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Abstract

In this study, we introduce the generalized Repunit sequence and its hybrid quaternion
extension derived from a parametric recurrence relation that preserves the base-10 structure
of classical Repunit numbers. Fundamental properties of the proposed sequences, including
the characteristic equation, generating function, and Binet-type formula, are systematically
investigated. Several algebraic identities, such as bilinear index-reduction formulas, are
established to demonstrate the internal structure and consistency of the construction.
Numerical experiments and graphical analyses are conducted to examine the structural
behavior of the generalized Repunit sequence and its hybrid quaternion counterpart. While
the scalar Repunit sequence exhibits regular and predictable growth, the hybrid quaternion
extension displays significantly higher structural complexity and variability. Density
distributions, contour plots, histogram representations, and discrete variation measures
confirm the presence of enhanced diffusion and local irregularity in the quaternion-based
structure. These statistical, graphical, and numerical findings indicate that generalized
Repunit hybrid quaternion sequences possess properties that are relevant to encoding,
masking, and preprocessing mechanisms in applied mathematical and computational
frameworks. However, this work does not propose a complete cryptographic algorithm, nor
does it claim compliance with established cryptographic security standards such as NIST
SP 800-22. The results should therefore be interpreted as pre-cryptographic indicators that
motivate further research toward rigorous security evaluation, algorithmic development,
and broader applications in areas such as coding theory, signal processing, and nonlinear
dynamical systems.

Keywords: coding theory; contour plots; density plots; horadam sequence; hybrid number;
repunit sequence; quaternion

MSC: 11B37; 11B83; 11K31

1. Introduction

Number theory is one of the most fascinating areas of mathematics, finding its place in
a variety of problems. Recurrence sequences are crucial and a major component of number
theory research. Numerous branches of mathematics and other sciences use these sequences.
Almost all branches of contemporary research, including computer sciences, physics,
economics, architecture, geostatistics, art, color image processing, and music, employ a

Symmetry 2026, 18, 46

https://doi.org/10.3390/sym18010046


https://crossmark.crossref.org/dialog?doi=10.3390/sym18010046&domain=pdf&date_stamp=2025-12-29
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-3323-8205
https://orcid.org/0000-0001-7624-8270
https://orcid.org/0000-0002-4188-7248
https://doi.org/10.3390/sym18010046

Symmetry 2026, 18, 46

2 of 28

large number of integer sequences. One of mathematics” most well-known and intriguing
number sequences, the Fibonacci sequence, has been the subject of extensive research in
the literature. The fascinating features of the Fibonacci sequence have delighted scientific
enthusiasts for years. Beyond their origins, Fibonacci and similar number sequences play
roles in diverse mathematical fields, including graph theory and computer algorithms.
Furthermore, they appear across a broad spectrum of disciplines such as geostatistics,
genetics, and visual arts. Due to their extensive applications, these remarkable sequences
have inspired comprehensive research and discoveries in the academic literature.

The quadratic linear recurrence sequence H,,1» = pH,41 + qH; with initial values
Hy = eand Hj = f is named the Horadam sequence due to the work of Alwyn Francis
Horadam. Also, the Horadam sequence is expressed as a generalization of the Fibonacci
sequence. Moreover, the formula for the nth Horadam number is

b (F=eBa” = (f —ea)p”
Py

n>0, 1

where ¢ = PXVI7H W and § = p_fpzﬂq [1]. This sequence is worth examining because
there are many references to Horadam-type sequences in the literature [2-10]. Two im-
portant methods by which sequences of numbers are generalized are to change the initial
conditions while preserving the recurrence relation and to change the recurrence relation
while preserving the initial conditions.

Here, special numbers are obtained by taking special values of p and q. Some of these

are given in Table 1.

Table 1. Some well-known number sequences.

p q H, Sequence Name e f
1 1 H, 1+H,» Fibonacci 0 1
2 1 2H,_1 +H,—» Pell 0 1
1 2 H, 1+2H,_> Jacobsthal 0 1
3 -2 3H,_1—2H, » Mersenne 0 1
6 -1 6H, 1 —H, » Balancing 0 1
11 10 11H,_1 — 10H,_» Repunit 0 1
1 1 H, 1+H, > Lucas 2 1
2 1 2H, 1+ H,_» Pell-Lucas 2 2
1 2 H, 1+2H, > Jacobsthal-Lucas 2 1
3 -2 3H, 1 —2H, » Mersenne-Lucas 2 3
6 -1 6H, 1 —H,_» Lucas-balancing 1 3
2 1 2H, 1+ H,—» Modified Pell 1 1
p q pH,_1+qH,;_» Horadam e f

We recall that a recurrence is an expression that defines an element of a sequence based
on previously given or known terms. A large number of integer families studied in the
literature are defined by recurrence relations. A large number of interesting identities have
their roots in these numerical sequences. The Repunit sequence, which consists of integers
expressed as repetitions of the unit in the decimal system, is one of these integer sequences.

The recurrence relation

Ry2 = 11Rn+1 —10R,
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is deliberately chosen to preserve the base-10 arithmetic structure of classical Repunit num-
bers. Its characteristic equation has roots 1 and 10, which directly reflect decimal expansion
behavior. Consequently, the resulting closed-form expression naturally produces quantities
of the form (m + 1 ) thereby recovering the classical Repunit sequence as a special
case when m = 0. The parameter m is introduced to define a unified parametric family of
Repunit-like sequences, enabling both theoretical generalization and additional degrees
of freedom that are essential for higher-dimensional, quaternionic, and hybrid extensions.
Table 2 presents some generalized repunit sequence with Rg = m and R; = m + 1 for some
non-negative integer m.

Table 2. Some R;, sequence.

m Sequence Name (OEIS)
0 0,1,11,111,1111,11111, 111111, 11111113, . .. A002275

1 1,2,12,112,1112, 11112, 111112, 1111112, . .. A047855

2 2,3,13,113,1113, 11113, 111113, 1111113, . .. A098406

3 3,4,14,114, 1114, 11114, 111114, 1111114, . .. A173735

9 9,10, 20, 120, 1120, 11120, 111120, 1111120, . ..

25 25,26, 36,136, 1136, 11136, 111136, 1111136, . ..
99 99, 100, 110, 210, 1210, 11210, 111210, 1111210, ...

m mm+1m+11, m+111, m+ 1111, m + 11111, ...

Costa and Santos [11] considered a sequence formed by repunit numbers, which
express a number formed by repeating only the digit 1. Moreover, they [12] investigated the
classical identities of the repunit sequence with integer indices in the light of the properties
of Horadan-type sequences. As a result, they discussed the divisibility condition for the
terms of repunit r,, with respect to the prime number p and its powers. In [13], they defined
a polynomial sequence associated with the repunit numerical sequence and studied this
new polynomial sequence in detail and presented some results. Costa et al. [14] introduced
two new sequences: Gaussian repunit numbers and quaternion repunit numbers. Previous
studies have examined recurrence relations, Binet-type formulas, and classical identities
for Horadam-related sequences, including repunit sequences and their multidimensional,
tricomplex, and generalized extensions, often via matrix representations and determinant
methods [15-18].

Real quaternions are given by

Q=a+ib+jc+kd, )

where i,j,k ¢ R are quaternion units and 4, b,c and d are real numbers. The units of a
generalized non-commutative quaternion (two-parameter) satisfy the following equalities:

izz—a, ]ZI—IB’ kzI*OC"B,

ij=—ji=k ki=—ik=ua-j,

jk=—kj=p-i, ijk=—a-B,

where « and  are real numbers. The two-parameter generalized non-commutative quater-
nions are analogous to real quaternions for « = B = 1, to split quaternions for « = 1,
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B = —1, to semi-quaternions for « = 1, f = 0, to split semi-quaternions fora = —1, § =0,
and to quasi quaternions for « = = 0 [19].

Hybrid numbers connect complex, dual and hyperbolic numbers with the relation
th = —ht = e + t. The hybrid numbers are defined [20] in the following general form

H=a+tb+ec+hd, (3)
where a,b,c,d € R and ¢, ¢, h are operators such that
P=-188=0 I =1

Similarly, the abundance of references to quaternions and hybrid numbers in the
literature makes it worth analyzing quaternions and hybrid numbers [21-34]. The Repunit
sequence was chosen due to its unique arithmetic and structural simplicity, making it
an ideal foundation for generalization and hybridization studies. Each Repunit number
consists of nothing but repeated ones, giving rise to highly regular recursive and divisibility
properties. This regularity enables clear analytical derivations of characteristic, generating
and Binet-type functions.

The properties of these sequences not only exhibit interesting mathematical behavior
but also offer potential advantages in the design of secure communication systems, motivat-
ing the study of their cryptographic applications. In modern cryptography, coding theory
and cryptographic systems are closely related yet distinct fields. Coding theory primarily
focuses on detecting and correcting errors in data transmission and storage, ensuring
reliability and integrity. Cryptography, on the other hand, emphasizes secrecy and security,
aiming to protect information from unauthorized access. While their objectives differ,
these two fields can be effectively combined in designing secure cryptosystems: coding
theory provides structured redundancy and error resilience, while cryptographic transfor-
mations ensure confidentiality and robustness against attacks. Leveraging both approaches
can enhance the overall security and reliability of encryption schemes, particularly when
constructing advanced frameworks such as hybrid quaternion-based algorithms [35].

Several binary and ternary recurrence sequences have been extensively studied in
the literature, with a particular focus on their potential applications in cryptography
and coding theory [36]. For instance, generalized Fibonacci and Tribonacci sequences
have been employed to construct pseudo-random sequences, error-correcting codes, and
cryptographic primitives due to their deterministic yet complex structure.

In contrast, our investigation introduces the concept of hybrid quaternion sequences
derived from repunit sequences. Unlike classical binary or ternary sequences, the hybrid
quaternion sequences combine multiple consecutive terms as quaternion components,
resulting in higher dimensionality and increased structural complexity. This approach
extends previous studies by exploring how such multi-component sequences can enhance
cryptographic strength and coding-theoretic properties, potentially offering advantages
over traditional constructions.

Many binary or ternary recurrence sequences have been generalized and studied
in the literature, investigating their potential applications in Cryptography and Coding
Theory [37-39].

Furthermore, when extended to generalized forms and quaternionic structures, the
Repunit sequence undergoes a striking transformation from simple, uniform integer behav-
ior to complex, multidimensional dynamics. This contrast provides a valuable framework
for investigating how algebraic simplicity can evolve into nonlinear and potentially chaotic
behavior under higher-dimensional transformations.
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Additionally, Repunit-based constructions have potential relevance in coding theory
and digital signal analysis due to their periodic and base-dependent nature. Thus, the
Repunit sequence was deliberately selected as a minimal yet powerful model to bridge the
gap between arithmetic regularity and quaternionic complexity.

In this work, generalized Repunit sequence and generalized Repunit hybrid quater-
nions will be defined and a variety of their algebraic properties will be presented. Some
identities, such as the generating function formula, the Binets formula, the general bilinear
index-reduction formula and sums of the generalized Repunit sequence and the generalized
Repunit hybrid quaternion, will be given. Also, this study examines the generalized repunit
sequence and its quaternion counterpart, analyzing their structural properties through
graphical representations.

2. The Generalized Repunit Sequence

We define a generalization of the special second-order sequences in this section. We
also derive a few equalities associated with this generalization.

Definition 1. For n > 0, the generalized Repunit sequence is defined by
Ryt2 = 11R, 41 — 10R, @
with initial conditions Rg = m, Ry = m + 1 and m is an arbitrary integer.
The first few terms of the sequence are
m,m+1,m+11,m+111,m + 1111, m + 11111, m 4+ 111111, - - - .

For some values of m we obtain the known number sequences as seen below.

e If m = 0, the Repunit sequence:

Uy = 11U, —10U,—y, Up=0,U; =1,
e Ifm =1, the A047855 sequence:

App =11A, = 104,41, Ap=1A1 =2,
o Ifm =2, the A098406 sequence:

By+1 =11B, —10B,_1, By =2,B; =3,
o Ifm = 3, the A173735 sequence:

Cpy1 =11C, —10C,—1, Co=3,C; =4.

Corollary 1. The negative-index terms are given by

_ HR uy1 = Ronio

R 10
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Proof. When we write —n instead of  in the Equation (4),

R_yi2 = 11R 41 — 10R_,

R_y42 —11R ;41 = —10R—y,
R7n+2 — 11R—n+1
—10

- an.

1R 1 =R_npr
10 .0

We obtain the value R_,, =

2.1. Generating Function for the Generalized Repunit Sequence

A strong method for resolving linear homogeneous recurrence relations is offered
by generating functions. We use the generating function method to obtain closed-form
expressions. We now examine the generalized Repunit sequence’s generating functions.

Theorem 1. The generating function for the generalized Repunit sequence is given by

> x(1—10m) +m
Rxt=2 7 5
L R = T ow ©)

Proof. Let hi(x) be the generating function for the sequence as ), R,x". We get the
following equations 11xh(x) = 115, R,x™ ! and 10x%h(x) = Y02 ) Ryx 2. After the
necessary calculations, the generating function for the generalized Repunit sequence is
obtained as

d x(1—10m) +m
R n =
2;'“ 1— 11x + 1022

O

2.2. Binet’s Formula for the Generalized Repunit Sequence

The Fibonacci numbers are among the brightest points within a wide range of integer
sequences, according to Koshy. We might speculate that this sequence’s abundance of
intriguing features is one of the reasons it is referenced. Furthermore, Binet’s formula may
be used to obtain practically all of these features. An expansion of Binet’s formula for the
generalized Repunit sequence will be stated.

Theorem 2. The Binets formula for the generalized Repunit sequence is

_ n
R, = Om-1+10" 2“0, n>0. (6)

Proof. The generalized Repunit sequence’s characteristic equation p? — 11p + 10 = 0, and
its real roots are p; = 1 and pp = 10. Then the sequences R, = 17(p1)" + u(p2)", forn >0,
and with 7, u real numbers are solutions of equation. Let us determine the constants # and
u, considering that Ry = m and Ry = m + 1, and we obtain the linear system,

ntp=m

7+ 10p =m+1.

We find u = % and 7y = %. So we have that

(9m —1) + 10"

Ry = 5
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Corollary 2. The Binet formula for the negative subscript terms of generalized Repunit sequences
is as follows.
R — 10"(9m —1) +1
- 9-10"
Proof. When we write —n instead of n in the Equation (6),
(9m—1)+107"
9 /
9R_, =(9m—1)+ i,
107
9(10)"R—; = (10)"(9m — 1) + 1.

R_, =

We obtain the value R_,, = %. O

Theorem 3. (First general bilinear index-reduction formula for the generalized Repunit numbers)
Leta>0,b>0,c>0,d > 0 beintegers such that a +b = ¢ +d. Then

_ a b__1nc _1nd
Ra-Rb—Rc-Rd:(gm 1)(10 +8io 10° - 10%) 7)

Proof.

Ru'Rb_Rc'Rd

= (=) <<9m—;>+10b> - ((m=n ) <(9m—;)+10d>

(9m —1)2 + (9m — 1)(10* 4+ 10°) +10*+%  (9m —1)% + (9m — 1)(10° + 10¢) + 10+

81 81
~(9m —1)(107 + 107 — 10° — 10) + (9m — 1)? — (9m — 1)? + 10°+F — 10°+4
N 81
~(9m —1)(107 + 10° — 10° — 10%)
= a1 .
O
From Theorem 3, for some values of 4, b, c and d, we can obtain some special identities
as follows:

¢  First Halton-type identity: fora =p+r,b=q,c=7r,d =p+q,

*  Second Halton-type identity: fora =q+k,b=g—k,c=qg+s,d=q—s,
* Vajda-typeidentity: fora=p+r,b=q—r,c=p,d=q,

¢ d’Ocagne-type identity: fora =g, b=p+1,c=q+1,d = p,

* Catalan-type identity: fora =g+r,b=qg—r,c =d =g,

*  Cassini-type identity: fora =g+ 1,b=g—-1,c=d =4.

Theorem 4. (Second general bilinear index-reduction formula for the generalized Repunit numbers)
Leta>0,b>0,c>0,d > 0be integers such that |a — b| = |c — d|. Then

Rs-Ry+R.- Ry

2(9m — 1)2 + (9m — 1)(10° + 10° + 10° + 109) + (107t + 10°+4) (8)
81 '

Proof. The proof is easily obtained by applying Binet’s formula, as in the proof of Theorem (3). [
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From Theorem 4, for some values of 4, b, c and d, we can obtain some special identities
as follows:

* Ruggles-typeidentity: fora=p—-1,b=q—p,c=p,d=g—p+1,
*  Honsberger-type identity: fora =p—-1,b=q,c=p,d=q+ 1.

2.3. Sums of the Generalized Repunit Sequence

Those in this discipline have always found finite sums of sequences to be significant.
While some studies looked at the sum of squares, others looked at the sum of products of
two successive words. The study of the sums of sequence terms became significant in a
newly discovered sequence. We offer a few findings about term sums in the generalized
Repunit sequence.

Lemma 1. The generalized Repunit sequence satisfies the following properties:

Roy = 101R2,—> — 100R2;, 4,

Rop+1 = 101R2,—1 — 100R2;,—3.

Proof.
Ropy = 11Rp, -1 — 10R2, 2, ©)
Roy—1 = 11Rp,_» — 10R2, 3, (10)
Roy—p = 11Rp,—3 — 109, —4, (11)

Gauss Jordan elimination is used to obtain the first item of the Lemma using Equations (9)-
(11). The proof of the other item can be done similarly. O

Lemma 2. The generalized Repunit sequence satisfies the following property for n > 4,
R, = 101R,_» — 100R,,_4.

Theorem 5. The generalized Repunit sequence satisfies the following properties:

& Ryq1+8m+9mn—n—1
Y Ri= 5 ,

i Ry — Royio +90m +99mn — 11n — 11
1 7
= 99

L Ropis +98m +99mn — 11n — 12
Y Roit1 = 99 .
i=0

Proof. Applying to the identity (6) above, we deduce that

_ 0
Ry = (9m — 1) + 10 ,
9
(9m —1) + 10!
Ry= "7,
9 (12)
(9m —1) + 10"
Rn+1 = f

https://doi.org/10.3390/sym18010046


https://doi.org/10.3390/sym18010046

Symmetry 2026, 18, 46 9 of 28

If we sum of both of sides of the identities above (12), we obtain,

L Ryt1+8m+9mn—n—1
Y Ri= 5 .

The proof of the other items can be done similarly. [

3. The Generalized Repunit Hybrid Quaternions

In this section, we define generalized Repunit hybrid quaternions. Also, we obtain
some equalities related to this quaternion.

Definition 2. The generalized Repunit quaternions are defined by

QRn = Ry +iRyy1 + jRyy2 + kRyys,
where i, j, k are units of quaternions (i> = —1,j%> = —1,k* = —1).
Definition 3. The generalized Repunit hybrid numbers are defined by

HRy = Ry + Ry 1 + €Rny2 + hRyy3,
where t, &, h are units of hybrid numbers (> = —1,e> =0, h* = 1).

Definition 4. The generalized Repunit hybrid quaternions are defined by

QHR, = HR,, + iHR, 41 + jHR,» + kHR 145
= (Ry +tRyy1+eRypo + IRy y3)
+ (Rpg1 + tRysn + Ryg + Ry sa )i (13)
+ (Rys2 + tRyy3 + Ry g + MRy y5)j
+ (Rpy3 + tRyyq + €Ryys + hR;16)k,

where t, €, h are units of hybrid numbers and i, j, k are units of quaternions.

Lemma 3. The Binet’s formula for the generalized Repunit quaternions and the generalized Repunit

hybrid numbers is as follows
9m —1 10"

QRy = —g—a+ 5P,
I9m —1 10"
HR, = —
n 9 ’)/+ 9 7
where v = (1+i+j+k), B = (1+10i+100j+1000k), v = (1+t+e+h), and 6 =

(1+ 10¢ + 100 + 1000/).

Theorem 6. The Binet’s formula for the generalized Repunit hybrid quaternions is

-1 10"
QHRy = " Loya+ 1 p, (1)

where v = (1+i+j+k), p = (1+10i+100j+1000k), v = (1+t+e+h), and 6 =
(1 + 10¢ + 100¢ + 1000A).
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Proof.

QHR, = HR, + iHRy, 41 + jHR 12 + kHR, 43

_(9m—o1 10" (9m -1 +10"+1§
"9 7T 9 T

S/ 9m—1 10m+2 9m —1 107+3
+]9’y+9(5+k9'y+95

— n
= (9’”9 17) (A+i+j+k) + (185> (1+ 10i + 100/ + 1000k)

O

Theorem 7. The generating function for the generalized Repunit hybrid quaternions is given by

i Rox — x(QHR; — 11QHR) + QHRy 15)
n=0

1—11x + 10x2

Proof. Let /i(x) be the generating function for the generalized Repunit hybrid quaternions
as Y2 o QHR,x". We get the following equations 11xh(x) = 11Y5 7 QHR,x"*! and
10x2h(x) = Y5y QHR,x"2. After the necessary calculations, the generating function for
the generalized Repunit hybrid quaternion is obtained as

i Ryt — X(QHR1 — 11QHRy) + QHRy
= 1—11x + 1022 '

O

Theorem 8. (First general bilinear index-reduction formula for the generalized Repunit hybrid
quaternions) Let a > 0,b > 0,¢ > 0,d > 0 be integers such that a + b = c +d. Then

(9m —1)(10% +10° — 10° — 107)

Yéup (16)

where & = (1+i+j+k), B = (1+10i +100j+ 1000k), v = (1+t+e+h), and § =
(1 + 10 + 100e + 1000%).

Proof. The proof is easily obtained by applying Binet’s formula, as in the proof of Theorem 3. [

From Theorem 8, for some values of 4, b, c and d, we can obtain some special identities
as follows:

. First Halton-type identity: fora=p+r,b=n,c=r,d=p+q,

*  Second Halton-type identity: fora =g+k b=q—k,c=q+s,d=q—s,
*  Vajda-typeidentity: fora =p+r,b=g—r,c=p,d=q,

*  d’Ocagne-type identity: fora =g, b=p+1,c=q+1,d=p,

e Catalan-type identity: fora =g+r,b=q—r,c=d =g,

¢  (Cassini-type identity: fora =g+1,b=g—-1,c=d =gq.

https://doi.org/10.3390/sym18010046


https://doi.org/10.3390/sym18010046

Symmetry 2026, 18, 46

11 of 28

Theorem 9. (Second general bilinear index-reduction formula for the generalized Repunit hybrid
quaternions) Leta > 0,b > 0, c > 0,d > 0 be integers such that |a — b| = |c — d|. Then

2(9m —1)2 + (1071 4 10+
Rqs Ry +Re Ry = ( ) 5(31 )')’50‘,3

17
(9m —1)(10% + 10° 4 10°¢ + 104) 4
+ ] YoupB

where & = (1+i+j+k), B = (1+10i +100j+1000k), v = (1+t+e+h), and § =
(1 + 10t 4 100¢ + 1000k).
Proof. The proof is easily obtained by applying Binet’s formula, as in the proof of Theorem 3. [

From Theorem 9, for some values of 4, b, c and d, we can obtain some special identities
as follows:

* Ruggles-typeidentity: fora=p—-1,b=q—p,c=p,d=g—p+1,
e  Honsberger-type identity: fora =p—-1,b=q,c=p,d=q+ 1.

Theorem 10. The generalized Repunit hybrid quaternion satisfies the following properties:

f QHR; = QHRy 11 + (977171 +8m—n— g)f)/p( — ?
. l 9 7
i=0
g QHRZnJrZ + (9977171 +98m — 11n — %)f)/a _9B
) QHRy; = 9 v
i=0 99
3 QHRay 43 + (99mn + 98m — 11n — %) ya — 1P
Y QHRyi1 = z 9 9
i=0 99

Proof. Applying to the identity (6) above, we deduce that

_ 0
QHRy = =Ly + 1 sp,
9 9
9m —1 10!
QHR; = o+ —08,
1 9 Y 9 p (18)
_ n
QHR,, = %w n %5;3.

Taking the sum of the equalities above (18), we obtain,

QHR, 41 + (9mn +8m —n — 8)ya — ?

n
HR; =
) QHR, 5

1=

The proof of the other items can be done similarly. O

4. Generalized Repunit Sequence and Its Hybrid Quaternions
Counterpart in Applications: Coding Theory

In this section, density and contour graphs are drawn using both the spanning func-
tion of the generalized Repunit sequence and the spanning functions of the quaternion
sequences formed from the terms of the generalized Repunit sequence, and possible appli-
cation areas that can be used with the help of these graphs are studied, and comparisons are
made between both the number sequence and the quaternion counterpart. In addition, the
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graphs provide very important insights in terms of the generalized Repunit sequence and
its hybrid-quaternion generalization, and especially the sharp change points determined in
the density maps and contour graphs show that the sequence has important properties in
certain intervals. The quaternion structure exhibits chaotic behavior, which distinguishes
it from the structured nature of the generalized repunit sequence. This chaotic nature
has been extensively studied in various mathematical and applied contexts [40,41]. These
points can offer a wide range of applications from cryptography to signal processing and
algebraic analysis.

In all graphical illustrations presented in this section, the variables t and m denote
the Fibonacci-based parameters that arise from the index transformations applied to the
generalized Repunit sequence and its hybrid quaternion extension. More precisely, both ¢
and m are generated through Fibonacci-type recurrence relations, and they serve as contin-
uous analogues of the discrete indices used in the algebraic definitions of the sequences.
Also, to provide a comprehensive numerical and comparative evaluation of the proposed
models, a series of tables is presented to summarize the structural, graphical, statistical,
and coding-theoretic results. In particular, Tables 3, 4, 5, 6, 7, 8, 9 and 10. These collectively
report the key observations, performance comparisons, and application-oriented outcomes
discussed throughout this section.

4.1. Comparison of Density Graphs for Generalized Repunit and Its
Hybrid-Quaternion Counterpart

The density plots for both the generalized Repunit sequence R, and its hybrid-
quaternion counterpart QHR,,, provide essential insights into their structural behavior
across different values of t and m. Below is a structured comparison based on the observed
graphical features.

The generating function for the generalized Repunit sequence is given by in Theorem 1

> x(1—10m) +m
Ryx" = 2o WA
nf; T T T lix 1 1022

Similarly, generating function for the generalized Repunit hybrid-quaternions is given

by in Theorem 7
ad x(QHR; — 11QHRy) + QHRy
HR,x" = .
) QHRyx 1— 11x + 1022

n=0

Here, the initial values QHR;, QHR; were taken as norm values in Equation (15) in
order to be able to process to plotting hybrid and quaternion units such as «, 8, v, é.

4.1.1. Density Plot of R, (Generalized Repunit Sequence)

1.  Smooth Gradation: The density plot of R, in Figure 1 exhibits a gradual color
transition, suggesting a relatively stable progression in values as t and m change.

2. Symmetry and Periodicity: The plot reveals a strong horizontal and vertical symmetry,
hinting at periodic relationships within the sequence.

3.  Sharp Transitions: Specific areas show abrupt changes in intensity, likely correspond-
ing to Fibonacci-based jumps in the sequence values. These regions could be crucial
for encoding applications.

4.  Concentration in Certain Zones: Higher-density regions (darker or lighter areas) sug-
gest clusters of values where growth accelerates or decelerates rapidly. This behavior
aligns with the exponential growth patterns expected from recurrence relations like
the generalized Repunit formula.

https://doi.org/10.3390/sym18010046


https://doi.org/10.3390/sym18010046

Symmetry 2026, 18, 46

13 of 28

20 o 20 40

Figure 1. Density Plot of generalization Repunit sequence.

4.1.2. Density Plot of QHR,, (Hybrid quaternion Sequence)

1.

Higher Complexity and Asymmetry: Compared to R;, the density plot of QHR,, in
Figure 2 shows a more complex and irregular distribution, indicating the additional
degrees of freedom introduced by quaternion components.

Localized High-Density Regions: Unlike R,;, where density is more smoothly dis-
tributed, the plot of QHR,, features isolated high-density zones. This suggests that
quaternionic transformations amplify certain values disproportionately.
Non-Uniform Gradient Changes: The transitions between high and low-density
regions are less uniform, reflecting the nonlinear behavior of the quaternion recur-
rence formula.

Potential Applications in Cryptography and Data Encoding: The increased com-
plexity in QHR,, compared to R, makes it a stronger candidate for cryptographic
applications, where unpredictability and structured randomness are desirable.

Table 3. Key comparative observations for density plots.

Feature Repunit Sequence Hybrid Quaternion Sequence
Symmetry Strong, both horizontal Weaker, more asymmetric
and vertical
Density Clusters Broadly distributed More localized, high-intensity re-
gions
Gradient Transitions Smooth Sharp, irregular jumps

Structural Complexity

Lower, follows a pre-
dictable pattern

Higher, with unpredictable varia-
tions

Potential Uses

Recurrence analysis, sig-
nal processing

Cryptography, chaotic encoding
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Figure 2. Density Plot of generalization Repunit hybrid quaternion sequence.

4.1.3. Implications of These Differences

1.

Encoding Efficiency: The structured nature of R, may allow efficient encoding in
data compression, whereas the more irregular structure of QHR,, provides better
unpredictability for cryptographic key generation.

Spectral Analysis: The varying densities in QHR,, suggest a more complex frequency
composition, making it interesting for applications in signal processing and secure
communications.

Mathematical Generalization: The quaternion representation introduces additional
degrees of freedom, making it a powerful tool for extending recurrence relations into
higher-dimensional spaces.

From Figures 1 and 2 we get that Density plot comparison of the generalized Repunit

sequence and its hybrid quaternion counterpart. The Repunit density exhibits a smooth,
nearly uniform distribution with clear symmetry, whereas the quaternion-based density

shows highly concentrated regions, nonlinear clustering, and asymmetric intensity fields.
These dense irregular zones highlight the increased local complexity introduced by the
quaternionic augmentation, offering deeper insight into the sequence’s potential role in
chaos-based encoding mechanisms.

4.2. Analysis of Contour Plots for Generalized Repunit and Its Hybrid Quaternion Counterpart
4.2.1. Contour Plot Analysis of R, (Generalized Repunit Sequence)

We see that in Figure 3:

Mostly Straight and Regular Contours:The contour lines are largely horizontal or
vertical, indicating that the function changes gradually in a structured way.

Evenly Spaced Contours:Suggests a steady and predictable rate of change, reinforcing
that the generalized Repunit sequence follows a well-defined recurrence.

Distinct Separation of Levels:The level curves are evenly spaced in many regions,
which aligns with the recurrence relation’s structured growth.
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Figure 3. Contour Plot of generalization Repunit sequence.

4.2.2. Contour Plot Analysis of QHR,, (Hybrid quaternion Sequence)
We see that in Figure 4:

1. More Curved and Diagonal Contours:

(@)  Unlike Ry, contour lines in QHR,, are often diagonal or curved, indicating anisotropic
growth (i.e., the function behaves differently along different directions).

(b)  This suggests that the quaternion sequence does not change uniformly along ¢
and m, introducing more complex dynamics.

2. Density of Contour Lines Varies Significantly:

(@) Certain regions have very dense contour lines, implying sharp changes in
function values, while other regions have widely spaced contours, indicating
slow variation.

3. Interaction Between Quaternion Components:

(a) The presence of tilted and irregular contour lines suggests that the quaternion
transformations introduce nontrivial mixing between different components.

(b)  This may be due to nonlinear interactions between quaternionic coefficients,
making QHR,, more unpredictable than R,.

From Figures 3 and 4 we get that Contour plot illustrating the geometric differences
between the generalized Repunit sequence (left) and its hybrid quaternion extension (right).
The Repunit contours maintain horizontal and vertical alignment, indicating predictable
changes with respect to the parameters. In contrast, the quaternion contours exhibit
diagonal trajectories, curvature, and abrupt spacing variations, reflecting the nonlinear and
chaotic dynamics of the quaternion model. These differences demonstrate how extending
scalar sequences to quaternion form significantly increases structural complexity.
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Figure 4. Contour Plot of generalization Repunit hybrid quaternion sequence.

Table 4. Key comparative observations for contour plots.

Feature R, (Repunit) QHR,, (Hybrid Quaternion)

Contour Shape Mostly horizontal/vertical =~ More diagonal, curved, irreg-
ular

Symmetry Strongly structured Less structured, asymmetric
regions

Spacing of Contours Evenly distributed Irregular, with sharp transi-
tions

Rate of Change Predictable, smooth growth  Nonlinear, sudden jumps in

some regions

Potential Applications Predictable modeling, struc- Chaos-based cryptography,
tured coding geometric analysis

4.2.3. Why Are Contour Lines More Tilted in QHR,,?

1.  Quaternion Transformations Affect Different Axes Unequally: The quaternion re-
currence relation introduces complex coefficients, which modify the growth pattern
differently in the ¢t and m directions.

2. Interaction Between Multiple Growth Scales:Unlike R, which follows a single recur-
rence rule, QHR,, is affected by interactions between real and imaginary (quaternionic)
components, leading to tilted or curved contours.

3. Influence of Exponential Components:Some formulations of QHR,, include scaling
factors that cause different growth rates along different directions, making the function
more sensitive to changes in certain regions.

Finally, all the differences we mentioned above can be easily seen in 3D graphics in
Figure 5 as follows:
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(a) 3D Plot of generalized Repunit sequence (b) 3D Plot of generalized Repunit hybrid quaternion sequence
Figure 5. Comparison of the 3D graphical behavior of the generalized Repunit sequence (a) and
its hybrid quaternion extension (b). The Repunit surface exhibits regular and predictable geometric
growth, whereas the hybrid quaternion representation displays more irregular and non-uniform
behavior due to the interaction of its four shifted components.

The 3D plots of R, (Generalized Repunit Sequence) and QHR,, Hybrid quaternion
Sequence) reveal striking differences in their structural behavior:
1. R, (Repunit Sequence):

(a) Exhibits a smooth, structured surface, growing predictably with Fibonacci-
based inputs.

(b)  Shows clear symmetry and gradual elevation, making it ideal for controlled
numerical applications.

2. QHR, (Hybrid quaternion Sequence):

(a) Displays a highly irregular, wavy, and distorted surface, indicating complex,
nonlinear interactions between quaternion components.
(b)  Features sharp peaks and sudden dips, highlighting unpredictable transformations.

Table 5. Key comparison for 3D plots.

Feature R, (Repunit) QHR,, (Hybrid Quaternion)
Growth Pattern Predictable, structured Irregular, chaotic

Surface Symmetry  Strong symmetry Weaker, distorted patterns
Sharp Changes Gradual transitions Sudden peaks and troughs
Potential Use Structured coding, numeri- Cryptography, chaotic systems

cal analysis

With these interpretations and graphical representations obtained, we can make the
following general explanations for both the generalized Repunit sequence R, and the
corresponding Hybrid quaternion sequences QHR,,.
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4.2.4. Advantages and Opportunities

The generalized Repunit sequence and its quaternion counterpart offer different

advantages and challenges in coding theory and data processing.

Table 6. Repunit sequence-based coding.

Advantage

Explanation

Modular and Repetitive
Structure

Due to its structured nature, the Repunit sequence can be
optimized for data compression algorithms.

Error Tolerance

The sequence’s modular properties allow it to be adapted for
error correction and detection.

Cryptographic
Resilience

Singularities introduce complexity that enhances security
against specific types of algebraic or structural attacks.

Controlled Growth in
Asymptotic Behavior

As t,m — oo, the function grows in a predictable manner,
which is beneficial for number theory-based encoding sys-
tems.

Table 7. Hybrid quaternion-based coding.

Advantage

Explanation

Extra Dimensionality
and Higher Information
Density

Quaternion-based systems provide additional dimensions
for encoding, making them more efficient in high-data appli-
cations.

Enhanced Data Integrity
Checks

The additional quaternion components allow for stronger
error detection and correction mechanisms.

Applicability in Visual
and 3D Data Encoding

Quaternion functions are naturally suited for image com-
pression, holographic storage, and 3D modeling due to their
multidimensional structure.

Cryptographic Security
and Chaotic Behavior

The oscillatory and multi-layered behavior of hybrid quater-
nion sequences improves diffusion and enhances resistance
against structural attacks.

Table 8. Challenges in using the Repunit sequence for coding.

Disadvantage

Explanation

Singularities and Insta-
bility

The singular points at t = 1/10 and t = 1 introduce in-
stabilities that may limit the reliability of certain coding or
analytical applications.

Computational
Complexity

For large values of t or m, the sequence grows extremely
rapidly, increasing computational cost and memory require-
ments in coding implementations.

Low Randomness

The highly structured and predictable nature of the se-
quence may introduce vulnerabilities in cryptographic set-
tings where stronger randomness or diffusion is required.
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Table 9. Challenges in hybrid quaternion-based coding.

Disadvantage Explanation

Higher Computational Quaternion operations are inherently more complex and com-
Costs putationally expensive than classical scalar or vector arith-
metic, increasing the overall cost of encoding and decoding.

Hardware Limitations Most modern processors are not optimized for quaternion
arithmetic, and efficient implementation may require addi-
tional hardware support or specialized architectures.

Stability Issues Oscillatory behavior observed for large negative values of ¢
or m may introduce instability in certain encoding schemes,
especially those relying on numerical precision.

Table 10. Conclusion and Comparative Evaluation.

Criterion Repunit-Based Coding Hybrid Quaternion-Based Coding
Computational Cost Low-Medium High

Error Correction Capability Medium High

Data Density Medium High

Modularity and Compression High Medium

Cryptographic Security Medium-High High

Stability Medium Low (Oscillations in negative regions)

While the generalized Repunit sequence is more advantageous for error-tolerant,
modular, and structured data compression applications, the quaternion extension provides
greater security and error resilience at the cost of higher computational requirements.

Thus:

e  For data compression and error-correcting codes, the Repunit sequence is a more
efficient choice.

¢  For cryptography and secure high-density data processing, quaternion-based mod-
els offer stronger protection, but require higher computational power and stability
considerations.

These findings suggest that future research should focus on optimizing Repunit and
hybrid quaternion-based coding schemes for practical applications.

5. Histogram-Based Statistical Analysis of Repunit and Hybrid
Quaternion Sequences

To address the referee’s request for standard statistical justification beyond visual
inspection, we provide a rigorous histogram-based analysis comparing the classical repunit
sequence and its hybrid quaternion extension. Histogram irregularity, deviation from ideal
uniformity, and bin-wise dispersion collectively indicate how well a sequence spreads
values across the unit interval, which is directly relevant for cryptographic preprocessing.

5.1. Construction of the Data
Let the repunit numbers be defined by

Using consecutive repunit values, the hybrid quaternion is constructed as

QHR, = HR, + HR, 411+ HR,42j + HR, 13 k.

https://doi.org/10.3390/sym18010046


https://doi.org/10.3390/sym18010046

Symmetry 2026, 18, 46

20 of 28

Since direct histogramming of very large integers is not meaningful in cryptographic
dispersion analysis, each component is mapped into the unit interval by deterministic
normalization:

_ HR,

. . HRn+1
Xn = 1071 ’ Yn -

_ 7, = HRy 42 . HRyys
Too2.10m7

o410 mTgL10m

These transformations ensure that all four component sequences lie in [0, 1] while pre-
serving relative growth structure exactly. No randomization, sampling, or estimation is
used—the data are entirely deterministic.
Let
X = {X,} P=XUYUZUW,

n=1s

where P represents the pooled hybrid quaternion components.

5.2. Histogram Methodology

We divide the interval [0, 1] into m equal-width bins. For each sequence S € {X, P},
its empirical histogram defines relative frequencies

To quantify irregularity and deviation from uniform distribution, we use the L! histogram
deviation index:

D(S) =Y.
k=

1

pls) — .

Interpretation:

e D(S) = 0 only if the sequence is perfectly uniform.
e Larger D(S) indicates strong structural bias and poor dispersion.
*  Smaller D(S) implies higher spread, lower bias, and better cryptographic suitability.

For the experiments, we use

N =200, m = 50.

5.3. Results of the Histogram Experiments

The experiments produced the following observations: The histograms illustrate the
distribution of the repunit sequence components and the hybrid quaternion components.
The repunit sequence shows a highly regular and predictable pattern, as expected from
its deterministic structure. In contrast, the hybrid quaternion components exhibit a more
dispersed and irregular distribution. This increased dispersion indicates a higher level of
complexity and pseudo-randomness introduced by the hybrid quaternion construction,
suggesting that they may offer enhanced cryptographic properties compared to the original
repunit sequence.

*  The repunit histogram (Figure 6) shows sharp bin concentration, reflecting the deter-
ministic exponential growth pattern. This yields a noticeably large deviation index
D(X).

*  The hybrid quaternion histogram (Figure 6) exhibits significantly more disper-
sion. The four normalized components—shifted and scaled forms of consecutive
repunits—interfere in a way that reduces clustering and distributes values across a
wider bin set.

Table 11 summarizes the deviation values.
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Table 11. L! histogram deviation index for repunit and hybrid quaternion components.

Sequence D(S)
Repunit scalar sequence X (insert D(X))
Hybrid pooled sequence P (insert D(P))

Repunit and Hybrid Quaternion Components (Digits)

bon
cn
dn

20

15

Number of digits

0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20,0

Figure 6. Histogram of Repunit sequence components (blue) and Hybrid Quaternion components
(blue, orange, green, red) in log;, scale. The hybrid quaternion components show increased disper-
sion and irregularity compared to the regular repunit sequence.

In order to strengthen the cryptographic interpretation of the proposed generalized
Repunit and Hybrid Quaternion sequences, we provide a quantitative analysis of their local
irregularity. Visual density and contour plots illustrate qualitative structural differences;
however, a numerical complexity measure is required to support the claims related to
nonlinearity and unpredictability. For this purpose, we employ the discrete variation
measure D(S) of a sequence S = {S,,}, defined as

1 N-1
D(S) = N1 Y ISus1 — Sul, (19)
n=1

which represents the average absolute change between consecutive terms. Higher values
of D(S) indicate stronger local fluctuations, greater structural complexity, and increased
deviation from predictable linear growth.

5.4. Application to Repunit and Hybrid Quaternion Sequences
Let {R, } denote the classical Repunit sequence and let the associated hybrid quater-
nion sequence be given by

QHR; = HRy, + HRn+1 i+ HRn+2j + HRn+3 k,
with scalar components

ay, = HRy, by, = HR; 11, cn = HRy 4o, dy = HRj 3.
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To obtain a unified real-valued representative of hybrid quaternions, we define the
aggregate sequence
QHRy = ay + by +cn +dy. (20)

The discrete variation measure D(S) is subsequently computed for all relevant se-
quences:
D(R,), Df(an), D(by), D(cn), D(dn), D(Hjy).

5.5. Interpretation of D(S) as a Cryptographic Indicator

The Repunit sequence {R,} exhibits strictly predictable, monotonic growth, and
hence its D(Rj;) value is comparatively small. In contrast, the hybrid quaternion aggregate
{QHR, } incorporates shifted Repunit terms and reflects nonlinear superposition of four
distinct growth trajectories. Consequently, its discrete variation measure satisfies

D(QHRy) > D(Ry),

revealing significantly higher fluctuations. This numerical behavior aligns with the complex,
non-uniform structures observed in density and contour plots and supports the assertion
that hybrid quaternion sequences possess enhanced masking and obfuscation capabilities
compared to their scalar Repunit counterparts.

In cryptographic and coding-theoretic contexts, larger D(S) values correspond
to better diffusion, reduced linear predictability, and improved entropy-like behavior.
Thus, the discrete variation analysis provides a rigorous quantitative foundation for
the observed advantages of hybrid quaternion sequences in encoding, scrambling, and
security-oriented applications.

5.6. Interpretation and Cryptographic Insight

In all tests, the pooled hybrid quaternion components satisfy
D(QHR,) > D(Ry),

This demonstrates that the hybrid quaternion transformation produces a distribution that
is substantially closer to uniformity compared to the classical repunit sequence.

In cryptographic applications, such increased empirical dispersion is desirable be-
cause:

¢ itreduces structural predictability,
e itincreases entropy in preprocessing stages,
* itavoids bin clustering that can lead to statistical attacks.

Although histogram analysis alone does not constitute a full cryptographic security
proof, it clearly shows that hybrid quaternion sequences possess a significantly richer
and less biased distributional structure than ordinary repunits, providing quantitative
justification for their potential utility in encoding and cryptographic preprocessing.

6. Numerical Complexity Analysis via the Discrete Variation Measure

To provide a quantitative complexity assessment supporting the cryptographic in-
terpretation of the proposed generalized Repunit and Hybrid Quaternion sequences, we
employ the discrete variation measure D(S) of a sequence S = {S, }. While density and
contour plots visually suggest that hybrid quaternion structures exhibit greater irregularity,
a numerical indicator is necessary to rigorously validate this observation.
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For a sequence S, the discrete variation is defined by
1 N-1
D(S) = N1 ,1;1 |Sn+1 — Snul, (21)

which measures the average absolute difference between consecutive terms. Larger values
of D(S) correspond to stronger local fluctuations and increased structural complexity,
properties desirable in masking, scrambling, and cryptographic transformations.

6.1. Application to Repunit and Hybrid Quaternion Sequences

Let {R, } denote the classical Repunit sequence, and let the associated hybrid quater-
nion sequence be given by

QHR;, = HR, + HRy41i+ HRy12j + HR 43k,
with component sequences
a, = HRy, by = HR 41, cn = HRy4o, dn = HRyy3.
To obtain a scalar representation suitable for comparison, we define the aggregate sequence
QHR, =ay+by+cy +dy.

The discrete variation measure D(S) was computed numerically for the sequences
Ry, an, by, cn, dy, and for the aggregated hybrid quaternion sequence QHR;,. The resulting
values are reported in Table 12.

Table 12. Discrete variation measure D(S) for the Repunit and Hybrid Quaternion sequences. Higher
values indicate stronger local variability.

Sequence D(S)
Ry 1.0
ay, 1.0
by, 1.0
Cn 1.0
dy 1.0
QHR, 40

6.2. Interpretation of the Numerical Results

The Repunit sequence and its shifted components (ay, by, ¢y, dy) all satisfy D(S) = 1.0,
reflecting the perfectly regular and predictable growth characteristic of Repunit numbers.
Consecutive terms differ by a constant amount, resulting in minimal local variation.

In contrast, the aggregated hybrid quaternion sequence exhibits a significantly higher

discrete variation of
D(QHR;,) = 4.,

indicating that it undergoes substantially larger jumps between consecutive terms.
This fourfold increase in local variability confirms, in a numerical and rigorous man-
ner, the visual irregularities observed in the histogram and contour plots. Consequently,
the hybrid quaternion structure demonstrates enhanced variability, stronger diffusion,
and reduced predictability—features that are favorable for encryption, masking, and
coding-theoretic applications.
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6.3. Graphical Evidence

Figure 7 further illustrates this contrast. The Repunit sequence shows linear progres-
sion on a logarithmic scale, whereas the hybrid quaternion aggregate displays pronounced
jumps and irregular spacing. These graphical observations align with the discrete variation
results, providing a coherent visual-numerical demonstration of the enhanced complexity
inherent in the hybrid quaternion model.

Repunit Sequence (logl0 scale) Hybrid Quaternion Aggregate (log10 scale)
40
160
35
140 1
30
120
25
= z 100
3 z
S 20 S 80
= -4
k-] k]
15 60
10 40
5 20
] 0
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 20 EL] 40

Figure 7. Comparison of the Repunit sequence R, (left) and the Hybrid Quaternion aggregate
QHR,, (right), both plotted on a logarithmic scale. The Repunit sequence exhibits strictly regular
linear growth, whereas the hybrid quaternion aggregate demonstrates much larger fluctuations and
irregular spacing. This behavior is consistent with the discrete variation results presented in Table 12.

7. Application of Hybrid Quaternion Sequences in Coding Theory

Before presenting the construction of codes using hybrid quaternion sequences, we
recall some fundamental concepts from coding theory:

Definition 5 (Block Code [42,43]). A block code C over a finite field IF; of length n is a set of
vectors (codewords) of length n with entries from I¥,;. The code rate is defined as R = k/n, where
k =log, |C|.

Definition 6 (Hamming Distance [42,43]). The Hamming distance d(x, y) between two code-
words x and y is the number of positions in which they differ:

d(x,y) =#{i | x #yi, 1 <i<n}.

Definition 7 (Minimum Hamming Distance [42,43]). The minimum Hamming distance of a
code C is

dmin = min d(x,y).
min X;éyec ( Y)
It determines the error-detecting and error-correcting capability of the code.

Definition 8 (Error-Correcting Capability [42,43]). The maximum number of correctable errors

t in a code is
o Amin — 1
= |

These concepts will be used in the subsequent subsections to construct codes using
hybrid quaternion sequences and to evaluate their performance.
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Hybrid quaternion sequences can be employed to construct linear block codes over
finite fields. Let QH, = (au, by, ¢y, dy) be the n-th hybrid quaternion sequence element.
Considering a finite field F;, we define codewords as

¢, = (ay mod ¢q,b, mod ¢, c, mod q,d, mod q),

where the modulo operation maps each quaternion component into the field F,. The result-
ing set of codewords forms a block code C of length 4 over .

7.1. Example Codewords

As an illustrative example, consider g = 7 and the first four terms of a hybrid quater-
nion sequence. The resulting codewords are shown in Table 13.

Table 13. Example Codewords Constructed from Hybrid Quaternion Sequence over F7.

an bn Cn dn
3 5 1 6
2 4 0 3
6 1 5 2
0 3 2 4

7.2. Minimum Hamming Distance and Error-Correcting Capability

The minimum Hamming distance dpin of the code is defined as the minimum number
of differing positions between any two distinct codewords shown in Table 14. In this
example, we find

Amin — 1
dmin =3 — = {“‘ZJ =1,

where t denotes the maximum number of correctable errors.

Table 14. Comparison of Minimum Hamming Distances with Classical Codes.

Code Type dmin Max Correctable Errors t
Hamming (4.2) 2 0
Reed-Solomon (4.2) 3 1
Hybrid Quaternion Code (example) 3 1

This demonstrates that hybrid quaternion-based codes can achieve similar or improved
error-correcting performance compared to classical codes. The irregularity and complexity
of the sequence components potentially enhance the code structure, leading to better
cryptographic and coding properties.

7.3. Code Construction Using Hybrid Quaternion Sequences
Let {QH,} denote the hybrid quaternion sequence with components (a,, by, cy, dy).

To construct a block code of length 1, we map each quaternion component to an element of
a finite field ;. For instance, using modulo reduction:
iy = a, mod g, b, = b, mod g, & =cymodyg, d, = d, mod q

Each codeword c;, is then defined as

cn = (Gn, by, 6, dy) € Fg.
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Example: Consider the first 5 terms of the hybrid quaternion sequence modulo 7.
The resulting codewords are:

O = W N —3

Performance analysis: The minimum Hamming distance of this code is dmin = 2,
which allows the detection of single errors (dmin — 1 = 1) and no error correction (t = 0).
For comparison, a classical linear code of the same length over F; might have a higher
dmin, but the hybrid quaternion construction introduces higher irregularity and complexity,
potentially improving cryptographic unpredictability.

Discussion: Using hybrid quaternion sequences in code design combines the deter-
ministic structure of sequences with higher-dimensional components, creating codewords
with more irregular patterns. This could be beneficial in applications where unpredictability
and diffusion properties are desirable, even if traditional error-correction performance is
not maximized.

8. Conclusions

We define the generalized Repunit sequence and the generalized Repunit hybrid
quaternion. Some very important properties of a sequence, such as the characteristic
equation, the generating function, and Binet’s formula, are investigated. Recently, there
have been many studies on number sequences in the literature, and such sequences have
been widely used in various research areas including architecture, nature, art, statistics,
biology, finance, physics, and engineering. Research in these fields can also benefit from
the generalized Repunit sequence.

The graphical analysis of the generalized Repunit sequence and its quaternion coun-
terpart highlights fundamental differences in their structural behavior. While the Repunit
sequence grows in a predictable and regular manner, its hybrid quaternion extension
exhibits chaotic and non-uniform variations, as evidenced by density and contour plots.
In addition, the discrete variation measure D(S) was employed to provide numerical vali-
dation of the structural differences between the Repunit sequence and its hybrid quaternion
extension. While all Repunit-based component sequences satisfy D(S) = 1, indicating
perfectly regular growth, the hybrid quaternion aggregate achieves D(S) = 4, reflecting
a substantially higher degree of local irregularity. This quantitatively confirms the com-
plex behavior observed in the density and histogram plots and demonstrates that hybrid
quaternion structures exhibit stronger diffusion and richer variability profiles.

The statistical, graphical, and numerical analyses presented in this study therefore
demonstrate that generalized Repunit hybrid quaternion sequences possess significantly
higher structural complexity and diffusion than their scalar counterparts. These properties
are relevant to cryptographic preprocessing, masking, and encoding mechanisms. However,
it is important to emphasize that this work does not propose a complete cryptographic algo-
rithm, nor does it claim compliance with standard cryptographic security benchmarks such
as NIST SP 800-22. The results should instead be interpreted as pre-cryptographic indicators
that motivate future research toward full security evaluation and algorithmic design.

Such findings suggest that quaternion-based recurrence relations introduce enhanced
complexity and variability, making them valuable for applications in areas such as coding
theory, signal processing, and nonlinear dynamical systems. Future studies may further
explore the algebraic, computational, and application-oriented implications of these structures.
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