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Abstract

In this paper, we examine a new application of hybrid numbers. We take Gaussian Fibonacci
and Gaussian Lucas numbers instead of the real components of hybrid numbers. We define the
Gaussian Fibonacci and Lucas hybrid numbers. We analyze the properties of these numbers
related to hybrid numbers.. We give recurrence relations, the Binet formulas, sum formulas and
generating functions of these numbers. We give the relation between these numbers, Fibonacci
hybrid and Lucas hybrid numbers. We gave the relation between these numbers, Fibonacci
hybrid and Lucas hybrid numbers.We investigate the relations between Gaussian Fibonacci
hybrid and Gaussian Lucas hybrid numbers. Finally, we have calculated the identities that are
important for sequences of numbers. We give Cassini, Catalan, Vajda, d’Ocagne and
Honsberger identities of these numbers.
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1. Introduction

Number sequences have been researched by many scientists until today. In particular,
Fibonacci numbers have found application in mathematics and other branches of science.

Many researchers have studied Fibonacci numbers and studied their different
generalizations [2,3,6,8,10]. Some of the generalizations made are the Gaussian Fibonacci
numbers and Gaussian Lucas numbers [4,7,11,12,13,19].

Definition 1.1. Gaussian Fibonacci numbers are defined by,
GE, = GF,_, + GF,_,,forn > 2

with GF, =i and GF; = 1 [6].

Definition 1.2. Gaussian Fibonacci numbers are defined by,
GL, = GLy_1 + GL,,_,, forn > 2

with GLy, =2 —iand GL; = 1 + 2i [6].
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The second order characteristic equation of the recurrence relations given according to
Definition 1.1 and Definition 1.2 is in the form below:
x2—x—-1=0.
The roots of the characteristic equation are a and b.

e a+b=1,
e ab=-1.

Definition 1.3. (Binet formula)

abh — b"a

a.GE, = P——

b.GL, = a™b + b"a
where@ =1—aiand b = 1 — bi.

Theorem 1.4. We have [4].
a.GE, = E, + F,_4i,

b.GL, = L, + L,_1i,
C. GFTL+1 + GLTl—l = GLn,
d. 5GF, + GL, = 2GL,,,.

Theorem 1.5. (Sum formula)

n
a.z GFy = GFpyy — 1,
k=0

n
b.z GLy = GLy,, — GL, [4].
k=0

Later, a new set of numbers was introduced by Ozdemir. Hybrid numbers are a new non-
commutative number system. Hybrid numbers can be considered as a generalization of
complex (i? = —1) , hyperbolic (h? = 1) and dual numbers (2 = 0) [9].

A hybrid number # has form as follow

h=a+bi+cs+dh

where, i, €, h are basis hybrid and a, b, c, d are real numbers [9].
The product rule for hybrid units is shown in Table 2.
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i € h
i -1 1—-h e+i
€ 1+h 0 —&
h —&—1 € 1

Table 1. The product rule of the hybrid units

Hybrid numbers have been examined by many researchers and their relations with other
numbers has been studied [5,9,14,15,16,17,18,19].

Definition 1.7. Let z = a + bi + ce + dh be any hybrid number. There are definitions
given below.

The conjugate of zis Z = a — bi — ce — dh.
The character of z is C(z) = zz.

Thenormof z is ||z]| = N(z) = /C(2).
4. If C(2) < 0, then z is a spacelike.

w e

Definition 1.8. The Fibonacci and Lucas hiybrid numbers are defined by respectively
FH, =F, + Fy,qi + Fpipe + F . 5h
and
FL, =Ly + Lyyqi + Lyyoe + Lyysh [15].

In this work, we define Gaussian Fibonacci and Gaussian Lucas Hybrid Numbers. We
investigate of properties of these numbers. We give Binet formula, generating functions and
sum formula. We give the relationship between these numbers and the relationship between
Fibonacci hybrid and Lucas hybrid numbers. Finally, we calculated Cassini, Catalan, Vajda,
d’Ocagne and Honsberger identities of these numbers.

2. Gaussian Fibonacci and Gaussian Lucas Hybrid Numbers

In this chapter, we introduce the Gaussian Fibonacci hybrid numbers and give some
properties of them.

Definition 2.1. The Gaussian Fibonacci hybrid numbers are defined by
GFH, = GF, + GF,,1i + GF,,,¢ + GF,3h
where i, &, h are hybrid units and GF, is nth the Gaussian Fibonacci number.

Let's give some terms of the Gaussian Fibonacci hybrid numbers in Table 2.

n GFH,
0 14+3i+2e+h
1 1+ 3i+ 4¢ + 2h
2 2 + 60 + 6 + 3h
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3 3+9i+ 10e + 5h

Table 2. Some values of the Gaussian Fibonacci hybrid numbers
Definition 2.2. The Gaussian Lucas hybrid numbers are defined by
GLH, = GL, + GLy 410 + GLyip6 + GLy,3h
where i, &, h are hybrid units and GL,, is nth Gaussian Lucas number.

Let us give a few terms of Gaussian Lucas hybrid numbers in Table 2.

GLH,
1+ 3i+6¢+3h
3+ 9i + 8¢ + 4h
4+12i + 14 + 7h
7+ 21i + 22¢ + 11h

w| N = o S

Table 3. Some values of Gaussian Fibonacci hybrid numbers
Definition 2.3. The scaler sections of the Gaussian Fibonacci and Lucas hybrid numbers are
a.S(GFH,) = GF,
and
b.S(GLH,) = GL,.
Definition 2.4. The vector sections of the Gaussian Fibonacci and Lucas hybrid numbers are
a.V(GFH,) = GFp1i + GF2e + GFy43h
and
b.V(GLH,) = GLy41i + GLyyp€ + GLy,3h.
Definition 2.5. For negative indices, the Gaussian Fibonacci hybrid numbers are defined by
GFH_,, = (—=1)"i(GF,4, — GE,i + GF,_,& — GF,_,h)
where i, &, h are hybrid units and GE, is the conjugate of nth Gaussian Fibonacci number.
Definition 2.6. For negative indices, the Gaussian Lucas hybrid numbers are defined by
GLH_, = (—=D)"i(=GLy41 + GLyi — GL,_1€ + GL,_,h)
where i, &, h are hybrid units and GL,, is nth Gaussian Fibonacci number.

Theorem 2.7. The Gaussian Fibonacci and Lucas hybrid numbers provide the recurrence
relations given below for n > 2.

a. GFH, = GFH,_, + GFH,_,,

b. GLH, = GLH,_, + GLH,,_,.
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Proof. We use Definition 1.1. for the proof.

GFH, = GE, + GF,1i + GF4,6 + GF,.3h
= (GFp_1 + GF,_3) + (GE, + GF,_1)i + (GFp41 + GE)& + (GF,45 + GFp1 R
= (GF,_1 + GE,i + GF, 1€ + GF,42h) + (GF_p + GFp_1i + GE,e + GFp41h)
= GFH,_, + GFH,,_,.

Thus, the proof is obtained.

The proof of part b can be shown in a similar way.

Theorem 2.8. The vector sections of the Gaussian Fibonacci and Lucas hybrid numbers
provides the following relations.

a. V(GFH,) = V(GFH,_,) + V(GFH,_,) forn > 2,
b.V(GLH,) = V(GLH,_,) + V(GLH,_,) forn> 2.
Proof. a. Let's start the proof from the right side of the equation.
V(GFH,_,) + V(GFH,_,)
= GE,i + GF, 1€ + GF,4,h + GF,_1i + GE,e + GF,.1h
= (GF, + GF,_1)i + (GF,;1 + GE))& + (GF, 4, + GF,,,)h, from Definition 1.1., we have
= GFp41i 4 GFpipe + GF,3h
= V(GFH,).
Thus, the proof is obtained.
The proof of part b can be shown in a similar way.

Definition 2.9. The conjugate of the of the Gaussian Fibonacci and Gaussian Lucas hybrid
numbers are defined by

a. GFH, = GE, — GF,,;1i — GF,,,,&€ — GF,..3h,
b. GLH,, = GL, — GLy,1i — GL, 2 — GLp.3h.
Theorem 2.10. We have,
a.GFH, + GFH, = 2GF,,
b.GLH, + GLH, = 2GL,,.
Proof. a. From Definition 2.6., we have
GFH, + GFH, = GE, + GF,1i + GF, & + GFp.3h + GE, — GF,41i — GFp4p6 — GF,43h
= 2GE,.

Thus, the proof is obtained.
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The proof is of b can be shown similarly.
Theorem 2.11. The character of the GFH,, and GLH,, is
a.C(GFH,) = —5GF, 1> — 6GE,GF, 1,
b.C(GLH,) = —5GL,11% — 6GL,GL, 1.
where GF, is nth Gaussian Fibonacci numbers and GL,, is nth Gaussian Lucas numbers.
Proof. a.C(GFH,) = GFH,, GFH,,
= (GF, + GF41i + GFpype + GF, 4 3h)(GE, — GF,y41i — GF, 406 — GF,43h)
=GB + GFoy1” = 26F11GFrip — GFpys”
From Definition 1.1., we have
= GF,* 4+ GF,,,* — 2GF,,,* — 2GF,,,GE, — 4GF,.,* — 4GF,.,GE, — GF,*
= —5GF, 1% — 6GF,GF, ..
Thus, the proof is obtained.
Since C( GFH,) < 0 for any n > 0, Gaussian Fibonacci hybrid numbers is spacelike.
The proof is of b can be shown similarly.

Definition 2.12. The norm of the GFH,, and GLH,, is

a.N(GFH,) = \/—SGFnHZ — 6GF,GF,,4,

b.N(GLH,) = \/—SGLnHZ — 6GL,GLy .

where GF, is nth Gaussian Fibonacci numbers and GL,, is nth Gaussian Lucas numbers.
Theorem 2.13. For n > 0, we have
a. GFH,., + GFH,_, = GLH,),
b. GFH, = FH, + iFH,_,,
c. GLH, = LH, + iLH,_,,
d. GFH,., — GFH,_, = GLH,,
e. 5GFH, + GLH, = 2 GLH,,
where FH, is nth Fibonacci hybrid numbers and LH,, is nth Lucas hybrid numbers.
Proof.

a. GFH,_, + GFH,_,
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= GFpy1 + GFpypi+ GFpype + GFpish + GLy_y + GLyi 4 GLy1€ + GLy ok
= GFpy1+ GLy 1 + (GFryz + GL)i + (GFryz + GLyyy)e + (GFrys + GLpyp)h
from Theorem 1.4., we have
= GLy + GLyyqi+ GLyype + GLyy3h = GLH,,
Thus, the proof is obtained.
The proof of the other parts can be shown by using Theorem 1.4.
Theorem 2.14. (Binet’s Formula) For n > 0, we have
a™ba — b™ab
a—b '
b. GLH, = a™ba + b"ab,

a. GFH, =

b"bd — a™ab
a—>b ’

c. GFH_, = (—1)-”<
d. GLH_, = (-1)™™(b"ba + a"ab).
where @a=1—ai, b=1—bi, G=1+ai+a%c+a3handb =1+ bi + b%c + b3h.
Proof.

a. GFH, = GF, + GF, 411 + GF,,,¢ + GF,.3h from (), we obtain

anl; — ba an+15 _ bn+1d an+25 _ bn+zd an+35 _ bn+3C_l
=|———|+ i+ £+ h
a—>b a—>b a—>b a—>b

ab b"a

= (1+ ai + a?c+a3h) — (1 + bi + b?%s + b3h)
a—>b a—>b

B a"ba — b"ab

B a—>b

Thus, the proof is obtained.
The proof of the others can be shown similarly to a.

Theorem 2.15. (Sum formula) We have,

a. Y GFH, = GFH,,, — GFH,,

n
k=0
n
b. z GLH, = GLH,,,, — GLH,.
k=0
Proof.
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n n
a. Z GFHk = Z(GFk + GFk+1i + GFk+2£ + GFk+3h)
k=0 k=0

n n n n
= Z GFk + Z GFk+1 i+ Z GFk+2 &+ Z GFk+3 h
k=0 k=0 k=0 k=0

from Theorem 1.5., we have
= (GFpypy — 1) 4 (GF,43 — 1 — GFy)i + (GF 1y — 1 — GFy — GFy)e
+(GF,45 — 1 — GFy — GF, — GF,)h
= GFp1p + GFpy3i 4 GFypy4e + GF i sh — 1 — (14 GF)i
—(1+ GFy + GF))e — (1 4+ GF, + GF, + GF,)h
= GFH,,, — GFH,.
Thus, the proof is obtained.

The proof b
can be shown similarly to a.

Theorem 2.16. The generating functions for the Gaussian Fibonacci and Gaussian Lucas
hybrid numbers are

)

- GFH, + (GFH, — GFH,)x
a. ZGFan" _ GFHo + (GFH, o)
. 1—x—x2
n=

- GLH, + (GLH, — GLH,)x
b. ZGLan"= 0o+ ( 1 . 0) .
] 1-x—x

Proof.

a. Let’s

glx) = Z GFH,x™.
n=0

g(x) = GFHy + GFH,x + GFH,x? 4+ GFH3x® + -+ 4+ GFH,x™ + - ,
If we multiply g(x) by and x, x? respectively, we get
xg(x) = GFHyx + GFH,x* + GFH,x® + GFH3x* + -+ + -+,
x2g(x) = GFHyx? + GFH,x3 + GFH,x* + GFH3x> + -+ --- .
So,
g(x)(1 —x — x?) = GFH, + GFH,x — GFH,x
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GFHy + (GFH, — GFHo)x
1—x—x2

g(x) =
Thus, the proof is obtained.

The proof of part b can be shown in a similar way.

Theorem 2.17. The exponential generating functions for the Gaussian Fibonacci and
Gaussian Lucas hybrid numbers are

Proof.

x"_ - a™ba — b"ab
a ZGFHYLH_Z a—>b (n')

ba ~- (ax)® ab <= (bx)"

a—>b n! a—>b n!
n=0 n=0

Thus, the proof is completed.

The proof of part b can be shown in a similar way.

3. Some Identities of the Gaussian Fibonacci and Lucas Hybrid Numbers

In this chapter, we introduce some identities that are important for number sequences.

Theorem 3.1. (Cassini identiy) For n > 1, we have
a. GFH,_,GFH,,, — (GFH,) ? =

b. GLH,_1GLH,1 — (GLH,) 2 = §(-1)" (a

S|
)]
Ql
Bﬁ
2r
Q|
o)
S|
Q
~—

where § = a — b.
Proof. We use the Binet formula for the proof.

a. GFH,_,GFH,,, — (GFH,) ?
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_ (a~'ha — b'ab\ (a™*'ha — b*'ab\ (amba — b ab)’
B a—>b a—>b a—b

1 o — o —
= ey (-a" b baab — b"~tam'abba + a"b"baab + b a"abba)

1
~ (a-b)?

_ (@™ '(a-b)
"~ (a-b)?

(=nm?
)

Thus, the proof is obtained.

npnha=h _2 N N=hhA _E
ab"bdab (1 + b™a™abbd (1
a b

(bbaab — abaab) because of ab = —1, we have

(bbaab — aabba).
The proof of part b can be shown in a similar way.

Theorem 3.2. (Catalan identity) We have

(-1 t(btbaab — atabba)F,
6 )

b. GLH, GLH,,, — (GLH,) * = (—1)""*§(a‘abba — btbaab)F,.

a. GFH,_,GFH, ., — (GFH,) ? =

where § = a — b.

Proof. We use the Binet formula for the proof.
a. GFH,_,GFH, ., — (GFH,) ?

a™tha — b 'ab\ [a™tthda — b 1ab a"ba — b"ab\’
a—>b a—>b a—>b

1 - . - -
= a_Db)y (—a™tpb™**baab — b" *a"**abba + a™b"baab + b"a"abba)

_ ﬁ la"b"l;&c_ll; (1 — <§>t> + bratabba (1 — (%)t>l

n—t t_t — ~ -~
_ (@) (a’-bT) )(btbdc‘zb — atabba) because of ab = —1, we have

(a—b)?
D" Yat b, _ . .
D 5(2 )(bbaab — aabba)
_ (=)™ *(b‘baab — a*abba)F,

)
Thus, the proof is obtained.
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The proof of part b can be shown in a similar way.
Note that, for t = 1 we obtain the Cassini identity.
Theorem 3.3. (d” Ocagne identity) We have,

—1)"(aabba — bbaab)FE,,_
a. GFH,,GFH,,,; — GFH,GFH,,,, = =D )Finn

)

(o9}

b. GLH,,GLH, 1 — GLH,GLHp, 1 = (—1)™*'5(aabba — bbaab)E, .

where E, is nth Fibonacci numbers.

Proof. We use the Binet formula for the proof.

a.GFH,,GFH,,; — GFH,GFH,,,,

B (amEa — b"%‘zl?) (a"+1Ea — b”“c‘zB) <a”13€1 — b”c‘zB) (am“l_)& — bm“c‘zf))
a—>b a—>b a—>b a—>b

1 - L . .
= m(—amb““baab — b™a"*'abba + a"b™*haab + b"a™*'abba)

a™b"(aabba — bbaab) + a™b™(bbaab — aabba)

B (aabba — bbaab)a™b™(a™ ™ — h™ ™)
B 5
(—-1)"(aabba — bbaab)Fy,_,,
5 :
Thus, the proof is completed.

The proof of part b can be shown in a similar way.

Theorem 3.4. (Vajda identity) We have,

a. GFHy,;GFHy,; — GFH,GFHy iy, =

_ (-D"(a’abba — b’baab)F;
5 )
b. GLH,;GLH,,; — GLH,GLH,,;,; = (-1)"5(b’baab — a’abba)F;.
where F; is ith Fibonacci numbers.
Proof. We use the Binet formula for the proof.

a. GFHn+lGFHn+] - GFHnGFHn+l+]
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a™iba — b"tiab\ (a™'ba — bt ab a™ba — b"ab\ [a™tt ba — bt gh
_< a—>b )( a—>b >_< a—>b )( a—>b )
_ —a™'p™*baab — b™*'a™/abba + a"b™*"*/baab + b"a"**Jabba
(a —b)?

a"b™*baab(b' — a') + a®*/b"abba(a’ — b')
B (a —b)?

(ai - bi)a"b"(aj&BEd - bjE&dB)

(a — b)?

Theorem 3.4. (Honsberger identity) We have,

a™™(ba)’ (1 + a?) + b™™(ab)” (1 + b?)

a. GFH,GFHy, + GFHp41GFHy g = (a—b)? ’

b. GLH,GLH,, + GLHy 1 GLHy,; = a™™(ba)" (1 + a2) + b™™(ab)* (1 + b?).
Proof. a. GFH, GFH,, + GFH,,,GFH,,,

B a™ba — b"ab\ [a™ba — b™ab N a™1bha — b 1ab\ [a™thda — b™ab
N a—>b a—>b a—>b a—>b

a™t™(ba)? — a"b™baab — b"a™abba + b™*™(ab)”
B (a —b)?

an+m+2(5a)2 _ a”+1bm+1EddE _ bn+1am+1c—lb‘l;a + bn+m+2(c—lb‘)2

* (a—b)?

a™*™(ba) (1 + a?) + b™™(ab)’ (1 + b?) — a"b™baab(1 + ab) — b a™abba(1 + ab)
B (a—b)?

since ab = —1, we have

av™(ba)’ (1 + a?) + b™™(ab)” (1 + b?)
B (a —b)? '

The proof of part b can be shown in a similar way.
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