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Abstract: In this study, we define a Dickson k-Lucas polynomial inspired by Dickson polynomials and
give some terms of these polynomials. Then we examine the relations between the terms of these
polynomials. Also, we find Binet formulas, special summation formulas, generating functions for these
polynomials. In addition, we obtain the relationships between the roots of the characteristic equation of
these sequences and general terms of these sequences. What is interesting here is that the relations
obtained from the relationship between the roots of the characteristic equation of these new sequences and
the terms of the sequences are satisfied in both roots. Moreover, we calculate some important identities
like Cassini identity, Halton identity, Gelin Cesaro identity. Furthermore, Catalan transformation is
applied to these polynomials, and their terms are found. Finally, the Hankel transform is applied to the
Catalan transform of these polynomials, and the results obtained are associated with Dickson k-Lucas
polynomials.
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1 Introduction

Fibonacci and Lucas sequences are famous number sequences. These sequences have intrigued scientists
for a long time. Fibonacci and Lucas sequences have been applied to various fields such as Algebraic
Coding Theory, Physics, Phylotaxis, Biomathematics, Computer Science, Chemistry, etc. New sequences
are obtained by changing the recurrence relation and initial conditions of the generalized Fibonacci
sequence. The known examples of such sequences are the Horadam, k-Pell, k-Chebsyhev sequence,
Gaussian Fibonacci, Oresme numbers, k-Jacobsthal-Lucas, Perrin, Narayana sequences, etc. (see for
details in [1-8]).

For n € M the Fibonacci numbers £, and Lucas numbers L, are defined by the recurrence relations,
respectively,

ISCDFAMS 2024

ISTANBUL / TURKIYE
125


mailto:hakan.akkus@ogr.ebyu.edu.tr
mailto:eozkan@erzincan.edu.tr

3" INTERNATIONAL SYMPOSIUM ON CURRENT DEVELOPMENTS
IN FUNDAMENTAL AND APPLIED MATHEMATICS SCIENCES
02-05 September 2024, Istanbul, Tiirkiye

'F;z+2 = 'F;z+1 + 'F;zv and L:lz+2 = L:lz+l + L:lza
with the initial conditions F; =0, F, =l andL,= 2, L, =1,
For F,, and L, the Binet formulas are given by the following relations, respectively,

n_ pn
F:ﬁ' E andLuza?!_i_ﬁ?!.

n

l—w'g

Here @ = 22 and g = are the roots of the characteristic equation, 7> — ¥ — 1 = 0, The number @

is the known golden ratio.

-

With the help of the recurrence relation of the Fibonacci sequence, k-sequences have been introduced, and
these sequences have an important place in number theory [9].

Forn € M and k € IR, the k-Fibonacci sequence f» and k-Lucas sequence I, are defined by the
recurrence relations, respectively,

f::z+2 = kf;!+1 + Jf::z, and j:lz+2 = Iir“]:lz+1 + 3”,
with the initial conditions fo =0, fi =l andlp =2,1, = k.

For f» and I, the Binet formulas are given by the following relations, respectively,

Fh_gn

fo= 5 andl, =48"+6",

k+vkT+ =k~ +4
and 8 = —

o
=

Here 6 = are the roots of the characteristic equation, s> — ks — 1

[

El-Mikkawy and Sogabe obtained many features related to the k-Fibonacci sequence [10]. Also, Godase
and Dhakne showed new properties of k-Fibonacci and k-Lucas sequences, and they found correlations
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between these sequences [11]. In [12], Falcon and Plaza obtained new properties by applying different

transformations to the k-Fibonacci sequence. In addition, Falcon worked on the k-Fibonacci difference
sequence [13]. Moreover, Falcon in another study, found many new formulas on k-Fibonacci and k-Lucas
sequences [14].

Dickson polynomials were introduced by L. E. Dickson (1897). For integer n = 2 and @ with identity in a
commutative ring B, Dickson polynomials first kind D,,(x.a) and Dickson polynomials second kind

E,(x,a) are defined by recurrence relations, respectively,
D;-z [:.‘1',0.‘!) = XD:'z—l(x’ a) - CID”_: (.‘1’, Gt!) and E;'z (.‘J‘.’, a) = _‘J'.'E”_l(.i'{', ij - CIE”_: (.‘k’, ﬂ!j

with the initial conditions Dy =2 D, =x and E; =1 E; = x,

In addition, Dickson polynomials attracted the attention of scientists, and they did a lot of work on these
polynomials (see for details in [15-17]).

As seen above, many generalizations of Fibonacci and Lucas sequences have been given so far. In this
study, we give new generalizations inspired by the Dickson polynomial. We call these polynomials the

Dickson k-Lucas polynomial and denote them as DL, . (x).
We separate the article into three parts.

In chapter 2, we define the Dickson k-Lucas polynomials. Also, we give the characteristic equation, the
Binet formulas, and some properties for these polynomials. Then, we examine the relationship between

these polynomials. In addition, we calculate the special identities of these sequences. Moreover,
we obtain the special generating functions and special summation formulas for these polynomials.

In chapter 3, we define the Catalan transformation of the Dickson k-Lucas polynomials and some
properties are given. In addition, we obtain the Catalan generating functions of these polynomials. Then

Hankel transformations are applied to the Catalan transformations of the Dickson k-Lucas polynomials

and the results are associated with Dickson k-Lucas polynomials.

2 Dickson k-Lucas Polynomials
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In this chapter, we define the Dickson k-Lucas polynomials. Also, we give the characteristic equation, the

Binet formulas, and some properties for these polynomials. Then, we examine the relationship between
these polynomials. In addition, we calculate the special identities of these sequences. Moreover, we
obtain the special generating functions and special summation formulas for these polynomials.

Definition 2.1. For kK € R and n € N, the Dickson k-Lucas DL, . (x)is defined by the
recurrence relation:

D“Ck,:ﬁf(xj = kxp’ck,n+1(xj + DL, , (x),
with DL, ;(x) = 2 and DL, , (x) = kx.

The characteristic equation of these polynomials is r* — kxr — 1 = 0. The roots of this equation are as
follows;

_ kxtVk x4 _ kx—vkTx" 14

n=—_——andn = .

The relationship between these roots is given with
ot =kxn—n =Vl 4l Hr7 =kt 4 2and i = —1,

Some values for D L, , (x) are given below,
DLy o(x) = 2,DLy y (x) = kx, DL, ,(x) = k*x* + 2, DL, 5 (x) = k3x® + 3kx,
DL, 4(x) = k*x* + 4k®x* 4+ 2, DL, (x) = k5x° 4+ 5k*x® + Skx,

Also, the terms of these polynomials can be found with the help of the following relation. Let 1 € N*

5

DLJ{,:‘! [:x] = Eizl}(?!i—f)ﬁ [kx]?l—:f .
In the following theorem, we express the Binet formula of the Dickson k-Lucas polynomials DL, ..
Theorem 2.1. Let n € N, We obtain

DLy (x) =1 +17.
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Proof. The Binet form of a sequence is as follows

DL, . (x)=cn" +dr,".

Here, the scalars ¢ and € can be obtained by substituting the initial conditions. Now let’s solve the system

of equations. Form =0, DL, , = 2 and forn = 1, DL, , = kx. Thus, we obtain

c=1landd =1 Thus,
DL, (x) =1 +17. o

In the following theorem, it is seen that DL, ., (x) has some important relations with roots of the
characteristic equation for these polynomials. Please note that these relations are independent of the
choice of roots.

Theorem 2.2. Letm € N and ¥ =7, or ¥ =73, We obtain
L y* =y DL, (x) — (—1)",

i kexy + F:[:“"'"H.:I +1=DLynes [x]},:-::"‘ﬂ}_

Proof. i. For ¥ = 11, we have

yeDL, J(x)— (1) =n®(rf + 7)) — (nn)* =, *%

For ¥ = 12, we have

}FRD-‘ckJR[?J] _ [—l a — riﬁ[rlﬁ _|_r.:n] _ [r.lr::]ﬂ — T‘::“.
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The proof of the other may be found similarly. o

In the following theorem, we examine the relationship between of the Dickson k-Lucas polynomials.

Theorem 2.3. Let m,n €M, m = n and k € R*, We obtain

I. D"Ek,m [ij"Ck,n [:I) = D*Ek,mﬂz (.‘1’) + (_1JHD£J{,m—n (I:],

ii. [_lj:?ﬂ+1D£k,E:z—E:n (x) + DLy o s2n42 (x) = D*ck,fm+1(x)D£k,2u+1(xjf

”I DLJ{,JHE(-T)DLJE,J: (.i'{':] - D£5,11+1(xj

= [_ljnﬂ DL, ,,.—3(x) — 3(_1)?!+lﬂ£k,n+1[x) + DLy iy 5(x)2(—1)7,

Iv. [:_ljnﬂ“ck,—:lz (.’I) = D"Ek,u (.’Ij
Proof. i. If the Binet formula is used, we obtain
D’Ck,m («T)DL:{;: (I:] — (riﬂ _|_ r;n)[:riz _|_ r;zj — (r£n+:z _|_ r.;:n+:'z) _|_ r{zrgz [T‘Iﬂ_n _|_ r.:m—:lzj

= D“Ck,m+u (Ij + (_ljuﬂ’ck,m—n (.’1’]

The proof of the other may be found similarly. O

In the following theorems, we calculate the some identities of the Dickson k-Lucas polynomials.

Theorem 2.4. (Cassini Identity) Let # € N, We obtain

DLk,u—l[:x)D”Ek,:lHl (.‘1’) - D*Ek:,u [I:I = (_lju_l(k:?[: + 4).

Proof. If the Binet formula is used, we obtain
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DLy ()DL sy (0) = DLZ, () = (71 + 77D+ 1778 — (0 +177)°
= rf” + rf_lr:i'”l + rf“r:i"_l + r::” — rf” —2n'ry — r::”

=R+ -2)

=(—1)" M (k*x* + 4), O
Theorem 2.5. (Halton Identity) Let n, i,/ € M, and i,/ < n. We obtain
DL, . (x)DL, ... (x) — DLy ns; [x]DLkJ”_j[x]

= (_1)”4_}.[[_1)}.55&::‘(xj + (_ljiﬂj‘:k:j (x)].

Theorem 2.6. (Gelin-Cesaro Identity) Let 2 € N, We obtain
DLy 5 (x)DLy pyy (X)DLy 45 (X) DLy oy (%) — DL, (%) = (—1)" DL 5y 54(x)
H(—)"ID Ly g (1) + (1) DL () + (—1)"TDL 5, o (%) + (1) TIDL 5 (%)
+[_1]J!+:D£k,2u—4 (x) = 4(—1)"DLy 5, (x) — 5

The proofs of Theorem 2.5., and 2.6., are shown using the Binet formulas in a similar way to Theorem
2.4.

In the following theorems, we obtain special sum formulas of the Dickson k-Lucas polynomials. In
addition, we find binomial sum formulas of these polynomials.

Theorem 2.7. Let n € M and k € R* We obtain

DLy y DL o thx—2
n _ HAn+s k.n
Es':[!l D"Ck,s - kx .
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Proof. If the definition 2.1., is used, we obtain
DL, , (x) = kxDLk,l (x) + D’Ek,DExj:

DL, ;(x) = kxDLy ;(x) + DL, ,(x),

D"Ck,u Ex] = kxn"ck,:z—ltxj + D"Ek,u—i Exj .
So, we have
—2—kx + X DL, (%) =kx ZI2] DL, (x) + 225 DL, (),
—2—kx+ E_fzu, DL, .
= kx[_DLk,:z — DLy + Xl D’Ek,s} - [_D’ck,u —DL g T Xl D"Ck,s)'
Thus, we obtain

DLy pys +DLy ntka—2

E?zu DL, .= -

Theorem 2.8. Let k E R¥ ¢, p,s,t € N and € > s. We obtain
i X720 (%) (k)DL ;(x) = DLy 5 (),

|| _:I;u'!:I} (j) (’E{IJJD"EJ{,:::+3+}' (.’Ij = Dz’k,cn+2n +=z (.’Ij,

n n i DLy e L) _ J:'D'J:?{E'.‘I—.‘lhsl:x}
. Zj=0 (J e e rwe Y A Gub D Moy
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: n ty — rEvm
Iv. Z;:u(;)j [:tDLk_._;l'—s+2 (x) - kXDLk,_;l'—s+l[xj) = (;] tDLy o os2(x) —KDL, 4y (x).

Proof. The following equations are obtained with the help of the characteristic equation of the Dickson k-
Lucas polynomials:

rf =kxry +1and s = kxr, +1.

i. By employing the binomial theorem, we obtain
70 (5) (k2D 5 () = By () (k) (] +1),

= 2o (7) G + (hxny,
=(1+ kxry )"+ (1+ kxry)"
= ()" + (iD)",

=" 4+,

= DL, 5, (x).

The proof of the other may be found similarly. o

In the following theorem, we give special generating function of the Dickson k-Lucas polynomials.
Theorem 2.9. Let € N and k € R™, We obtain

o . 2-txk
I(t) = Lizo DLy n ()" = T —.

Proof. If the definition 2.1., is used, we obtain

() = Zizo DLy ()" = 2 + kxt + X7, DL, o (x) 2"
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=2+ kxt +X7-,[kxDL, _,(x) + DL, _(x)]t"

=2+ kxt + kx X2, DL, (x)t" + T2, DL, , (x)t"

2—txk

T l-tkx—ct

3 Catalan Transformation of the Dickson k-Lucas Polynomials

In this chapter, we apply Catalan transformation to these polynomials, and their terms are found. Then we
find the generating function of the Catalan transformation of these polynomials. In addition, the Hankel
transform is applied to the Catalan transform of these polynomials. Finally, we associate the terms of the
Hankel transformation of the Dickson k-Lucas polynomials with the terms of the Dickson k-Lucas
polynomials.

Definition 3.1. (Catalan Number) For 1t € Z* the n™ Catalan numbers are as follows

Ci{2nn)

n ntl

and the generating function is obtained as

1—/1—4x

2x

Clx) =

For some terms natural numbers 7. Catalan numbers are 1.1, 2,5, 14,132,429, 1430, ... (see for details
in [18]).

Using the Catalan transform, we define the Catalan transform of the Dickson k-Lucas polynomials, as
follows.

" i f2n— i . _
CDLy = Tiegnm (T ,) PLis n= Lwith €DL o = 0.

Now we can give the Catalan transformation of the first elements of the Dickson k-Lucas polynomials.
The CDL, ., values for the first four ™ natural numbers are given below:
CDL, ,=0,CDL, , = kx,CDL, , = k*x*+ kx+2,CDL, 5 = k®x® + 2k*x* + Skx + 4,
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CDL, , = k*x* 4+ 3k%x% 4+ 9k*x* + 14kx + 12,
CDL, o = k®x® + 4k*x* + 14k3x® + 30k*x* + 46kx + 36.

We can write CDL, ,, as the product of nx1 type DL, , ’s of the lower triangular Catalan matrix C:

(','EL',"I;.{J1 1 DLM
CD*"':J{,: 11 D"Ck,i
DL, |=|221 DL, ,|.
CDL, , 5531 DL, 4
So, we obtain
kx 1 kx
kix*+ kx+2 11 k*x*+2
E3x% 4 2k*x? + Skx 4+ 4 =221 .. k3x? + 3kx
5531~ k*x* 4+ 4k?x? 42

E4x* 4 3k3x3 Lok x? L 14kx + 12

3.1 The Generating Functions of the Catalan Transform Dickson k-Lucas Polynomials

Let I(t) and C(t) be generating functions of Dickson k-Lucas polynomials and Catalan sequence,

respectively. Dy, . [:’-‘ “C [t]), shown the generating function of the Catalan Dickson k-Lucas polynomials.
The following equations are written for the generating function of the Catalan transform of the Dickson k-

Lucas polynomials,

4— 2hkac+ 2k I3
4—2kax—4t+(2kx+ 2WI—2C

#(t) = €DL,,(t) = DL, (t=C(1)) =

3.2 Hankel Transform of the Catalan Dickson k-Lucas Polynomials

Let the terms of a sequence be 4 = {v,, v5, v5, ... }. In [19], the Hankel transform H,, of the terms of this
sequence was defined as follows:
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vy Uy V3l
v, Vg Uy Us...
Hn = |Vs Yy V5 Vg e
Vy Vg Vg V7

Let’s apply Hankel’s work to the Catalan Dickson k-Lucas polynomials, respectively. Its results are

associated with the terms of the sequences. We get;

HCDL, = det[CDL, ,|= det[kx] = kx = DL, ,

HEDE =det|:CD£k,1 CD*‘EJ{,:]: et[ kx kx> +kx+2

CDL,, CDL, 5 E2x? 4+ kx+2 k3x* 4 2k*x*+ 5kx+ 4
=—4=-2DL,,,

CDL,, CDL,, CDL,,
HCDL, = det |CDL, , CDL,; CDL | =—k3x®—4k*x*—8kx— 16
CDL,; CDL,, CDL,.

= DL 3 —4DLy , — 5DL, —TDLy
4 Conclusions

In this study, we defined a Dickson k-Lucas polynomial inspired by Dickson polynomials and given some
terms of these polynomials. Then we presented the relations between the terms of Dickson k-Lucas
polynomials. Also, we found Binet formulas and generating functions for these polynomials. In addition,
we calculated some important identities like Cassini identity, and Halton identity. Moreover, we applied
Catalan transformation to these polynomials, and found their terms. Finally, we applied the Hankel
transform to the Catalan transform of these polynomials, and the results obtained associated with Dickson
k-Lucas polynomials. If this study is examined, it is possible to come across such features in the Fermat,
Narayana and Mersenne polynomials.
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