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Abstract—1In this work, we study the r-circulant matrix C,. = Clirc,(co, ¢1, ca, ..., ¢n—1) such that
the entries of C). are ¢; = My, qyip OF ¢; = R q+yip, Where My o440 and Ry, o4 are k-Mersenne
and k-Mersenne—Lucas numbers, respectively. We obtain the eigenvalues and determinants for
the matrices and some important identities for the k-Mersenne and k-Mersenne—Lucas numbers.
Furthermore, we find norms and bounds estimation for the spectral norm for these r-circulant
matrices.
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1. INTRODUCTION

The Fibonacci numbers, which emerged with the famous rabbit problem, have attracted the attention
of many scientists and continue to do so. By this time, scientists have given many generalizations of
Fibonacci sequences. Thus, number sequences have found application in many branches of science
as well as in every branch of mathematics. In [1]—[8], one of these generalizations is Mersenne
sequences. In this study, the properties of r-circulant matrices associated with k-Mersenne and
k-Mersenne—Lucas numbers will be examined.

For A >0, the Mersenne sequence {M)}renugoy [9] is defined by Myyy = 3My — 2M,_; with
My =0 and M; = 1. If we take initial assumption Ry = 2 and R; = 3 with the recurrence relation
Ry11 = 3R\ — 2R)_1, then we obtain the Mersenne—Lucas sequence [10] also called Fermat sequence.
In literature, there are various types of generalization of the Mersenne and Mersenne—Lucas sequences,

one can go through [11]-15]. Some useful definitions needed in the main results are given in this
section.

Definition 1 ([11]). For k € R™, the k-Mersenne sequence { M, x}r>o is defined recurrently by
Mk7)\+1 = 3k‘Mk7)\ — 2Mk7)\_1, With Mk70 = 0, Mk71 =1.

The characteristic equation for the recurrence relation given in Definition 1 is 22 — 3kx 4+ 2 = 0 and
its roots are B; = (3k + V9k2 — 8)/2 and By = (3k — v/9k2 — 8)/2 which holds the following relations.

Bi+ B2 =3k, B — o = VIK2 —8, B1ff2 = 2. (L.1)
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Binet’s formula for the k-Mersenne numbers is given by

B — B3
My ) = , 1.2
PAT B By (1.2)
and Cassini’s identity for the k-Mersenne numbers is
Miix — My ap1 My a1 = 2271 (1.3)

Definition 2 ([13]). The k-Mersenne—Lucas sequence { Ry »}a>0 is given by
Rk)\-i-l = 3/€Rk,)\ — 2Rk7)\_1, with Rk,o = 2, Rk,l = 3k.

The closed form formula for the k-Mersenne—Lucas numbers is Ry = ﬂ{\ + ,6’3‘, and Cassini’s

identity for the k-Mersenne—Lucas numbers is
R%,)\ - Rk,)\+1Rk7)\_1 = —(9k2 - 8)2)‘_1. (1.4)

Now we give some definitions and results on circulant matrices and norms that we use further in our
work. Throughout the paper, we are considering 9k? — 8 # 0.

Definition 3 ([16]). A r-circulant matrix C,, = Cire,(co, ¢, ..., ¢n—1) is defined as

o C1 C2 Ch—2 Cp—1

TCp—1 €o C1 Cn—3 Cn—2

TCp—2 TCp—1 €o Cn—4 Cn—3
C, = ) .
rco rcs rcyg Co C1

i rcy TC2 rCc3 TCn—1 Co ]

On replacing r by 1 and —1 in the above matrix, we obtain the right circulant and skew-right circulant
matrix respectively.

Eigenvalues of r-circulant matrix C, denoted by p;(C,.) are given by [16]

n—1
wi(Cr) :ch(pw_i)j, 1=0,1,2,....,.n — 1. (1.5)
j=0
where w is the nth root of unity and p is the nth root of r.
The Euclidean norm of matrix C; is given by
n—1
Gl = | D_1Cs P — 3 (1 = 7). (1.6)
j=0

Investigating the eigenvalues, the determinant, norms, and bounds for the spectral norm of a circulant
matrix involving a recursive sequence has been one of the exciting areas among researchers. It
becomes an interesting topic of research in matrix theory due to its special properties and wide range
of applications in other branches like coding theory, linear forecast, signal and image processing,
mathematical physics and many more. For example, these matrices are used in image and signal
processing [17], [18] vibration analysis [19], and in solving different types of differential equations [20],
[21].

Recently, Solak et al. [22] have obtained the norm of r-circulant matrices involving Fibonacci
and Lucas numbers whereas Shen et al. [23] found the bound for the norms of these matrices. In
continuation, Shen et al. [24] presented the study of bounds for the spectral norms for the r-circulant
matrices with k-Fibonacci and k-Lucas numbers. Some recent works on the r-circulant matrices
involving different number sequences like Mersenne, Jacobsthal, Pell, Pell-Lucas, etc. can be seen
in [25]—29].
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524 KUMARI et al.

Lemma 1. For any square matrix H = [h;;] of order n, we have

n n
|H||1 = lglfgnz; |hijls [|H]loo = @%ﬁi}‘hij"
i= j=

1H]|z = ZZ \hij 2, and ||H|| = \/ e i (HH),

=1 j=1
where u;(H*H) denotes the eigenvalues of the matrix (H*H) with H* as the conjugate transpose
of H. The norm ||H||y and ||H||g satisfy the following relation
1
Vn

Lemma 2. Let M be the Hadamard product of matrices P = [p;j] € M,(C) and Q = [g;;] € M,,(C),
then

<|[[H|lg < [[H]l2 < [|H]|5- (1.7)

1Mz < u(P)v(Q),

where p(P) = maxi<i<y, \/Z}Ll pij|? and v(Q) = maxi<j<n />y |aij|*

Lemma 3. Let p be the nth root of r and w be the nth root of unity, then for any x and y, we have

n—1

H(:E—ypw_j) =" —ry". (1.8)

=0

Proof. Because w is a n-th root of unity, so

n—1

H(:E—wj):a:”—w”:a:”—l. (1.9)

5=0
Replacing x by z/yp in (1.9), we get

-1
T (;, =)= () ="
o \YP yp yrp"

Since, [Tj= o (r—wl) = IT;= (@ —wI)andior1 <j<n—1,w" 7 =w. So,

n—1 n—1

H ( " —y P , hence H (:1: —ypw_j) =z" —ry".

o NP iy

Now we define r-circulant matrices involving k-Mersenne and k-Mersenne—Lucas numbers de-
noted as A, and B,, respectively, given in the following definitions. Throughout the paper it is assumed
a,beZ.

Definition 4. The r-circulant matrix with k-Mersenne numbers is given as

M4 Miare Miaros - Mparm—2p  Miatm—1)p
"My arn-1p  Mka Miaroe Miarm-3p Mrar(n—2)p
AT — . . . . . .
rMpavor  TMpar3y TMpgpar - My 4 My atb
M ovp TMgavob "™Mrarse 0 TMiar -1 My q
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Definition 5. The r-circulant matrix with k-Mersenne—Lucas numbers is given as

Riq Riatv  Rrat2e " Rrarm—2p  Bratrm-1
TRk:,a—i—(n—l)b Rk’,a Rk7a+b T Rk,a+(n—3)b Rk,a+(n—2)b
B, = : : : ' : :
TRiaros  TRia+3e TReatap - Ry o Ry avp
TRy a+b TRiat2o TRikat3b - TRparm-1)p Ry

In this study, we investigate formulas for eigenvalues, determinants, and norms of the above matrices
and give some important identities for k-Mersenne and k-Mersenne—Lucas numbers. At last, we give
upper and lower bounds for the spectral norm of these matrices.

2. MAIN RESULTS

Before we proceed to obtain eigenvalues for the above matrices, we first give the following lemmas
that are further needed to prove the main results.

Lemma4. Let a,b € Z, then for the k-Mersenne numbers, we have

Qkaﬂ_b ca > b,

arb _ papb
PROE ISR _ L ta=0b,

p1— B
! ? —QGMk7b_a ta <b.
Proof. Consider,
a—b _ pa—b
{’ﬂé’( 1 2 ) ta > b,
a Qb a Qb a Qa ﬁtll;ﬁ2
ﬁlﬁz _5251 _ 5152 _/62/81 ca=0b
51_62 /Bl_l/)B—Qa b—a 7
aga (Pl 2 ta <b.
xﬂlﬂz( B — B2 )

Now by using Binet’s formula for the k- Mersenne numbers and the fact that 5152 = 2, we get
2ka7a—b ra > b,

=40 ta=b,
—QGMhb_a ta <b.

pBL6% — B BY
B1 — B2
This completes the proof.
Lemma 5. For the k-Mersenne—Lucas numbers, we have

QbRkﬂ_b ca > b,
BLBS + B5 B = § 2041 ta=b,
QGRk’b_a ta <b.

Proof. The proof follows the same argument of Lemma 4.

For simplicity, we write K/(a,b) := (B85 — 856%)/(B1 — B2) and Kg(a,b) := B{BS + 8552, Now
we give the closed form formula for eigenvalues of the matrices A, and B, in the following theorems.

Theorem 1. The eigenvalues of A, are
Mk:,a - TMkﬂ-i-nb - pw_i[KM(av b) - T2le<:,a+(n—l)b]

pi(Ar) = 1 — Ry ppwi + 20p20=2 :

MATHEMATICALNOTES Vol. 114 No.4 2023
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Proof. Using Eq. (1.5), we can write the eigenvalues of the matrix A, as
n—1
MZ(AT) = Z Mk,a-‘rjb(pw_i)j) 1= 07 17 27 sy — 1
§=0
n—1 a+jb _ patjb

=X (M e

B =, —inj P2 S —i\J
=54 ;(ﬁlpw V=525 ;(ﬁzpw )
_ bt (1 - (5%Pw_i)”> B (1 - (ﬁgpw_i)">
Br— P2\ 1—phpw Br— P2\ 1—pB5pwi
1 of 1=rBP N g 1—rpg?
BB [51 <1 - 5{’&04) & (1 - 5§Pw_i>}
(By — B3) — (BT — B5T) — pw I (BEBY — BSBY) — r(BFTBY — BTV BY)]
(B1 = B2)(1 = Bypw=) (1 — F3pw)
Mk,a - TMk,a+nb - pw_i [(ﬁfﬁg_ﬁgﬁl{) - r2ka,a+(n—1)b}

_ " ﬂi’pw—i)éiliﬁggpw_i) (using Egs. (1.1)and (1.2))
Mjsq — 7 Mpaqmp — pw ™ [Kaz(a, b) — r2° My oy (n—1)]
(1= BYpw=)(1 = BEpw=)

My.o — Mg ainb — pw_i[KM(av b) — T2ka:,a+(n—l)b]
1 — Ry ppw ™" + 20 p2w—2

(using Lemma 4)

as required.

By setting » = 1 and » = —1 in Theorem 1, we obtain eigenvalues for the k-Mersenne right circulant
and k-Mersenne skew-right circulant matrices given in the following corollary.

Corollary 1.
Mk,a - Mk,a—l—nb - w_i[KM(ay b) - 2ka,a+(n—1)b]
1- R]abw_i + 2b—2 ’
Mkz,a + Mk,a-i—nb - Cw_i[KM(av b) + 2ka:,a+(n—l)b]
1-— Rk,bcw_i + 26¢2)~%

pi(Ar) =

pi(A-1) =

where C is the nth root of -1.
Theorem 2. The eigenvalues of B, made with k-Mersenne—Lucas numbers are given by

Rya — " Riainb + pw ™ [r2° Ry oy (n—1yp — Kr(a,b)]

wi(By) = 1 — R ppw ™ + 2bp2w=2

Proof. The proof follows the same argument of Theorem | with Lemma 5 and Eq. (1.1).

Corollary 2. Let ¢ be the nth root of -1. The eigenvalues for the right circulant matrix By and
skew-right circulant matrix B_q are, respectively,

(By) = Rpa — Riarnd + w0 [2°Ry i (n1yp — Kr(a,b)]

HiB1) = 1-— Rk,bw_i + 2byy—2t ’

_ Rpa+ Riayns — Cwo [r2°Re ai(n—1)p + Kr(a,b)]

and  pi(B-y) 1 — Ry pCw + 262w~
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Proof. It can be proved easily by substituting » = 1 and » = —1 in Theorem 2.
Theorem 3. The sum of the eigenvalues of the k-Mersenne circulant matrices is

= Mk,a - 74]\4k,a—l—nb - Pw_i[KM(aa b) - r2ka7a+(n—1)b]

ZZ:; 1 — Ry ppw=" + 20 p2w—2

= an,a-

Proof. We use the fact that the sum of the eigenvalues of a matrix gives a trace of that matrix and the
trace is also defined as the sum of the diagonal elements of the matrix (here A,.). In our case, the matrix
A, is a diagonal constant and each diagonal entry is M}, ,.

Hence trace(Ay) = Y1 Mi,q = nMj .

[t gives,

n—1

Z Mkz,a - TMkﬂ-i-nb - pw_i[KM(av b) - T2ka7a+(n—1)b

] n—1
1 — Ry ppw™" + 20 p2w=2 ; pi(Ar) = nMygq

i=0
as required.

Since My, , = 0 fora = 0, we obtain

S Mg + pw T (K (0,0) — 728 My, (1))

Zz:; 1 — Ry ppw ™" + 20 p2w—2

= 0.

Theorem 4. For the r-circulant matrices with k-Mersenne—Lucas number, the following identity
is verified:

nz_:l sz,a - TRk:,a—i—nb + pw_i[r2bRk7a+(n—l)b - KR(a7 b)] nR
= k,a-
=0

1 — Ry ppw ™" + 20 p2w—2

Proof. Consider Kgr(a,b) as defined in Lemma 5. Then proceeding as Theorem 3 with k-Mersenne
Lucas numbers Ry, ,,, we get the desired result.

If @ = 0 then Ry, = 2, hence from the above theorem, we have

nz_:l 2 — T’kab + pw_i[r2bRk7(n_1)b - KR(O, b)]

. . = 2n.
1 — Ry ppw™ + 2bp2w=2 "

i=0
Theorem 5. The determinant of the matrix A, is given by
(Mo — rMpg a4np)" — r[Kn(a,b) — T2ka:,a+(n—1)b]n

det(4) = 1 — 7Ry np + 27012

Proof. We implement the fact that the determinant of a matrix is the product of its eigenvalues. Thus,
we have

n—1
det(A,) = pi(Ar)

=0

B n (Mk,a - er,a—i—nb) - pw_i[KM(a, b) - r2ka,a+(n—l)b]
P (1= Brpw=)(1 — Bipw)

Mg — My ginp)” — r[Knr(a,b) — 1728My, ot n—1]™
= e T Tkt 2 Tib m(a )nbr ka1t (using Eq. (1.8))
(1- T3] )1 = T35 )
B (Mk:,a - TMk:,a—i—nb)n —r[Kp(a,b) — T2ka:,a+(n—l)b]n
N 1 — 7Ry np + 27012
as required.
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Corollary 3. The determinants of the right and skew-right circulant matrix with k-Mersenne
numbers are given as

(Mkﬂ - Mk:,a—i—nb)n - [KM(av b) - 2ka,a+(n—1)b]n

det(A;) =
et(4) 1 — Ryp + 27 ’
Mya + M agnp)™ + [Kar(a,b) + 2° My oy (n—1)p]"
det(A_y) = (M, katnb)" + [K(a,b) k,a+(n—1)b] .
1+ Ry pp + 27
Proof. Onreplacingr = 1 and r = —1 in Theorem 5, respectively, we obtain the results.

Theorem 6. The determinant of r-circulant matrix with k-Mersenne—Lucas numbers is given as,

(Rp,a — Ry atnb)™ — r[KRr(a,b) = r2° My, o (n—1y)"

det(Br) = 1 — 7Ry, pp + 27012

Proof. Consider the eigenvalues given in Theorem 2 and result of Eq. (1.8). On proceeding as Theorem
5, we get the desired result.

Corollary 4.
det(B;) = (Ria = Biaynp)" — [Kr(a,b) — szk,a-l-(n—l)b]n
1- Rk,nb + 2nb ’
det(B_;) = (Bra+ Bratny)” + [Kr(a,0) + 2ka7a+(n—1)b]n'

1+ Rk,nb -+ 2nb

Proof. It can be achieved by setting » = 1 and —1 in Theorem 6, respectively.

Sum Identities

For k-Mersenne and k-Mersenne—Lucas numbers having arithmetic indices, we have the following
sum formula.

Theorem 7. Let My, ,, and Ry, ,, are the k-Mersenne and k-Mersenne—Lucas numbers, then we have

o M _ My,o — Mi,q4np — [Kn(a,b) — 2bMI<:,a+(n—l)b]
Z k,a+3b — 1— Rk b+ b )
J=0 ’

— R _ Ria— Riapns + [2°Riar(n1p — Kr(a,D)]
> Riass = 1— Ryp+2° ’
J=0 ’

Proof. It can be easily proved by considering the result of Theorem 1 and Theorem 2 fori = 0 and r = 1.

On taking a = 0,b = 1 in the above theorem, for & # 1 we get the sum of the first n terms of the
k-Mersenne and k-Mersenne—Lucas sequence, respectively.

Corollary 5.

— 2Mk,n—1 - Mk,n +1
> M= 31—k ’
2 (1-F)

SR 2Rt — Rip — 3k +2
=~ Rg 3(1— k)

Proof. It is particular case of Theorem 7 fora =0 and b = 1.
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3. NORMS AND BOUNDS ON THE SPECTRAL NORM

In this section, we give different norms and bounds for the spectral norm of the matrices given in
Definitions 4 and 5 for the particular values ¢ = 0 and b = 1.

Circulant matrices for a = 0 and b = 1 denoted as A, and B.. are given, respectively, by

[ M Mp1w Mo -+ Mgp—2 Myp_1]
rMyppn-1 Mpo Mp1 -+ Mpp3 Mypo
A= : : S :
rMygos  rMgs rMgs -+ Mo My 1
| rMyg1  rMgo rMpz - rMgy1 Mo
and
[ Ripo Ry1  Rga -+ Rin—o Rin_1]
rRrpn—1 Rro Ripi - Rpp—3 Rpnpo
B.=| : S : :
rRr2 TRp3 TRp4 -+ Rpo Ry 1
L "Ry rRg2 rRp3 -+ TRpn—1  Rio |

The norms ||.||1 and ||.||co are also known as the maximum absolute column sum and maximum absolute
row sum matrix norm, respectively.

Lemma 6. Let M, be any r-circulant square matrix, then ||M,||1 = ||M;||co-

Proof. For a r-circulant square matrix M,., the maximum of absolute column sums is equal to the
maximum of absolute row sums, therefore ||M,||1 = || M, |]co-

Theorem 8. Let k # 1, then for the matrix Al., two types of norms ||Al||1 and ||AL||~ are given by

2]\41437 _1—]\4]€7 +1
(7 ") =L
1AL = (1AL lloo = L=k
r o 2Mkz,n—1_Mk,n+1
301 - k) S < 1.

Proof. When |r| > 1, considering the results of Lemma | and Corollary 5, we can write

n

1AL = 144 s = max 3 fmyl

1<j<n
n—1
= |Mg,o| + || Z | M|
=1

n—1
= [r| > [ M|
=0

()

When |r| <1,

n
1AL = 14| = max S fmyl
=1

1<j<n

n—1
= Z | M|
1=0

MATHEMATICALNOTES Vol. 114 No.4 2023
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_ 2Mk,n—1 — Mk,n +1
N 3(1 —k)

530

This completes the proof.

Theorem 9. Let k # 1, then norms ||BL||1 and ||B}.||s for matrix BL., are given by

2Ry -1 — Rp., — 3k + 2
21— frf) + | (FR T TRy >,
1Bl = ||BLloo = 31— k)
rill rlioo 2Rk 1 — Ry — 3k + 2
’ ’ D] < 1.
3(1— k)

Proof. For |r| > 1, using the results of Lemma 1, we can write

1Brl[1 = [|B} oo = max > |ry]

1<j<n <

=1
n—1
= |Reol + Ir| Y | Ryl
=1
n—1
= |Rol (1= 7)) + 7| > [Ridl-
1=0

Now using sum formula of Corollary 5 for the k-Mersenne—Lucas numbers, we have
2Rk 1 — Ry — 3k + 2
Bl = |BL]oo = 2(1 — (7™ ’ ).
1B/ = 1Bl =201 = Irl) + I s

For |r] <1, we have
n

1Bl = [|Byllec = lrgjagnz; I7ij
1=

n—1
= |Rel
=0

. Qka_l — ka —3k+2

)

3(1—k)
as required.
Theorem 10. The Euclidean norm ||AL||g is given by
1 n—1
00 = \| g _ g O (Rizi = 2 = (1 = [rf?)].
j=0
Proof. From Eq.(1.6), we can write
n—1
1AL [E = D My sP[n = 5(L = [r[?)]
=0
n—1 J_ pia
= (5 ) s Py
ico L= b2
1 n—1
_ 2j 2j J 3J ; 2
= B QZ( B = 281B8)[n —j(1 = |r[7)]
(B = P2)* =

MATHEMATICALNOTES Vol. 114 No.4 2023
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1 n—1

= 2 _ g DBz =¥ ) =31 )]
§=0

as required.
Theorem 11. The Euclidean norm of matrix B is

n—1

1Bl = | Y (Ri2; + 20— (1 —[r[?)].
j=0

Proof. The proof follows the same argument as of Theorem 10.

To calculate bounds estimation for the spectral norm, we first need the sum of squares of the
k-Mersenne and k-Mersenne—Lucas numbers, which are given in the following lemmas, respectively.

Lemma7. For k # +1, we have

kg — 2 _
=~ 9(k2 — 1)

Proof. Let, S = Z;L:_é Mg ;. Then we have

n—1 n—1
S= 3 M2, = Mo+
Jj=0 j=1
n—1
Mj ; OMy i 1\ 2
= Z ( wa —?tk o 1) (using Definition 1)
7j=1
1 ~n—1 n—1 n—1
= 9k2 Z Mlz,j-{-l + 42 Mk%,j—l + 42 Mk7j+1Mk,j—1:|
=1 j=1 j=1
1 n—1 n—1 n—1 '
~ g2 Z Mig,j+1 + 42 Ml?,j—l + 4Z(M;ij — QJ_l)} using Eq. (1.3)
j=1 j=1 j=1
1 -
= g2 |5~ Mio— MEy+ M, + 4(5 - M,f,n_l) n 4(5 M2y (2 - 1))}

= 9k*S — 95 = M}, —4M}, | +3 2"
M2, —4AMZ, _, +3—2"t!

= 5= 9(k2 — 1)
This completes the proof.

By the same argument of the above lemma, we have the following result which gives the sum of the
squares of k-Mersenne—Lucas numbers.

Lemma 8. For k # +1, we have
"z—:l R R}, —AR;, |+ 2" (9% — 8) + (12 — 9k?)
J 2 _ ’
= 9(k? —1)

Proof. Itis easy to prove the result by using the definition of k-Mersenne—Lucas sequence and result
of Eq. (1.4), then proceeding as the above lemma.
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Theorem 12. The lower and upper bounds for the spectral norm of the matrix A.. are

M, —4MZ,  +3-2n+1
\/ W < [|Ar]l2 <

9(k2—1)
M2 —AMP | +3-2n+l
7] 9(k2—1)

Proof. From Eq. (1.6), we find

e\ /(MR ~4MZ ,_ +3-2"+ D)4 (ME , —4ME ,_+3-2+1)2

9(k2-1)

M2 —4M2 432+l
) <1l < \fn By

n—1

[AME =Y 1M P — 51 = )],

For |r| > 1: using Lemma 7, we have

1415 =

v

v
3

Thus, we get

IA’ IIE

And, using inequality given in Eq

|| A7 ]2
Let
[ Mg 1 1
rMyn—1 Mo 1
S = : : :
Tﬂ4k2 Tﬂ4k3 TA4kA
L vMp1 Mo M3

Then we can write the matrix A/, as the Hadamard product of S and T'. Also, we have

— Inax
M( 1<i<n

3 <.

A42
> V/ k,n

J=0

— n—1

(n = )| My ” + |r* D 51 My 1
0

7=0
-1 n—1
(n— )IMy 1+ §I1My 5
=0 j=0
M,in — 4]\4,3”_1 +3—2ntl
(" ey

AME, , +3—2"1
9(k2 —1)

V/A4kn

, we obtain

—AME, | +3 -2

k2 — 1)
i [1 M1 Mo
11 My,
: andT = |: : :
1 1 1
M. o 11 1

n—1

2 2
Mo+ |r2 ) M2,
s

AME, | +3 -2t

Z 54512 =

e
9(k? 1) ’

and

v(T) = max
1<j<n

n n—1
Doltlr= |14y MR =1+
i=1 i=1

Aign 4A4%n 1—1_3
9(k* —1)

, rl>1

|r] > 1.

2n+1
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Hence from Lemma 2 we obtain
- |2M,§n AME, | +3 -2t Mk o AME 3 -2t
9(k? — 9(k% —1)
When |r| < 1: using Eq. (1.6) and Lemma 7, we write

|A]l2 < p(S

n—1 n—1
NALS =D (0 = §)[My, [+ dlrP[ My [
j=0 j=0
n—1 n—1
>y P = DM P+l My,
j=0 j=0
Mg, —4MZ, | +3— 2"
> Tl‘T‘|2( k.n kn—1 )
9(k? —1)
Thus, we obtain
HA’HE Mg, +3-2"
> Ir] : ).
9(k?—1)
And, on using inequality of Eq (1 7), we obtain
—4ME 43 -—2nft
/ > kn—1 )
IAH2|H¢ o0s 1)

533

To calculate the upper bound for the spectral norm of A, we first consider two matrices S’, T" such

that A’ is the Hadamard product of these two matrices.
Let these two matrices be

11 -1 Mypo Mgy Mg - Mgy
r 1. 1 - 1 My Mpo Mga - Mg,—2
S=1r or o iandT =1 S
1 Mo Mz Mgy -+ Mg,
L 1 L Mgy Mz Mgz -+ Mo |
Then
5 2 _
HS) = o Z‘%‘ vn
and

M,fn—4Mkn | +3—2ntt

n n—1
" = - 2
V(T) - 11;1]6‘;{” Z; |t7,]| Z; Mk K \/ k.2 _ 1)
1= 1=

Thus, from Lemma 2 we obtain

M2 —4AMZ . +3—2ntl
14512 < (S ¢ 1) ,
and hence
—+1 2 2 +1
—1) - s = 9(k2 —1) ’

Thus, this completes the proof.

MATHEMATICALNOTES Vol. 114 No.4 2023



534 KUMARI et al.

Theorem 13. The lower and upper bounds for the spectral norm of the matrix Bj. are as follows.

For |r| > 1,

R2 —4R2 4+ 2"tLl(9k2 —8) + (12 — 9k2
\/ b = Wk 220 BE I

9(k2 — 1)

2 2 n+1 2_ _Q}2 2 2 n+1 2_ _ Q)2
. 1B < VPRhn4RhM+2 (9k2—8)+(12—9k2) 1%_RM14RKM+2 (9k2—8)+(12—9k2)
rll2 = 9(k2—1) 9(k2-1) )

For|r| < 1,

RZ —4R%2 4+ 27HL(9k2 — &) + (12 — 9k2
-|rl\/ ( = ) 1Bl

9(k2 — 1)

. 1B < nRi,n — 4R, +2"TH(9K% — 8) + (12 — 9k?)
riiz = 9(k? — 1) ’

Proof. Considering the result of Lemma 8 and proceeding with the above theorem, we get the desired
result.

4. CONCLUSIONS

In this paper, we have defined and investigated the r-circulant matrices with entries from the
k-Mersenne and k-Mersenne—Lucas sequences. Then we have investigated its algebraic properties
like eigenvalues, trace, determinants, etc, and obtained some important identities like finite sum formula
for these sequences having arithmetic indices. We have also investigated these properties for the right
circulant and skew-right circulant matrices involving k-Mersenne and k-Mersenne—Lucas numbers.
Moreover, we have found the norms ||.||1, ||.||c and the Euclidean norm and give bounds estimation for
the spectral norm for these r-circulant matrices.
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