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Summary. In this study, we introduce a new recurrence relation of the perfect square
sequence. We establish the relationship of perfect square sequence concerned with Fibonacci
and Lucas sequences. We compute some important identities such as Catalan, Cassini, and
special summation formula for this sequence. We associate the perfect square sequence with
Lucas sequence and we call it the perfect square Lucas sequence. In addition, the Binet
formula, generating function and summation formula of this sequence is obtained, as well as
some properties are satisfied. Furthermore, we present the relationship of perfect square Lucas
sequence with Fibonacci and Lucas sequences. Also, we obtain the relationship of perfect
square Lucas sequence with perfect square sequence and we present matrix representation of
this sequence. Besides, we described polynomials of perfect square and perfect square Lucas
sequences. We get Binet formulas, generating functions, and Simpson formula for these
polynomials. Eventually, satisfied some intriguing relations between these two polynomials,
as well as we give the matrix representation of them.

1 INTRODUCTION

The most famous sequences of numbers are Fibonacci and Lucas sequences. For a long
time, they have intrigued so many scientists. In various fields, Fibonacci sequences have been
applied such as graph theory [1], Biomathematics [2], Chemistry [3], Engineering [4], etc.
Many generalizations of the Fibonacci sequence have been done. The known examples of
such sequences are the k-Jacobsthal, k-Oresme-Lucas, Leonardo, Gaussian Fibonacci,
Mersenne sequences, etc, (see for details in [5-9]).

For n eN, Fibonacci numbers F,, Lucas numbers L, are defined by the recurrence
relations, respectively,

Fn+2 = Fn+1 + Fn, With FO = 1 and F]_ = 1,
Lne2 = Lp+1 + Ly, with Lp=2and L, = 1.
The generating functions of Fibonacci and Lucas sequences are as follows, respectively.
2-12

1
f(z)=° Fz"=—— and I(2)=>% L.,z2"=—2 =
(@)= ZioFa" = —2— and 1) - Zi g Lo = 2
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Many number sequences were described, generalized, and examined by scientists; they
found interesting relations among them. For more details [10-17].

The authors defined Mersenne Lucas numbers and examined its properties related with
Mersenne numbers. They gave the recurrence relation between Mersenne and Mersenne
Lucas numbers [18].

It was studied in [19], Pell Leonardo numbers and the author defined the relationship of
Leonardo numbers with Pell numbers, as well as properties and matrix formula of these
numbers are introduced.

Moreover, in [20], they examined Jacobsthal-Lucas numbers by matrix method. They
defined E and R matrices and observed relations with Jacobsthal and Jacobsthal-Lucas
numbers.

Here we will analyze the most useful numbers in mathematics and in real-life, based on
studies [18-19]. Curiosity of perfect square numbers comes from its balanced, neat, and
intriguing properties, which is geometrically called the mathematical equivalent of square
shape. In various fields, they have applications. This essential concept encounters us in real-
life situations. Such as in technology, carpentry, engineering, and designing buildings. Even
more interesting, they come across at known and widely played games in a real-life such that
Minecraft, Rubik’s Cube, and Sudoku.

The perfect square sequence is denoted by {s, }o-,. Some terms of perfect square sequence
{0,1,4,9,16,25,...}.

2 SOME PROPERTIES OF PERFECT SQUARE NUMBERS

To indicate a perfect square number sequence, we are familiar with this linear recurrence
relation below which is first order and nonhomogeneous
Sp =Sp_1 + 2n—1, (sq=0,n=>1)

Binet Formula of perfect square sequence is s, =n? where n > 0. The generating
function of the perfect square sequence is

© z4z%
— n —
<@ = Z N
n=

Next, we define new recurrence relation for the perfect square sequence.
Corollary 2.1. Perfect square sequence can be defined as the first order nonhomogeneous and
non-constant coefficient recurrence relation as follows:

0,n=0
1, n=1

n+2 oy > 2
n-1

Sp =

Using perfect square recurrence relation and Binet formula of perfect square sequence, we
can easily establish this result. In the following theorem, we express the relation of perfect
square sequence with Fibonacci and Lucas sequences.

Theorem 2.1. Let a = 1_7\/3 B = 1+2\/§ and 4;, = (w — Sn—i) ,

The following equation among F;,L; and s, is satisfied.
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Proof. Here we will use generating functions of Fibonacci, Lucas and perfect square
sequence, and some properties of the sum symbol.

Note that,
np__ n
72 M} n> O 1_\/§ 1+\/§
1222_ Zn__oo fa Zn’a=T’ﬁ= 2
0 , otherwise
. n_ 2-z z+z?2 1-3z+43z2-23  2-2z-2z2
Zin=o Lnz" = 1-z-2z2  1-3z43z2-2z3 1-z-z2 * 1-z—-2z2
_ Z?Lo=0 Spz™ o) n I0%) n oo af-apf™ n
= Z,?—o(nJrl)z(nH)Zn_Z%o:o = '2211:0 FnZ +22n=0 LnZ ‘Zn:l B__a Z
_ ap-apm (n+1)(n+2)
Yn=oSnZ"= (2 Yn=oFuz™ = Yo Lnz™ + Z?f:lﬂTzn) Ln=o (f - Sn) z"
N\ (@ —ap
—
3 S a3 S 33 (e
n=0 i= n=0i= n=0i=1

Thus we obtain the desired result,

Sn = 2500 Fillipn — NioLi Ay + X0y (“E£) 4, n>0 o

Proposition 2.1. Fork > 1 andj > 0,

zn Seirs = S (et S k) +n (S 4k +7) + )2

i=0
Proof. Using Binet formula of perfect square sequence and the partial sum formula, we get

n
Do sy = DU+ )P = D) + 20 Tl i+
i=

After substituting special partial sum and Binet formula for perfect square number
sequence on the equation, we obtain,

n 2
z' Oski+j = %(Znsn + 3s, +n) + kj(s, +n) + (n + 1)j2
i

=50 (%t La i) +n(S 4k +)7) + )2 o

Next, we find some special identities for a given sequence perfect square, which these
identities are significant for many fields of mathematics, such as Cassini is mentioned in
Curry’s Paradox. For more details see in [8].

Proposition 2.2. (Cassini’s Identity) For n > 1,
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Sp-1Sn+1 — Sp = 1 —2n?
Proof. Using Binet Formula for perfect square sequence we get,
Sp-15n+41 — S5 = ® = 1D? —n*
=1-2n? |
Corollary 2.2. For n > 1, we obtain this property for the perfect square sequence
Sp-15n+1 = (S — 1%
This easily can be obtain by using Cassini’s Identity.
Proposition 2.3. (Catalan Identity) For n,r € N
Sp_ySpir — S2 =1%*—2r%s,
Proof. Using Binet Formula for Perfect Square Numbers we obtain,
Sn-rSntr —Sh =M —1)?(n+1)> —n*
=r*-2ris, |
Proposition 2.4. (d’Ocagne Identity) For n,r € N, and r < n, we obtain
Sn+1Sr — SpSry1 = (r—n)(r + n + 2nr)

Proof. It can be proved using the Binet Formula for perfect square sequence, same as above.O
Proposition 2.5. (Vajda Identity) For n,r,i € N, and r,i < n, we obtain

Sn+iSn+j T SnSn+i+j = 2nij(n+i+j)+ izjz

Proof. It can be proved similar as proposition 2.2. O
Proposition 2.6. (Halton Identity) For n,r € N, and r, i < n, we obtain

— n2(ij2 2 4 __ ;4
Sn+rSn—r — Sn-iSn+i =1 (l -r )+T‘ -1

Proof. It can be proved similar as proposition 2.2. O

Now, let’s define a new number sequence obtained from perfect square sequence and
Lucas sequence. We associate these two sequences and call it the perfect square Lucas
sequence.

3 PERFECT SQUARE LUCAS SEQUENCE

Now we introduce perfect square Lucas sequence and obtain Binet’s formula and
generating function for this sequence. Furthermore, we ensure some properties concerned
with the perfect square Lucas numbers and square numbers. Our aim is to indicate these
numbers in terms of Lucas numbers, as well. Before giving a definition of recurrence relation
of perfect square Lucas sequence, let’s do some calculations on recurrence relation of perfect
square sequence.

Because of the recurrence relation of the perfect square sequence is nonhomogeneous, to
convert homogeneous, substitute n + 1 instead of n.

Sn+1 = 28, = 2 = Sp4

Doing some calculation on the above recurrence relation and perfect square recurrence
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relation, below we obtain homogeneous third order recurrence relation of {s,},—,
Sp42 = 3Sp41—3Sp, +Sp1 n=21;50=0,5,=1,s5, =4)
Definition 3.1. The recurrence relation of perfect square Lucas sequence, which is denoted as
{LS, }o=0 is given as follows:
LSpip = 3LSp1q —3LS, +LS,_; (n =1; LSy =2,LS; =1,LS, =4)
Let’s indicate some terms of the perfect square Lucas numbers:
(2,1,4,11,22,37,56,79, ...}

The characteristic equation is x3 — 3x2 + 3x — 1 = 0 which has three same characteristic
real roots x; = x, = x5 = 1.

xl + xz + X3 = 3, x1x2x3 = 1, xle + x1X3 + x2x3 = 3

Theorem 3.1. Binet’s formula for perfect square Lucas sequence is as follows:
LS, =2 —3n + 2n?

Proof. From the characteristic equation of LS,, we have the same three roots so the formula
will be:

LS, = ax + fnx} + yn®x}
LS, = a + fn + yn?
From initial conditions, wefinda = 2,8 = -3 andy = 2. O
Theorem 3.2. The generating function of perfect square Lucas sequence is given by

()—Z.O:LS . 2 —5z+4 722
gtz = . n? T 1—3z+322—23
n=

Proof. We use the definition of the generating function, properties of the sum symbol, and
definition of recurrence relation of perfect square Lucas sequence;

Z%ozo LSnZn = LSO + LSl + LSZ + Z;.loz:g LSnZn

=2+ z+42° + ), (3LSy_1 —3LSp_5 + LS, 3)z"

=2+ z+4z2+ (—6z—32z2)+ 3zY 0 o LS,z" + 622
—3z2 ¥ o LSpz™ + 23 Y5 LSy z™.
Thus, we obtain

2—-5z47z%
o9} n —
Y o LSzt = ——F—. O
n=0=-n 1-3z+3z2-z3

Next, we extend this definition of perfect square Lucas numbers to negative index, and we
get some equalities of even and odd indexes.
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Proposition 3.1.

I. LS_, = LS, +6n

ii. LSz = 2( LSy = (Sp—15n+1 — SR))

li. LSyp41 =8s, +2n+1

Proof. From Binet formula for perfect square Lucas sequence we can obtain,
i.LS_,=2n*+3n+2=1LS,+6n

ii. LSy, = 8n? —6n+ 2 = 2(LS, — (1 — 2n?)) = 2( LS, — (Sp—1Sn41 — S2))
iii. LSype, = 8n%2+2n+1=8s, +2n+1

Note that, here at ii. We used Cassini formula for the perfect square sequence. |
By using generating functions of s, and LS,,, we give the relationship between perfect
square Lucas sequence and perfect square sequence.

Theorem 3.3.
LS, =4s,_5 — 25,1 +9n — 12 where n > 2

Proof. By the generating functions of the perfect square Lucas sequence and the perfect
square sequence we get,

ZLS 72 —z+4 72+ z N 4 — 2z
2l =TT 313,28 1-3,4322 -2 T 1-32+322 -3

o)

anz ZanHZ +32(n+1)(n+2)z
—4an —ZZSHHZ +Z(9n+6)z

Z (4sn 25n+1 + 9n + 6)z".

So, we get
LS,y =4s, — 25,41 + 9N + 6. O
Next, we obtain perfect square Lucas sequence in terms of Fibonacci and Lucas sequences.

1-/5 1+\/— (1+n-i)(2+n-i)
Theorem 3.4. Leta =—=, B = and A; , = (% — Sy )

The following equation among F; ,L and LS, is satisfied.

il 0.4
Lsn+2_zLAm+zzFAm+z( B) >0
LSp42 —ZLAln+ZZF Ain,m

Proof. Here we will use generating functlons of FlbonaCC| Lucas, perfect square, and perfect

69



Ikramiye Altiparmak, Hakan Akkus and Engin Ozkan

square Lucas sequence and some properties of the sum symbol.

Note that,
np_ n
72 M, n> 0 n 1_\/§ 1+\/§
1-z—22 = Xn=-w fra . z5 a= 2 B = 2
0 , otherwise

We obtain,

o n 2-z  _ z°-z+4  Z°+2

Ln=oLnz" = 1-z—2z2 1-z-z2 1-z-z2

z%—z+4 z%42

2z—4z2+23 2
- 2_,3 _LLTazmrZT 1-z-z
((1 3z+3z%-z )(1+1 Py 23))

_ Z?lozo LSp422" _ 2200 E 7" - Zoo aB-ap™ N
- 0 n=0"'n n=1 _
Z 0(n+1)(n+2)Zn _ Zf:o spz B—a
n=

2
[ee] n _—_
Zn—o LSn+ZZ -

<2an + ZZFZ + z "ﬁ—aﬁ” >§:<(n+1)2(n+2)—sn)zn

n=0

After doing some calculations and using properties of the sum symbol we get,

ZZL Ain2" +ZZZFAWZ +ZZ< lﬁ_aﬁ)Amzn .

n=0 i= n=0 i= n=0 i=

LSpsz = Sio Liflin + 2500 Fi A + 31y (“28) A 1m0 0

Thus, we associated perfect square Lucas numbers with Lucas and Fibonacci numbers.
Theorem 3.5. The sum of the perfect square Lucas numbers is

Yk=0LSk =

Proof. By using Binet’s formula for perfect square Lucas sequence,

n n n n
2(2k2—3k+2)=22k2—32k+221
k=0 k=0 k=0 k=0

_ (n+1)(4n?-7n+12) -
- 6

(n+1)(4n?-7n+12) where n. > 0

Let’s examine some important identities such as Catalan:
Proposition 3.2. Forn, k € N,
LS,_xLSpix — LS2 = —8s, k? + 12nk? + 4k* — k2.

Proof. We use Binet’s formula for perfect square Lucas sequence. After some calculations,
we obtain:

LSy_iLSnsr — LS2 = —8n2k? + 12nk? + 4k* — k2
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= —8s, k? + 12nk? + 4k* — k2.
If we substitute k = 1 on Catalan Identity, we get Cassini Identity.
LS,_1LSp41 —LS2 = —8s, + 12n +3 O
Next, we introduce a matrix representation for perfect square Lucas numbers.

Theorem 3.6. Let n € N. We get
LSn+2 —3 1 LS, LSn+2 —3 1 LSn+1
i. LSnJr1 = LS| , ii. LSpiq| =
LS, LS, LSn 1

Proof. i. Proving by PrlnC|pIe of Mathematical Induction. For n = 1, the equallty is true. For
n — 1, assume the equality is true. We obtain,

3 =3 11"[4] [3 -3 113 -3 1" '[4
1 0 Of |1y=1j12 0 0|2 0 O 1
0 1 o112 1o 1 ofto 1 o L2
3 =3 1][LSn+1
=1 0 O0|| LS,
o 1 ollLs,_,
LSn+2
= |LSy41
LS,
From the last equation, for n, the equality is true.
The proof of the ii. can be established in a similar manner. O

4 PERFECT SQUARE AND PERFECT SQUARE LUCAS POLYNOMIALS

Definition 4.1. For n € N, the perfect square polynomials S, (x), and perfect square Lucas
polynomials LS, (x) are defined, respectively, as

Sn3(X) = (X + 2)Sp42(x) — (2x + 1)Sp41 () + x5, (x)
with Sy(x) =0, S;(x) =1, and S,(x) = x + 3,
LSpi3(x) = (x 4+ 2)LSp42(x) — (2x + 1)LSp41(x) + xLSy (x)
with LS, (x) = 2, LS;(x) = 1 and LS, (x) = x + 3.

Perfect square and perfect square Lucas numbers are obtained by substituting x =1 in

S, (x) and LS, (x).
The characteristic equation of the perfect square and perfect square Lucas polynomials is

P —(+2)r*+QRx+Dr—x=0.
The roots of this equation
n=x,nrn=1andr; =1.

Next, we give the relationships between these roots below:
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AR+ =x+2,nnr=xandnrnr +nrr +nrnr =2x+1.

Some terms of the S,,(x) and LS,,(x) polynomials are given in the (Tab. 1)

So(x) 0 LSy (%) 2

S1(x) 1 LS;(x) 1

S,(x) x+3 LS,(x) x+3

S3(x) x> +3x+5 LS3(x) x*2+5x+5

S4(x) x3+3x2+5x+7 LS4 (x) x3+5x2+9x+7
Se(x) | x*+3x3+5x>+7x+9 | LSs(x) | x*+5x3+9x2 +13x+9

Table 1. Perfect Square and Perfect Square Lucas Polynomials
Now, we can give the Binet formulas of the perfect square and perfect square Lucas
polynomials.
Theorem 4.1. Letn € N.

2x%—-5x—-1 = 2x+2
(x—1)2 1-x

X1 oop 2 .. _ x+3
D (x 1)+ —n L LS,(x) = D

Proof. i. The Binet form of a sequence is as follows (if two roots are the same)
Sn(x) = A1T1n + (AZ + A3n)7‘2n
For these n values, we obtain;

I Sp(x) =

n
X"+

So(x) =0=A4; +4,,
Sl(X) = 1 = Alx +A2 +A3,
S;(x) =x+3=A4,x2+ A, + 24;.

We find
x+1 x+1 2
A1 —_ _(x—1)2’ AZ —_ __(x—l)z’ and A3 —_ ITX
Thus, we obtain
_ x+1 n_ 2
S,(x) = e (x 1)+ —n.
The proof of the other can be established in a similar manner. O

Next, we obtain the generating function of the perfect square and perfect square Lucas
polynomials.

Theorem 4.2. We have

. v n_ t+t2

L H() = Xnzo Sn(0t" = 1-t(x+2)+(2x+1)t2—xt3’
.. v n _  2-3t-2tx+6t2+4tix
I 1(6) = Y=o LS (0" = 1-t(x+2)+(2x+1)t2—xt3’

Proof. i. If we use the definition of the generating function, the properties of the sum symbol,
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and the recurrence relation of perfect square polynomials, we obtain
H() = Lz Sn (" =t + (x + 3)t? + L3 Sp ()"
=t+ (x +3)t? + Tts((x + 2)Sp_1 (x) — 2x + 1S, (x) + xSp_3 ()"
=t+t2(x+3)+tlx+2)(—t + X505, )t™) — t22x + 1) X S ()™
+t3x Yoo S ()L™,
Thus, we have

H(t) = 2o S, ()" = aa

T 1—t(x+2)+(2x+1)t2—xt3"

A similar method can be used to prove the other.

m|
In the following theorem, relations between perfect square and perfect square Lucas
polynomials are obtained.

Theorem 4.3. Let n € N. The following equations are true:

—x2_
i. Sn(x) — xX“=2x+2 3x+8

x+4
2x3+10x2+14x+6 LSn2(x) + 2x2+8x+6LSn+1(x) B 2x3+10x2+14x+6LSn(x)
i 3x+4 3x2+9x+8 5x2+10x+6
I LSy () = 57 Sna2 () = =5 5 S (0) + = 15— S (%),

Proof. i. The following relation is used for proofs;

Sp(x) = axLS,;,(x) + bxLS,1(x) + cxLS,(x).
For these n values, we obtain;
So(x) =ax LS,(x) +bx LS;(x) + cx LSy(x),
Si(x) =axLS3(x) + b x LS,(x) + cx LS;(x),
So(x) =ax LSy(x) + b x LS3(x) + ¢ x LS,(x).
If the values are substituted, the following equation system is obtained.
0=a(x+3)+b + 2c,
1=a(x*+5x+5)+b(x+3)+c,
x+3=a(x®+5x2+9x+7)+b(x%+5x+5)+ c(x + 3).

We find
—x2%2-2x+42 3x+8 X+4
= D= — and¢c = — .
2x3+10x2+14x+6 2x2+8x+6 2x3+10x2+14x+6
Thus, we have
2
—X*“=2x+2 3x+8 x+4
S,(x) = LS x)+———ILS xX) —
n(x) 2x3+10x2+14x+6 n+2(%) 2x2+8x+6 n+1(X)

2x3+10x2+14x+6 LS ().
The proof of the other is shown similarly.

m|
Next, we associate the terms of the perfect square and perfect square Lucas polynomials
with matrices.
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Theorem 4.4. Let n € N. We have

[Sn+2(X) x+2 —2x—1 x]"[x+3
L LS =] 1 0 0 1 |
| S,(x%) 0 1 0 0
[LSpi2(®)] [x+2 —2x—1 x|"[x+3
2. LSn+1(x) = 1 0 0 1
| LS, (%) 0 1 0 2
[ S, (x) 0 1 o1*[ ©
. 1. [Spe1 (=] 0 0 1 1 |,
[ Snt2(X) x+2 —2x—1 xl lx+3
[ LS, (x) 0 1 o' [ 2
2. [LSpi ()= 0 0 1 1 |
| LSy 42(x) x+2 —-2x—1 x| Llx+ 3.
—Sn+2 (x) x+2 —-2x—-1 x —Sn+1(x)_
i L [Spea(0)| = 1 0 0 Sn(®) |,
| Sn(x) 0 1 0 _Sn—l(x)_
[LSpi2(0)] x+2 —2x—1 x][LSn+1(x)
2. LS 1 ()| = 1 0 0| LS,(x)
| LS, (x) 0 1 01 |LS,_1(%)

Proof. i. 1. Let show the proof by induction over n. For n = 1, the equality is true. For
n — 1, assume the equality is true. We obtain

x+2 —-2x—1 x]"[x+3
1 0 0 1
0 1 0 0
x+2 —2x—1 x|[x+2 —2x—1 x]"'[x+3
=| 1 0 0 1 0 0 1
0 1 0 0 1 01 0
x+2 —2x—1 x|[Sns1(®)]
=1 1 0 Of| Sn(x)
0 1 01]8,-1(x)
Sn+2(x)
= n+1(x) .
Sn(x)
From the last equation, for n, it can be seen that the equality is true.
Similarly, the proof of the other can be derived. O
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Theorem 4.5. (Simpson Formula) Let n € N. The following equations are satisfied:

Sn+2(X)  Spyr(x)  Sp(x)
iLdet [Sps1(%)  Sp(®)  Spo1()| = —(4x + 4)x"72,
Sn(x) Sn—l(x) Sn—z(x)
LSn+2(x) LSn+1(x) LSn(x) n—-1
i. det [LS,41(x) LS (x) LS,_1(x) =x9
LSn(x)  LSp-1(x) LSp_o(x)

(—16x*—24x3 + 111x? — 57x — 135)

Proof. i. Let show the proof by induction over n. For n = 1, the equality is true. For n — 1,
assume the equality is true. We obtain

Sn+2(x) Sn+1(x) Sn(x)

det |Sp+1(x)  Sp(x)  Sp-1(x)

Sn(x)  Sp-1(x)  Sp—2(x)
[ (0 + 2)Sn1(x) = 2x + DS (x) + xSp1(x)  Sper(x)  Sp(®)
= det (x + Z)Sn(x) - (Zx + 1)Sn—1(x) + xSn—Z (x) Sn(x) Sn—l(x)
(¢ +2)Sp-1(x) = Cx + 1)Sp2(x) + xSp_3(x) Sp-1(x)  Sp—2(x)
[(x + 2)Sn11(x)  Spp1(x)  Sp(x)
=det| (x+2)Sp(x)  Sp(x)  Sp-1(x)
(x + Z)Sn—l(x) Sn-1(x)  Sp—2(x)

—(Zx + 1)Sn(x) Sn+1(x) Sn(x) xSn—l(x) Sn+1(x) Sn(x)
+det |—-QRx+1)S,-1(x)  Sp(x)  Sp_1(0)|+det|xSp_o(x)  Sp(x)  Sp_1(x)
—(ZX + 1)Sn—2(x) Sn—l(x) Sn—z(x) xSn—B(x) Sn—l(x) Sn—Z(x)

Sn+1(x) Sn(x) Sn—l(x)
=xdet| Sp(x)  Sp_1(x) Sp_2(x)

Sn—l(x) Sn—Z (X) Sn—3 (X)
= —(4x + 4)x"2.

From the last equation, for n, it can be seen that the equality is true.
The proof for the other follows a similar approach. O

5 CONCLUSIONS

In this study, we introduced a new recurrence relation for the perfect square sequence and
examined its relationship with Fibonacci and Lucas sequences. Through detailed analysis, we
derived several significant properties, including generating functions, Binet formulas, and
summation identities for both the perfect square sequence and its extension, the perfect square
Lucas sequence. Furthermore, we explored the polynomial versions of these sequences,
establishing their matrix representations and Simpson formulas. The results provide a new
perspective on the interconnections between classical number sequences and perfect square-
based structures, potentially leading to further mathematical discoveries.

Several potential research directions can be inspired by this study:

Further exploration of similar recurrence relations in other generalized sequences, such as
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Pell, Tribonacci, or Padovan numbers, could lead to new insights.

Investigating combinatorial interpretations of the perfect square and perfect square Lucas
sequences in graph theory, tiling problems, or coding theory.

Extending the matrix representations and eigenvalue analysis of these sequences to study
their properties in higher dimensions.

Analyzing continued fraction expansions related to perfect square sequences and their
applications in number theory.

Examining potential cryptographic applications of perfect square and perfect square Lucas
sequences, similar to Fibonacci-based cryptographic methods.
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