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Abstract In this study, we define the k-Woodall, k-Woodall-Lucas, and Modified k-Woodall
sequences, and some terms of these sequences are given. Then we obtain the Binet formu-
las, generating functions, sum formulas, etc. Also, the relations among the terms of the k-
Woodall, k-Woodall-Lucas, modified k-Woodall, Woodall, Woodall-Lucas, Modified Woodall,
Cullen, Cullen-Lucas, and Modified Cullen sequences are presented. In addition, we calculate
Vajda’s identity, D’ocagne identity, etc. Finally, we associate the terms of these sequences with
matrices.

1 Introduction

In mathematics, sequences play a crucial role in gaining a clearer understanding of a problem
that arises under specific conditions. One of the most well-known examples of such problems
is the Rabbit problem, featured in Leonardo Fibonacci’s renowned book Liber Abaci. From
the outcomes of this problem, the Fibonacci sequence is defined, and the relationships between
consecutive terms of this sequence are established.

The Fibonacci and Lucas sequences are famous sequences of numbers. These sequences
have intrigued scientists for a long time. Fibonacci sequences have been applied in various
fields such as Engineering [1], Cryptology [2], Biomathematics [3], Phylotaxis [4], Chem-
istry [5], etc. New sequences have been obtained by changing the generalized Fibonacci se-
quence recurrence relation and initial conditions. The known examples of such sequences are the
Woodall, Woodall-Lucas, Horadam, Leonardo, k-Jacobsthal, k-Narayana, Gaussian Fibonacci,
k-Jacobsthal-Lucas, Olivier, Bronze Fibonacci, Copper Fibonacci, Cullen, Edouard-Lucas se-
quences, etc. (see for details in [6]-[25]).

For n ∈ N, Fibonacci numbers Fn, Lucas numbers Ln, Pell numbers pn, and Pell-Lucas
numbers qn are defined by the recurrence relations, respectively,

Fn+2 = Fn+1 + Fn, with F0 = 0 and F1 = 1, Ln+2 = Ln+1 + Ln, with L0 = 2 and L1 = 1,

pn+2 = 2pn+1 + pn, with p0 = 0 and p1 = 1, qn+2 = 2qn+1 + qn, with q0 = 2 and q1 = 2.

For Fn, Ln, pn, and qn the Binet formulas are given by the following relations, respectively,

Fn =
φn − θn

φ− θ
, Ln = φn + θn, pn =

αn − βn

α− β
, and qn = αn + βn

where φ = 1+
√

5
2 , θ = 1−

√
5

2 , α = 1+
√

2, and β = 1−
√

2 are the roots of the characteristic
equation r2 − r − 1 = 0 and r2 − 2r − 1 = 0, respectively. Here the numbers φ and α are the
known golden ratio and silver ratio, respectively.

In addition, for n ∈ N, the Woodall numbers Rn, Woodall-Lucas numbers Dn, Modified
Woodall numbers Wn, Cullen numbers Cn, Cullen-Lucas numbers En, and Modified Cullen-
Lucas numbers Hn are defined by the recurrence relations, respectively,
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Rn+2 = 4Rn+1 − 4Rn − 1, with R0 = −1 and R1 = 1,

Dn+2 = 4Dn+1 − 4Dn − 1, with D0 = 1 and D1 = 4,

Wn+2 = 4Wn+1 − 4Wn + 1, with W0 = 0 and W1 = 1,

Cn+2 = 4Cn+1 − 4Cn + 1, with C0 = 1 and C1 = 3,

En+2 = 4En+1 − 4En + 1, with E0 = 1 and E1 = 4,

Hn+2 = 4Hn+1 − 4Hn − 1, with H0 = −1 and H1 = 2.

Moreover, for n ∈ N, the third-order recurrence relations of the sequences Rn, Dn, Wn, Cn,
En and Hn are as follows, respectively,

Rn+3 = 5Rn+2 − 8Rn+1 + 4Rn, with R0 = −1, R1 = 1, and R2 = 7,

Dn+3 = 5Dn+2 − 8Dn+1 + 4Dn, with D0 = 1, D1 = 4, and D2 = 11,

Wn+3 = 5Wn+2 − 8Wn+1 + 4Wn, with W0 = 0,W1 = 1, and W2 = 5,

Cn+3 = 5Cn+2 − 8Cn+1 + 4Cn, with C0 = 1, C1 = 3, and C2 = 9,

En+3 = 5En+2 − 8En+1 + 4En, with E0 = 1, E1 = 4, and E2 = 13,

Hn+3 = 5Hn+2 − 8Hn+1 + 4Hn, with H0 = −1, H1 = 2, and H2 = 11.

The authors found many properties of these sequences and made many applications related
to these sequences. (see for details in [26]-[32]).

Binet formulas for Rn, Dn, Wn, Cn, En and Hn are given by the following relations, respec-
tively,

Rn = n2n − 1, Dn = (4 + n)2n−1 − 1,Wn = (n− 1) 2n + 1,

Cn = n2n + 1, En = 3n2n−1 + 1, and Hn = 3n2n−1 − 1.

By changing the initial values and recurrence relation of Fibonacci sequence, many new se-
quences were introduced and these sequences took an important place in number theory such
as k-Fibonacci and k-Lucas sequences. In [33], Falcon introduced k-Fibonacci sequence and
found different identities and special transformations of this sequence. Akkuş and Özkan intro-
duced k-Leonardo sequence and they found many properties [34]. In [35]-[37], authors found
many properties of k-Fibonacci sequence and related them to known sequences.

We separate the article into three parts.
In chapter 2, we define the k-Woodall, k-Woodall-Lucas, and Modified k-Woodall sequences.

Then we give the characteristic equation, Binet formulas, the summation formulas, and some
properties for these sequences. Also, we obtain the generating functions and Simpson formulas.

In chapter 3, we present the relations among the terms of the k-Woodall, k-Woodall-Lucas,
Modified k-Woodall, Woodall, Woodall-Lucas, and Modified Woodall sequences. Then we asso-
ciate the k-Woodall, k-Woodall-Lucas, and Modified k-Woodall sequences with special number
sequences. In addition, we calculate the specific identities of these sequences. Finally, we asso-
ciate the terms of these sequences with matrices.
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2 k-Woodall, k-Woodall-Lucas, and Modified k-Woodall sequences

For k ∈ R+ and n ∈ N, the k-Woodall Ok,n, k-Woodall-Lucas Sk,n, and Modified k-Woodall
Bk,n are defined by, respectively,

Ok,n+2 = 4Ok,n+1 − 4Ok,n − k,with Ok,0 = −1 and Ok,1 = 1,

Sk,n+2 = 4Sk,n+1 − 4Sk,n − k,with Sk,0 = 1 and Sk,1 = 4,

Bk,n+2 = 4Bk,n+1 − 4Bk,n + k,with Bk,0 = 0 and Bk,1 = 1.

Also, for n ∈ N, the third-order recurrence relations of the sequences Ok,n, Sk,n, and Bk,n

are as follows,

Ok,n+3 = 5Ok,n+2 − 8Ok,n+1 + 4Ok,n, with Ok,0 = −1, Ok,1 = 1, and Ok,2 = 8 − k,

Sk,n+3 = 5Sk,n+2 − 8Sk,n+1 + 4Sk,n, with Sk,0 = 1,Sk,1 = 4, and Sk,2 = 12 − k,

Bk,n+3 = 5Bk,n+2 − 8Bk,n+1 + 4Bk,n, with Bk,0 = 0,Bk,1 = 1, and Bk,2 = k + 4,

respectively.
Then, let’s give some information about the equations of these sequences.
The characteristic equation of the k-Woodall, k-Woodall-Lucas, and Modified k-Woodall

sequences is
r3 − 5r2 + 8r − 4 =

(
r2 − 4r + 4

)
(r − 1) = 0.

The roots of this equation are;

r1= r2 = 2, and r3= 1.

The relationship between these roots is given below;

r1 + r2 + r3 = 5, r1r2 + r1r3 + r2r3 = 8, andr1r2r3 = 4.

For n ∈ N, some terms of these sequences are as follows:

Ok,n = {−1, 1, 8 − k, 28 − 5k, 80 − 17k, 208 − 49k, . . . }

Sk,n = {1, 4, 12 − k, 32 − 5k, 80 − 17k, 192 − 49k, . . . }

Bk,n = {0, 1, 4 + k, 12 + 5k, 32 + 17k, 80 + 49k, . . . }

In the following theorems, the Binet formulas of the k-Woodall Ok,n, k-Woodall-Lucas Sk,n,
and Modified k-Woodall Bk,n sequences are expressed. In addition, we find the generating func-
tions of these sequences.

Theorem 2.1. Let k ∈ R+ and n ∈ N. We obtain
i. Ok,n=

(
k−1+ 3−k

2 n
)

2n − k,
ii. Sk,n =

(
k+1+ 2−k

2 n
)

2n − k,
iii. Bk,n =

(
−k+ k+1

2 n
)

2n + k.
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Proof. i. The Binet form of a sequence is as follows (two distinct roots case r1 = r2 = 2 and
r3 = 1)

Ok,n = (x+ yn)rn1 + zrn3 .

For these n values, we obtain;
Ok,0 = −1 = x+ z,

Ok,1 = 1 = (x+ y)2 + z,

Ok,2 = 8 − k = (x+ 2y)4 + z.

We find
x = k − 1, y = 3−k

2 , and z = −k.
Thus, we obtain

Ok,n=

(
k−1+

3 − k

2
n

)
2n − k.

The proofs of the others are shown similarly.

Theorem 2.2. (Generating Functions) The generating functions for k-Woodall Ok,n, k-Woodall-
Lucas Sk,n, and Modified k-Woodall Bk,n sequences are given as follows, respectively,

i. o(t) =
∑∞

n=0 Ok,nt
n =−1+6t−(k+5)t2

−4t3+8t2−5t+1 ,

ii. s(t) =
∑∞

n=0 Sk,nt
n = 1−t−kt2

−4t3+8t2−5t+1 ,

iii. b(t) =
∑∞

n=0 Bk,nt
n = t+(k−1)t2

−4t3+8t2−5t+1 .

Proof. i. For the k-Woodall sequence, we have

o (t) =
∞∑
n=0

Ok,nt
n = −1 + t+ (8 − k)t2 +

∞∑
n=3

Ok,nt
n

= −1 + t+ (8 − k)t2 + 5
∞∑
n=3

Ok,n−1t
n − 8

∞∑
n=3

Ok,n−2t
n + 4

∞∑
n=3

Ok,n−3t
n

= −1 + t+ (8 − k)t2 + 5t
∞∑
n=2

Ok,nt
n − 8t2

∞∑
n=1

Ok,nt
n + 4t3

∞∑
n=0

Ok,nt
n.

Thus, we have

o (t) =
∞∑
n=0

Ok,nt
n =

−1 + 6t− (k + 5)t2

−4t3 + 8t2 − 5t+ 1
.

The proofs of the others are shown similarly.

Next, we give special sum formulas of the k-Woodall Ok,n, k-Woodall-Lucas Sk,n, and Mod-
ified k-Woodall Bk,n sequences.

Theorem 2.3. Let k ∈ R+ and n ∈ N. We obtain
i.
∑n

s=0 Ok,n =4Ok,n−1 − (n− 1) k + 4,
ii.
∑n

s=0 Sk,s = 4Sk,n−1 − (n− 1) k + 1,
iii.
∑n

s=0 Bk,n = 4Bk,n−1 + (n− 1) k + 1.

Proof. ii. From the definition of the k-Woodall-Lucas sequence, we obtain

Sk,2 = 4Sk,1−4Sk,0 − k,

Sk,3 = 4Sk,2 − 4Sk,1 − k,

...

Sk,n = 4Sk,n−1 − 4Sk,n−2 − k.
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So, we have

−5 +
n∑

s=0

Sk,s =4
n−1∑
s=1

Sk,s − 4
n−2∑
s=0

Sk,s − (n− 1)k,

−5 +
n∑

s=0

Sk,s

= 4

(
−Sk,n − Sk,0 +

n∑
s=0

Sk,s

)
− 4

(
−Sk,n − Sk,n−1 +

n∑
s=0

Sk,s

)
− (n− 1)k.

Thus, we obtain
n∑

s=0

Sk,s = 4Sk,n−1 − (n− 1) k + 1.

The proofs of the others are shown similarly.

Theorem 2.4. Let k ∈ R+ and n ∈ N. We obtain
i.
∑n

s=0 Ok,2s =
16Ok,2n+4Ok,2n+1−9nk+21

9 ,
ii.
∑n

s=0 Ok,2s+1 =
20Ok,2n−4Ok,2n+1−9nk+15

9 ,
iii.
∑n

s=0 Sk,2s =
20Sk,2n−4Sk,2n+1−9nk+5

9 ,
iv.
∑n

s=0 Sk,2s+1 =
20Sk,2n+4Sk,2n+1−9nk+4 ,

v.
∑n

s=0 Bk,2s =
20Bk,2n−4Bk,2n+1+9nk+4

9 ,
vi.
∑n

s=0 Bk,2s+1 =
16Bk,2n+4Bk,2n+1+9nk+5

9 .

Proof. The proofs are shown similarly to Theorem 2.3.

3 Relations among Special Sequences

In this chapter, we examine the relationships among the k-Woodall, k-Woodall-Lucas, Modified
k-Woodall, Woodall, Woodall-Lucas, Modified Woodall, Cullen, Cullen-Lucas, and Modified
Cullen sequences. In addition, we calculate the specific identities of the k-Woodall, k-Woodall-
Lucas, and Modified k-Woodall sequences. Finally, we associate the terms of these sequences
with matrices.

In the following theorems, we examine the relations among the k-Woodall Ok,n, k-Woodall-
Lucas Sk,n, Modified k-Woodall Bk,n, Woodall Rn, Woodall-Lucas Dn, and Modified Woodall
Wn sequences.

Theorem 3.1. Let k ∈ R+, and n ∈ N. The following equations are true:
i. Ok,n = 2k−7

k2−4k+4Sk,n+2 +
−7k+23
k2−4k+4Sk,n+1 +

k2+k−12
k2−4k+4Sk,n,

ii. Ok,n = − k+5
k2+2k+1Bk,n+2 +

7k+19
k2+2k+1Bk,n+1 − k2+8k+15

k2+2k+1 Bk,n,
iii. Ok,n = (2k − 2)Rn+2 +

−15k+15
2 Rn+1 +

13k−11
2 Rn,

iv. Ok,n = (5k − 10)Dn+2 + (−17k + 33)Dn+1 + (13k − 23)Dn,
v. Ok,n = −k+5

4 Wn+2 +
5k+21

4 Wn+1 − (2k + 4)Wn.

Proof. i. The following relation is used for proofs;

Ok,n = a x Sk,n+2 + b x Sk,n+1 + c x Sk,n.

For these n values, we obtain;

Ok,0 = a x Sk,2 + b x Sk,1 + c x Sk,0,

Ok,1 = a x Sk,3 + b x Sk,2 + c x Sk,1,

Ok,2 = a x Sk,4 + b x Sk,3 + c x Sk,2.

We find
a = 2k−7

k2−4k+4 , b = −7k+23
k2−4k+4 , and c = k2+k−12

k2−4k+4 .
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Thus, we have

Ok,n =
2k − 7

k2 − 4k + 4
Sk,n+2 +

−7k + 23
k2 − 4k + 4

Sk,n+1 +
k2 + k − 12
k2 − 4k + 4

Sk,n.

The proofs of the others are shown similarly.

Theorem 3.2. Let k ∈ R+, and n ∈ N. The following equations are true:
i. Sk,n = −2k+8

k2−6k+9Ok,n+2 +
7k−27

k2−6k+9Ok,n+1+
k2−11k+28
k2−6k+9 O

k,n
,

ii. Sk,n = k−2
k2+2k+1Bk,n+2 +

9
k2+2k+1Bk,n+1−k2+3k+8

k2+2k+1Bk,n
,

iii. Sk,n = 4k−1
2 Rn+2 +

−15k+5
2 Rn+1+

13k−4
2 R

n
,

iv. Sk,n = (5k − 5)Dn+2 + (−17k + 17)Dn+1+(13k − 12)Dn,
v. Sk,n = −k

4Wn+2 +
5k+4

4 Wn+1−(2k + 1)Wn.

Proof. v. If Binet formulas are used for proofs, we get

−k

4
Wn+2 +

5k + 4
4

Wn+1− (2k + 1)Wn

= −k

4
(
(n+ 1) 2n+1 + 1

)
+

5k + 4
4

(n2n + 1)− (2k + 1) ((n− 1) 2n + 1)

=

(
k+1+

2 − k

2
n

)
2n − k = Sk,n.

The proofs of the others are shown similarly.

Theorem 3.3. Let k ∈ R+, and n ∈ N. The following equations are true:
i. Bk,n = k−11

k2−6k+9Ok,n+2 +
−7k+45
k2−6k+9Ok,n+1+

−k2+12k−43
k2−6k+9 O

k,n
,

ii. Bk,n = − k+7
k2−4k+4Sk,n+2 +

27
k2−4k+4Sk,n+1+

−k2+5k−24
k2−4k+4 S

k,n
,

iii. Bk,n = − 4k+1
2 Rn+2 +

15k+4
2 Rn+1− 13k+3

2 R
n

,
iv. Bk,n = − (5k + 3)Dn+2 + (17k + 10)Dn+1−(13k + 7)Dn,
v. Bk,n = k−1

4 Wn+2 +
−5k+5

4 Wn+1+(2k − 1)Wn.

Proof. iv. If Binet formulas are used for proofs, we get

− (5k + 3)Dn+2 + (17k + 10)Dn+1− (13k + 7)Dn = − (5k + 3)
(
(6 + n) 2n+1 − 1

)
+(17k + 10) ((5 + n) 2n − 1)− (13k + 7)((4 + n)2n−1 − 1)

=

(
−k+

k + 1
2

n

)
2n + k = Bk,n.

The proofs of the others are shown similarly.

Theorem 3.4. Let k ∈ R+, and n ∈ N. The following equations are true:

(i) Rn = k2−10k+4
k3−4k2+4kSk,n+2

+ −6k2+38k−16
k3−4k2+4k Sk,n+1 +

6k2−32k+16
k3−4k2+4k Sk,n,

Rn =
k2 − 10k + 9
k3 − 6k2 + 9k

O
k,n+2

+
−6k2 + 42k − 36
k3 − 6k2 + 9k

Ok,n+1 +
6k2 − 38k + 36
k3 − 6k2 + 9k

Ok,n,

Rn = − k2 + 4k + 1
k3 + 2k2 + k

B
k,n+2

+
6k2 + 16k + 4
k3 + 2k2 + k

Bk,n+1 −
6k2 + 14k + 4
k3 + 2k2 + k

Bk,n,

(ii) Dn = −k2−3k+4
k3−4k2+4kSk,n+2

+ k2+15k−16
k3−4k2+4kSk,n+1 +

k2−16k+16
k3−4k2+4kSk,n,

Dn =
−k2 − 2k + 9
k3 − 6k2 + 9k

O
k,n+2

+
k2 + 15k − 36
k3 − 6k2 + 9k

Ok,n+1 +
k2 − 19k + 36
k3 − 6k2 + 9k

Ok,n,

Dn =
k2 − k − 1

k3 + 2k2 + k
B
k,n+2

+
−k2 + 6k + 4
k3 + 2k2 + k

Bk,n+1 −
k2 + 7k + 4
k3 + 2k2 + k

Bk,n.
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(iii) Wn = − 4k+4
k3−4k2+4kSk,n+2 +

−k2+12k+16
k3−4k2+4k Sk,n+1 − 4k+16

k3−4k2+4kSk,n,

Wn = − k + 9
k3 − 6k2 + 9k

Ok,n+2 +
−k2 + 3k + 36
k3 − 6k2 + 9k

Ok,n+1 +
4k − 36

k3 − 6k2 + 9k
Ok,n,

Wn =
−k + 1

k3 + 2k2 + k
Bk,n+2 +

k2 + 3k − 4
k3 + 2k2 + k

Bk,n+1 +
4

k3 + 2k2 + k
Bk,n.

Proof. The proofs are shown similarly to Theorem 3.1.

In the following theorem, we examine the relationships between the k-Woodall, k-Woodall-
Lucas, Modified k-Woodall sequences, and special numbers sequences.

Theorem 3.5. Let k ∈ R+, and n ∈ N. The relationships of the k-Woodall Ok,n, k-Woodall-
Lucas Sk,n, and Modified k-Woodall Bk,n, sequences with the Cullen sequence Cn, Cullen-Lucas
sequence En, and Modified Cullen sequence Hn are as follows:

i.

(i) Ok,n = −2Cn+2 +
k+15

2 Cn+1 − 3k+11
2 Cn,

(ii) Ok,n = −k+4
3 E

n+2 +
5k+15

3 En+1 − 7k+11
3 En,

(iii) Ok,n = 5k−4
3 H

n+2 +
−19k+15

3 Hn+1 +
17k−11

3 Hn,

(iv) Cn = 1
k3−6k2+9k (

(
−k2 + 2k − 9

)
Ok,n+2 +

(
2k2 − 6k + 36

)
Ok,n+1

+(−2k2 + 10k − 36)Ok,n),

(v) En = 1
k3−6k2+9k (

(
−k2 − 9

)
Ok,n+2 +

(
k2 + 3k + 36

)
Ok,n+1 + (−k2 + 3k − 36)Ok,n),

(vi) Hn = 1
k3−6k2+9k (

(
k2 − 12k + 9

)
Ok,n+2 +

(
−7k2 + 51k − 36

)
Ok,n+1

+(7k2 − 45k + 36)Ok,n).

ii.

(i) Sk,n = − 1
2Cn+2 +

k+5
2 Cn+1 − 3k+4

2 Cn,

(ii) Sk,n = −k+1
3 E

n+2 +
5k+5

3 En+1 − 7k+4
3 En,

(iii) Sk,n = 5k−1
3 H

n+2 +
−19k+5

3 Hn+1 +
17k−4

3 Hn,

(iv) Cn = 1
k3−4k2+4k

(−
(
k2 + 2k + 4

)
S
k,n+2 +

(
2k2 + 6k + 16

)
Sk,n+1 − (2k2 + 16)Sk,n),

(v) En = 1
k3−4k2+4k

(−
(
k2 + 5k + 4

)
S
k,n+2 +

(
k2 + 17k + 16

)
Sk,n+1

−(k2 + 8k + 16)Sk,n),

(vi) Hn = 1
k3−4k2+4k

(
(
k2 − 13k + 4

)
S
k,n+2 +

(
−7k2 + 49k − 16

)
Sk,n+1

+(7k2 − 40k + 16)Sk,n).

iii.

(i) Bk,n = − 1
2Cn+2 +

−k+4
2 Cn+1 +

3k−3
2 Cn,

(ii) Bk,n = k−1
3 E

n+2 +
−5k+4

3 En+1 +
7k−3

3 En,

(iii) Bk,n = − 5k+1
3 H

n+2 +
19k+4

3 Hn+1 − 17k+3
3 Hn,

(iv) Cn = 1
k3+2k2+k

(
(
k2 + 1

)
Bk,n+2 −

(
2k2 + 4

)
Bk,n+1 + (2k2 + 2k + 4)Bk,n),
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(v) En = 1
k3+2k2+k

(
(
k2 − k + 1

)
Bk,n+2 +

(
−k2 + 4k − 4

)
Bk,n+1 + (k2 − k + 4)Bk,n),

(vi) Hn = 1
k3+2k2+k

(−
(
k2 + 5k + 1

)
Bk,n+2 +

(
7k2 + 20k + 4

)
Bk,n+1

−(7k2 + 17k + 4)Bk,n).

Proof. i. If Binet formulas are used for proofs, we get

−2Cn+2 +
k + 15

2
Cn+1 −

3k + 11
2

Cn

= −2((n+ 2)2n+2 + 1) +
k + 15

2
((n+ 1)2n+1 + 1)− 3k + 11

2
(n2n + 1)

= −2k((n+ 2) 2n+2 − 1) +
15k + 1

2
((n+ 1) 2n+1 − 1)− 13k + 1

2
(n2n − 1)

=

(
k−1+

3 − k

2
n

)
2n − k = Ok,n.

The proofs of the others are shown similarly.

In the following theorems, we calculate the specific identities of k-Woodall, k-Woodall-Lucas,
and Modified k-Woodall sequences.

Theorem 3.6. (Cassini Identity) Let k ∈ R+, and n ∈ N. We obtain
i. Ok,n+1Ok,n−1 −O2

k,n =
(
−2Cn+3 +

k+15
2 Cn+2 − 3k+11

2 Cn+1
)

(
−2Cn+1 +

k + 15
2

Cn − 3k + 11
2

Cn−1

)
− (−2Cn+2 +

k + 15
2

Cn+1 −
3k + 11

2
Cn)

2

,

ii. Sk,n+1Sk,n−1 − S2
k,n =

(
−k+1

3 E
n+3 +

5k+5
3 En+2 − 7k+4

3 En+1

)
(
−k + 1

3
E

n+1
+

5k + 5
3

En − 7k + 4
3

En−1

)
−(−k + 1

3
E

n+2
+

5k + 5
3

En+1 −
7k + 4

3
En)

2

,

iii. Bk,n+1Bk,n−1 − B2
k,n =

(
− 5k+1

3 H
n+3 +

19k+4
3 Hn+2 − 17k+3

3 Hn+1

)
(
−5k + 1

3
H

n+1
+

19k + 4
3

Hn − 17k + 3
3

Hn−1

)
−(−5k + 1

3
H

n+2
+

19k + 4
3

Hn+1 −
17k + 3

3
Hn)

2

.

Theorem 3.7. (Catalan Identity) Let k ∈ R+and n, r ∈ N. We obtain
i. Ok,n+rOk,n−r −O2

k,n =
(
−2Cn+r+2 +

k+15
2 Cn+r+1 − 3k+11

2 Cn+r

)
(
−2Cn−r+2 +

k + 15
2

Cn−r+1 −
3k + 11

2
Cn−r

)
− (−2Cn+2 +

k + 15
2

Cn+1 −
3k + 11

2
Cn)

2

,

ii. Sk,n+rSk,n−r − S2
k,n =

(
−k+1

3 E
n+r+2 +

5k+5
3 En+r+1 − 7k+4

3 En+r

)
(
−k + 1

3
E

n−r+2
+

5k + 5
3

En−r+1 −
7k + 4

3
En−r

)
−(−k + 1

3
E

n+2
+

5k + 5
3

En+1 −
7k + 4

3
En)

2

,

iii. Bk,n+rBk,n−r − B2
k,n =

(
− 5k+1

3 H
n+r+2 +

19k+4
3 Hn+r+1 − 17k+3

3 Hn+r

)
(
−5k + 1

3
H

n−r+2
+

19k + 4
3

Hn−r+1 −
17k + 3

3
Hn−r

)
−(−5k + 1

3
H

n+2
+

19k + 4
3

Hn+1 −
17k + 3

3
Hn)

2

.
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Theorem 3.8. (D’ocagne’s Identity) Let k ∈ R+and n, r ∈ N. We have
i. Ok,n+1Ok,r −Ok,nOk,r+1

=

(
−2Cn+3 +

k + 15
2

Cn+2 −
3k + 11

2
Cn+1

)(
−2Cr+2 +

k + 15
2

Cr+1 −
3k + 11

2
Cr

)

−
(
−2Cn+2 +

k + 15
2

Cn+1 −
3k + 11

2
Cn

)(
−2Cr+3 +

k + 15
2

Cr+2 −
3k + 11

2
Cr+1

)
,

ii. Sk,n+1Sk,r − Sk,nSk,r+1

=

(
−k + 1

3
E

n+3
+

5k + 5
3

En+2 −
7k + 4

3
En+1

)(
−k + 1

3
E

r+2
+

5k + 5
3

Er+1 −
7k + 4

3
Er

)

−
(
−k + 1

3
E

n+2
+

5k + 5
3

En+1 −
7k + 4

3
En

)(
−k + 1

3
E

r+3
+

5k + 5
3

Er+2 −
7k + 4

3
Er+1

)
,

iii. Bk,n+1Bk,r − Bk,nBk,r+1

=

(
−5k + 1

3
H

n+3
+

19k + 4
3

Hn+2 −
17k + 3

3
Hn+1

)(
−5k + 1

3
H

r+2
+

19k + 4
3

Hr+1 −
17k + 3

3
Hr

)

−
(
−5k + 1

3
H

n+2
+

19k + 4
3

Hn+1 −
17k + 3

3
Hn

)(
−5k + 1

3
H

r+3
+

19k + 4
3

Hr+2 −
17k + 3

3
Hr+1

)
.

Theorem 3.9. (Vajda’s Identity) Let k ∈ R+ and n, i, j ∈ N. We have
i. Ok,n+iOk,n+j −Ok,nOk,n+i+j

=

(
−2Cn+i+2 +

k + 15
2

Cn+i+1 −
3k + 11

2
Cn+i

)(
−2Cn+j+2 +

k + 15
2

Cn+j+1 −
3k + 11

2
Cn+j

)
−(−2Cn+2 +

k + 15
2

Cn+1 −
3k + 11

2
Cn)(−2Cn+i+j+2 +

k + 15
2

Cn+i+j+1 −
3k + 11

2
Cn+i+j),

ii. Sk,n+iSk,n+j − Sk,nSk,n+i+j

=

(
−k + 1

3
E

n+i+2
+

5k + 5
3

En+i+1 −
7k + 4

3
En+i

)(
−k + 1

3
E

n+j+2
+

5k + 5
3

En+j+1 −
7k + 4

3
En+j

)
−(−k + 1

3
E

n+2
+

5k + 5
3

En+1−
7k + 4

3
En)(−

k + 1
3

E
n+i+j+2

+
5k + 5

3
En+i+j+1−

7k + 4
3

En+i+j),

iii. Bk,n+iBk,n+j − Bk,nBk,n+i+j =
(
− 5k+1

3 H
n+i+2 +

19k+4
3 Hn+i+1 − 17k+3

3 Hn+i

)
(
−5k + 1

3
H

n+j+2
+

19k + 4
3

Hn+j+1 −
17k + 3

3
Hn+j

)
−(−5k + 1

3
H

n+2
+

19k + 4
3

Hn+1−
17k + 3

3
Hn)

(−5k + 1
3

H
n+i+j+2

+
19k + 4

3
Hn+i+j+1 −

17k + 3
3

Hn+i+j).

The proofs of Theorems 3.6-3.9 are shown using Theorem 3.5.
In the following theorem, we associate the terms of the k-Woodall Ok,n, k-Woodall-Lucas

Sk,n, and Modified k-Woodall Bk,n sequences with matrices.

Theorem 3.10. Let k ∈ R+, and n ∈ N. The following equations are true:
i. For the k-Woodall sequence, Ok,n+2

Ok,n+1

Ok,n

 =

 5 −8 4
1 0 0
0 1 0


n  8 − k

1
−1

,

 Ok,n+2

Ok,n+1

Ok,n

 =

 5 −8 4
1 0 0
0 1 0


 Ok,n+1

Ok,n

Ok,n−1

,

and  Ok,n

Ok,n+1

Ok,n+2

 =

 0 1 0
0 0 1
5 −8 4


n  −1

1
8 − k

 .
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ii. For the k-Woodall-Lucas sequence, Sk,n+2

Sk,n+1

Sk,n

 =

 5 −8 4
1 0 0
0 1 0


n  12 − k

4
1

,

 Sk,n+2

Sk,n+1

Sk,n

 =

 5 −8 4
1 0 0
0 1 0


 Sk,n+1

Sk,n

Sk,n−1

,

and  Sk,n

Sk,n+1

Sk,n+2

 =

 0 1 0
0 0 1
5 −8 4


n  1

4
12 − k

 .

iii. For the Modified k-Woodall sequence, Bk,n+2

Bk,n+1

Bk,n

 =

 5 −8 4
1 0 0
0 1 0


n  k + 4

1
0

,

 Bk,n+2

Bk,n+1

Bk,n

 =

 5 −8 4
1 0 0
0 1 0


 Bk,n+1

Bk,n

Bk,n−1

,

and  Bk,n

Bk,n+1

Bk,n+2

 =

 0 1 0
0 0 1
5 −8 4


n  0

1
k + 4

 .

Proof. The proofs are shown by the induction method using definitions of sequences and prop-
erties of multiplication in matrices.

Theorem 3.11. (Simpson Formulas) Let k ∈ R+ and t ∈ N. The following equations are
satisfied.

i. det

 Ok,t+2 Ok,t+1 Ok,t

Ok,t+1 Ok,t Ok,t−1

Ok,t Ok,t−1 Ok,t−2

= 4t−2k(k − 3)2,

ii. det

 Sk,t+2 Sk,t+1 Sk,t

Sk,t+1 Sk,t Sk,t−1

Sk,t Sk,t−1 Sk,t−2

 = 4t−2k(k − 2)2,

iii. det

 Bk,t+2 Bk,t+1 Bk,t

Bk,t+1 Bk,t Bk,t−1

Bk,t Bk,t−1 Bk,t−2

 = −4t−2k(k + 1)2.

Proof. The proofs are shown by the induction method using definition and determinant proper-
ties.

4 Conclusions

In this study, we defined the k-Woodall, k-Woodall-Lucas, and Modified k-Woodall sequences.
Then, we showed the features of these sequences. In addition, we examined the relationships
between the terms of these sequences. Moreover, we associated k-Woodall, k-Woodall-Lucas,
and Modified k-Woodall sequences with Cullen, Cullen-Lucas, and Modified Cullen numbers.
Finally, we associate the terms of these sequences with matrices. If this study is examined, such
features can be found in other sequences such as Fermat, and Mersenne sequences.
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