0, fr1 = 1, frn = |Frp_1| forn > 2.
Let t be the number of top blocks in an arrangementin,. Then the number of base blocks in

. t
that arrangement is — ¢, and hence there a(e " ; ways that the top blocks can be placed.

. r n—t .
Since0 < ¢t < r, we havef, 11 = > . We see thaf, 1 is equal to the sum of the
t=0

entries ofP lying on the linei + j = n within the range) < j < r, and hence thdf, is the row
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OT
sum vector of

Pl0,1,2,...]0,1,...

7]

We callFF,. ther th truncated Fibonacci sequence.
The following table | shows first 19 terms of 1.,2.,3. and 4. truncated Fibonacci sequence.

TABLE |
Frint1 n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13 n=14 n=15 n=16 n=17 n=18 n=19
r=1 1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
r=2 1 1 2 3 5 8 12 17 23 30 38 47 57 68 80 93 107 122 138 155
r=3 1 1 2 3 5 8 13 21 33 50 73 103 141 188 245 313 393 486 593 715
r=4 1 1 2 3 5 8 13 21 34 55 88 138 211 314 455 643 888 1201 1594 2080
Theorem2.1— fr ni2 = fr—in + fros1
PrROOF
T
n+1-—t n—+1 n
t=o0 0
n— n+1-—7r
+ ( > +... .+ ( ) Q)
r
1t " n—t
fr—l,n+fr,n+1 = Z ( > +Z )
t=o t=o
n—1 n—2 n—r
= + +...+
0 1 r—1
n n—1 -
+ + SR )
0 1 r
. t t t+1 . . .\
In (2), since| +(  ]= , we write following equalities;
J—1 J J
n—1 n—1 n n—2 n—2
+ == ) +
0 1 1 2
_ n—1 n—r+1 n n—r+1 _ n—r+2
a 2 B WA r—1 S\ -1

n—+1 n
and( 0 ) = ( 0 ),so we show thaf, 12 = fr—1n + frnti -

Resul2.2 —f1,=n—1.

1 -1t
PROOEan—Z(n >—<
t=0 t
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Resul2.3 — fo,, = 1.

0 —1-—t —1
PROOF:fo’n:Z<n >:<n ):1.
t=0 t 0

We suppose thaf, ., = mﬂ and forn > r,i < r—1andi,r,n € Z*, fﬁ,nﬂ =
i—1 -
fr,n-{—l - ;,nl :
4 —1 ,
Theorem2.4 — f;}rl = > (—1) ( " , ) f2ni1_ir (n+1 > 2r). Furthermore, notice
7 . Z ’
that coefficients of ternf,’, ., | are the same as those of binomial expansion of the termy)" ' .

ProoOFE We will prove the theorem by induction an

Forr =1,
0 [ r—1 r—1
fTE),n—i-l = Z(_l)z ( i ) fTE),n—l—l—i = (_1)0 ( 0 ) frn-i—l frn—H
i=0
el k=1 .
Forr = k, we suppose th n+1 = (-1 ‘ fins1—i- Thatis, we have
i=0 ( ’

k-1 k—1 k—1
it = 0 () e (P ) e () e

_ k—1 _ k—1
+(—1)k 2 ( k—9 ) fig,n+1—(k—2) + (‘Uk ! < E—1 ) fl(c),n+1—(k—1)‘

Forr = k + 1, let's find

k |k k k
flf+1,n+1 = Z(—l)z < ; ) flg+1,n+1—i =(-1)° ( 0 ) f18+1,n+1 +(-1! ( ) ) f18+1,n +..

1=0

_ k k
+(-1DF! ( k1 ) Fostns1—(-1) + (1) < . ) festnt1—ke

By using this equality thafchrl gl = ka 1 ka o

We obtainfy ;. = fk+1 ntl fk—i—l n

k—1 k—1 k—1
= (-1)° ( 0 ) f18+1,n+1 + (=1} ( 1 ) flg+1,n +(—1)? ( 5 ) fl?—l—l,n—l +..

_ k—1 _ k—1
+H(—1)k? ( b — 2 ) flg+1,n+1—(k:—2) + (-1 ( k1 ) fl?—l—l,n-i—l—(k—l)

k — E—1 k—
—<—1>0< . 1>f£+1,n—<—1>1< 1 >f19+1,n_1—(—1)2< ) 1>f18+1,n_2+~--
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k—1 k—1
k— k—
— (=" ( Lo ) Festn—(p—2y — (=11 < e ) Pt (o)
We can write
k—1 k
(—-1)° ( ) ) flg+1,n+l =(-1)° ( 0 ) fl(c)-i-l,n-i-la
_ k-1 k
—(=1)F! ( k1 ) f18+1,n7(k71) = (-D)" ( k > flg+1,n+17k

)-8 ()

Together with the last three equalities, the proof is completed.

and

Theorem2.5 — We supposémﬂ = fl andfl = mH — fiutforn >ri<r—1
-1 -1
andi,r,n € ZT. Then(f15, 1ot Flamyar - frorgsr ) = (12,3, s +1,..) .

r2r’

ProoF We will, in fact, prove that

—1 —1 —1 —1
ot ot ot Ml = (123,54 1,...)

0 0 0 0
= (f1,27 f1,3, f1,47 <o 7f1,s+27 . )

Here we give a proof o = f7 o = 1. For generals, the proof is similar and is left to the reader.

r2r
If r =1, thenf.;' = f{,. Becausef}, =n— 1, f), = 1byresult 2.2.
r27‘ f24 f§4*f83=f?2=1-

7“27" f36—f36 f35 f36 fg,s_fy?,5+f2?,4
:fg,4—fg,3:f?,2:1-

Forr = 2,

Forr = 3,

_ —1_ 3 _ r2 2 _ gl 1 1 1
Forr =4, f:gr = f4,8 = f4,8 - f4,7 = f4,8 - f4,7 - f4,7 + f4,6

= fls— e — e+ fle — flr+ s+ f6 — fis = 26— f35 — 35+ f34
= fg,4 - fg,?, = f?,? =1
Similarly,

r—1 r—2 _ pr—2
r2r r2r r2r—1
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-3 3
= fror — fro;—1— fr27" 1+ e 27« 2

! <—1>0<7"0‘1> 22T+<—1>1<’"1‘1 )f?,gr_ﬁ(—l)?(’";l )ff,%_ﬁ.--
+<—1>’“2<::;> Sraat (- 1>”<::1> -

- <—1>0<7"0‘1 )f:?w(—l)l (Tl‘2)+ ( T >]f°
orl(52)e (5
w12 ) () ot (0] e

- <1>0<7"0‘1 )f&ﬁ(l)l ( r()_2>f327«_1+(1)1 ( 7"1‘2>f227«_1
+(—1)2<r1_2> S a+ (= 1)2<T2_2> Sorat
+<—1>”<:_§> 2r+2+<—1>”<:_§> B,r+2+<—1>”<:_1> i

r—2
1

= (*1)0f79—1,2r—2 + (-1t ( ) f79—1,27-—3 +.ot (*1)T_1f79—1,r

and we go on similarly, we obtain

_ £0 0 0 0

= f36— f35— f35 1 [34
0 0 0

= f2,4 - f2,3 = f1,2 =1

Thus, one can show easily thlt,' = f0,,, = s+ 1.

We consider 2-step Fibonacci sequente= f,_1+ fn—1,for fo =0, f1 =1and n > 2 and

. . r n—t .
terms of the truncated Fibonacgi,+1 = ) . As we see Table |, firstly, , 11 = frn41
t=0

but, forn sufficiently large we see thdt ,+1 # f,.+1, (Showed black bold in Table ).
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We clarify this assertion via the following theorem.

Theoren?.6 — fr,2r+2 = f2r+2 andfr,2r+3 7é f2r+3-
PROOE

" 2r 41—t 2 +1 o r—1
fr,r - = —+ +
e () = () () ()
4ot T+ 2 n r+1 3)
r—1 r
wasoog= (1) (7)o (1))

we write

s = ()0 (2) e (071
()G ) G) @

For an integer and for a nonnegative integersince that( 1 ) = 01if 4 < t, and equation (1) and

(2), we see easily thah. 2,12 = foryo .

Now we show thaff, 2,13 # far+3.

2+ 2t 2 + 2 2 +1
frores = z( t ):( A )+( 1 )

t=0

+<22r>+...+<:f?>+<rjf2> (5)
e — <2r0+2)+<2g+1 ) +m+<r:2>

f7',2r+3
0
+ 6
( 2r 42 ) ©)

r+1 r
+ + +
r+1 r—+ 2
Since equation (5), we writ§, 3 = f,.2,+3 + 1. Thatis, f, 2,43 # fors3.

and

-~

1 0

3.THE FUNCTION k;.(m)

This section is concerned with determining the length of the recurring sequence obtained by reduc-
ing a Fibonacci sequence by a moduaio
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LetF, = (fr0, fr1, fr2,--.)T be ther th truncated Fibonacci sequencdhen,F, (modm)
does not form a periodic sequence. But if we t&ke, 1 = (frn+1, frnt2s frnts, .- )T (n =
r,r+ 1,7+ 2,...), thenF, ,, 11 (modm) forms a periodic sequence. Now we can talk about the
functionk, (m) of the sequence, ,, .1 (modm). We make the following conjectures.

Conjecture3.1 —k,.(m.n) = k,.(m).k-(n) on condition thafm,n) = 1.

That is, the functiork, (m) is a multiplicative function.

Conjecture3.2 — If pis a prime number ante Z*, thenk,(p') = p'~'k.(p).

Conjecture3.3 — If pis a prime number ang > r, thenk,.(p) = p.

Conjecture3.4 — If mis not a prime number, then |k, (m) andm # k.(m).

For several values of the parameters, these conjectures seem to be validated by a computer
program written in MAPLE and FORTRAN.

In addition, Table Il shows Wall number 2f, 3., ..., 7. truncated Fibonacci sequence for some
numbers. Validities of above conjectures can be checked with Table Il. We have lots of data for
various ofm andr.
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TABLE Il

o <t | © o |~ 0
olvw|ajlo|lal~|S 22N |ITIE| =24 |B (R0
- VNI IQ|~|F ||| =T HNNC|IT N |F| S|PV
L T o T T A I A
R RS E R E S S S PR
=2 | =X Ll | L | L[| — | T — | T — | — | TSl — T T T =
N N RO R N RS RO R R B O RO S e RO
ST m|o|R| x|~ C o8 m|o|m»|R
o || N~ | D <t N — S 0
© 0 || I | = r~ ANlala|— || 10 N N | = © |0 | N N
i L T T T T TV T T T T I 1 0 AT
—~| — — —~ —~~| —~| —~ —~ —~| —~| —~
[ NN B Een I B Y N Eon B eyl RS e IV BT Fonl TS I N wn IS N eyl NS VXN IV
SRS RIS ) b= S S e b s e PSR o b
2 | e 2 | 2 | < =2 g g R g N g e N g e N g R D B R R
R A e A T e A e A A
o <t L0 Ne) o 0
© ||~ Q=S| |2 AT =@ (S| R[R R0
- e I il VST N el - B N - Bl ISV R S RN B I Rl IS Rl =T IS IOl B N RN
L T T T L T T T L T T T T O O
M ISR E R Y B N A S R
R I R A I e A R A A S
< © 0
o |~ oW ||~ olo|lm|lwo|m
0oL Q=R IS|IF|I=|T|=s|F|lo|lm gm0 |w|aR
S T L T L T L L L L L L 1 Y
3lzlalslalclalalalalalalzelecslslaslalalals
— —
2 | &2 2 ~e NI NI B B NEZ ENESS BNEZ BN ENE B B INEEOY BN NG BN N (e |
R e A A N T e A A A A
© ol |a|lm|lo|lva|(~|Blo|jo|ln|(| x|
||| w|R~|E|IJIA|A ]| F || =G F|F|O ||| T
R I (T UL b P f ey
: =~ ]~ = e~ = =~
Ll || gale|mao| T v|lo~glololm|la|n|S
e e e I d INa?l el INGP NG IR T B B e B R B e B R B R B | = |~ AN | AN | AN AN o]
R R R R R < R N 'S <
~ © ol || m|o|lv|ial~|lo|lo|lo|—||m|
t|n|o| w8 I~ S |lod|m a3 =S| |d = |F|a| N
O I (I I O T T L T L L L L L L L L L o L O L L R L A [ |
: =l =~ —~ =]~ | || = |~ =~ ||~ | |
Ll |m = n SN gle|lo|m|lam| s v ool = |||
~l =TT I | = — — — — — — — — — o [\ (] N (@]
2R e | e < =2 < R | — | — | — |~ — | — | — | — | | — | —
RN R R R R R R R | |=x

Notice that by using Conjecture 3.3, We can now rewrite some items of Theorem 1.1, Theorem

1.2 and Conjecture 1.3. So we can see a relationship beti@g¢andk,. (p).

Result3.5 —

k-(p)¢ 'k(p) . Also, if nis the largest integer with(p) = k(p™),

If k(p) # k(p?), thenk(p®)
thenk(p®) = k,(p)* 'k(p) fore > n .

Result 3.6: IZ,,, the following hold:

(i) If pis aprime angh = 10z £ 1 ,thenk(p)|(k-(p) — 1) .

(ii) If pis a prime ang = 10z + 3 ,thenk(p)|(2k,(p) + 2) .

Result 3. 74—

(i) If pis a prime number ankl(p) < p, thenk(p)|(k-(p) — 1).

0(mod2) ,then(k,(p) =+ 1)|k(p).

(i) If pis a prime number ank(p)



12 ENGINOZKAN

(iii) If pis a prime number ankl(p) = 1(mod2) ,then(k,(p) £1)|(k(p) — 1) or k-(p)|(k(p) —
1).
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