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In this paper, an expansion of the classical hyperbolic functions is presented and stud-
ied. Also, many features of the k—Jacobsthal hyperbolic functions are given. Finally,
we introduced some graph and curved surfaces related to the k—Jacobsthal hyperbolic
functions.
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1. Introduction

The simplest and most used sequences of numbers are Fibonacci sequences. It
is a sequence obtained by adding the last two terms consecutively with the ini-
tial terms 0 and 1, usually denoted by F,. That is, {F,,} = {0,1,1,2,3,5,...}.
Fibonacci numbers and their generalizations and polynomials have many excit-
ing properties and applications in different branches of science, art, nature in
[13,23,15,11,7,10]. ¢ = (1 + v/5)/2, the convergence of the ratio of two consec-
utive Fibonacci numbers, called the Golden Mean, or Golden Section appears in
many studies in many fields [4,21]. Jacobsthal sequences are also studied by many
researchers [14,9,25,1,16,2,3]. Many generalizations of the hyperbolic functions
are given [6,22,8,24]. Also, Golden Section and its applications in many areas
are given [20,5,12,18]. One of the most recent works in this area is [6], in which
the authors describe new k-Fibonacci hyperbolic functions and give some of their
properties. In this study, we want to show that k-Jacobsthal sequences form a very
close relationship between classical hyperbolic functions and k-Jacobsthal sequences
by adapting many properties of k-Jacobsthal sequences to k-Jacobsthal hyperbolic
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functions while this relationship is exactly the same in some cases, in some cases
also the coeflicients are different, but still, they are similar.

Definition 1.1. For k£ > 1, the k—Jacobsthal sequence is defined by:
Jen+1 = kJgm +2Jg n—1 for with J,0=0 and Ji; =1
The characteristic equation for k-Jacobsthal numbers is as follows:

r? = kr+2 (1.1)
Binet’s formula for the k-Jacobsthal numbers is given by [9]:
where 7y = Etvk+8 V2"32+8 and ro = E=vki48 V22+8 are the roots of Eq.1.1 and r{ > rs.

We know that, ri{ +13 =k, r1.ro = —2 and ry — 79 = VK2 + 8.

2. New k-Jacobsthal hyperbolic functions

New Jacobsthal hyperbolic functions, like the known classical hyperbolic numbers,

are defined as
Q2® 92w\ —2x
3

Q201 L 92e+1 o~ (22+1)
3

sJhx =

cJhx =

where sJh and cJh are named, respectively, the Jacobsthal hyperbolic sine and
cosine.

New k-Jacobsthal hyperbolic functions of the above functions, called sin k-
Jacobsthal hyperbolic functions and cosine k-Jacobsthal hyperbolic functions, re-

spectively, are defined as follows:

2z 2x  —2x
ap =2y

sdiph(x) = e
J h _ aim+1+221+1a;(2m+1)
CJE (I) - VEk2+8

where oy, = EVEE8 f o = 9 then sJih(z) = Jyan, while if = 2n + 1 then
cJih(x) = Jgont1. By doing a change of variable 2z + 1 = ¢ in function cJihx
new variable is ¢ and similarly in sJiyhx for 2z = a new variable is a. k-Jacobsthal

hyperbolic sine and cosine functions are defined as follows:

_ ap—2%a,”
SJk-h(Z') = W

ap+2%a”
ak+2a;1

cJph(z) =
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/ - 5
/ =
(a) sine k-Jacobsthal hyperbolic (b) cosine k-Jacobsthal hyperbolic
functions sJh(x) functions cJh(z)

Figure 1: sine and cosine k-Jacobsthal hyperbolic functions

since ay + 2(ay,) "t = VEZ + 8.

The graphics for new k-Jacobsthal hyperbolic functions are shown in Fig. 1a and Fig.
1b .From last definitions, it holds that sJxh(2n) = Ji 2, and cJih(2n+1) = Jg 2n+1,
as it can be easily confirmed by using a; *" = (51)?" and oz,:@"“) = — (5P

After that, we will substitute a for oy to simplify.

2.1. Properties of the sJhx and cJhx functions

Proposition 2.1.1. The basic feature of these functions, which can be called a

version of the Pythagorean trigonometric identity, is

274

(cJuh(@))* = (sJeh(@))* = 15—

Proposition 2.1.2. We have the following sum and difference identity

i

cleh(z +y) = YEEB (cdph(z).cdih(y) + sdih(z).sTch(y)

i

i

( (
cJph(z —y) = k; (cph(x).cJph(y) — sdh(x).sJxh(y)
( (

) )
) )

sTh(z +y) KA (sJuh(z).cTeh(y) + cJih(x).sJph(y)
) )

i

sdph(z —y) = Y8 (sTuh(2).cTph(y) — cJih(z).sTh(y)

Proof. We will now prove the first equality. The proof of the others is similar to
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the proof of the first equality.

T 9T o~ Y 2 -y T _ QT —T y72y -y
(cuh(x).cTuh(y) + sTuh(z).sTuh(y) = (af + Qy, )(ak+ Qy, )+ (af Qy, )(ak Qy, )

oy + 204,;1

2

By making y = = in the previous first and third formulas, we get the following

result.

Corollary 2.1.1. Double variable formulas

VE? 438
|

cJuh(2z) = (cTuh(z))? + (sth(:c))ﬂ (2.2)

sJph(2z) = V k2 + 8sJih(x)cJih(x) (2.3)

Corollary 2.1.2. Half variable formulas

x+1

(eJh(z))? = 2o [eJih(22) + 2]
x+1

(s k(@) = Zeg [eih(2e) = 2]

For k = 2i, the classical expression of hyperbolic functions is seen in the previous

formula.

2.2. The sJhx and cJhx functions and the k-Jacobsthal numbers

Proposition 2.2.1. We have the recursive relation

sdgh(z + 1) = kedgh(x) + 2sJxh(z — 1)

e—1_go—1,-a+l)

Proof. keJih(z) + 2sJxh(zc — 1) = k@2 | gl —27q

a+t+2a—1

1
— at2a-1!

(al(k + 2/0&) + 2wa—a:(k _ a)) — a+21a*1 (al'-‘rl _ 2w+1a—w—1)

Since a? = ka+2 and o — k = 2, we have % = sJiph(z + 1)

a’?
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O

Proposition 2.2.2. Catalan’s identity for the kJacobsthal hyperbolic functions

cJih(z — 8).cJph(x + s) — (cJph(x))? = 2275(sJh(s))?

Proof. By definition, (LHS) is

(LHS)i(aac—s+2z—sa—z+5)(am+s+2x+sa—z—s)7(am+21a—m)2 . 2m+sa_25+2‘1_5a25—2’”+1
- (a+2a~1)2 - (a+2a~1)2

z—s 25 —2892s__gs+1 -
= a2 — 9T (s, h(s))? 0

Corollary 2.2.1.
cJeh(z — s)edph(z + 5) — (sJph(z))? = 2773(cJih(s))?
sdih(z — 8)sJiph(x + 5) — (sJph(x))? = =257 %(sJh(s))?

sdih(z — 8)sJiph(x + s) — (cJiph(x))? = =225 (cJh(s))?

If we put s = 1 into classical Catalan’s identity, then we obtain the Cassini’s
identity for the k—Jacobsthal numbers [9]:
Jk,nfljk‘,nJrl - J/?,n = (_1)n2n—1

The suitable identity for the k—Jacobsthal hyperbolic functions are given below.

Proposition 2.2.3. For the k—Jacobsthal hyperbolic functions, Cassini’s or iden-
tity are given as follows
cJeh(z — V)eJih(z + 1) — (sJigh(x))? = 2271

sdph(z — 1)sJph(z + 1) — (sJph(z))? = —2271

Proposition 2.2.4. d’Ocagne’s identity for the k—Jacobsthal numbers [9] is
Jk,ka,n+1 - Jk,m+1<]k,n = (*2)n<]k,m—n me >n.

For the k—Jacobsthal hyperbolic functions, d’Ocagne’s identity is

eJph(x)edih(y + s) — sdiph(x + s)sJiph(y) = 2Yedih(s)cTih(z — y) (2.4)
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cJph(x)sdph(y + s) — cJph(x + s)sdph(y) = 2YsJph(s)cTih(z —y) (2.5)

Proof. From Eq. 2.4 we have:

(a® +2%a™%)(a¥Fs + 2T ¥75) — (a®T% — 22 + sa™* %) (a¥ — 2Ya™Y)

LHS) =
( ) (a4 2a~1)2
2y+sazfyfs + 21a7x+y+s _|_ 2yazfy+s _|_ 2x+sa7z+yfs
B (a4 2a1)2
o + 257 29aF7Y + 2xa—7;+y
T a+2a- 1 ot 2a-1 = 2YcJph(s)cph(z — y)
Eq.2.5 can be obtained as in Eq.2.4. O

3. The quasi-sine k-Jacobsthal functions and the k-Jacobsthal
numbers

04"7(72)"’047"

Binet’s formula for the k—Jacobsthal sequence has the form Jj , = e T

Also, we have given the k—jacobsthal hyperbolic sine function as sJiph(x) =
a®—2%a” "

aToarr So, if @ is an even integer number we have sJih(x) = Ji . Therefore,

we give the following definition.

Definition 3.1. The quasi-sine k—Jacobsthal function is defined as

o® — 2%cos(mr)a™*

a+2a1

JJk(x) =

Notice that JJi(n) = Ji, for n € Z. So, the points of the form (n, Jy,,) con-
cern to the graphics of these functions. For k = 1,2, 3, the graphics of JJg(x) are
given in Fig 2. while functions JJ(n) and Jj ,, are similar in many properties, they
differ considerably in the values taken by the relative extremum points and the
number of these extremes. For instance, for k = 1 if = takes positive values, JJ;(x)

has only maximum and minimum values. These values are x = 1.1646981... and
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7 5~ 3 10 1 2 3 4 5 /\
f« N\
k2 o

(c) y = JJ3(x)

Figure 2: The quasi-sine k—Jacobsthal functions, JJi(x) for k = 1,2, 3.

x = 1.7369690. .., respectively. But if k¥ > 1, the JJ(x) function does not have
maximum and minimum values. In addition, if k¥ takes values in the range of 0 and
1, for z > 0 the number of maximum and minimum values that JJ(x) will take
will increase. For give an example, there will be a maximum and a minimum values
at k = 0.9, two values for k£ = 0.5 and seven values for k = 0.2. In other words, as k,
gets closer to 0, the number of maximum and minimum values will increase. In Fig.
3 for k = 0.01 and = < 0 the maximum and minimum values that JJ;(z) will take
will be infinite. For < 0, the infinite relative extreme points of these functions are
given at different values in « . For instance, for x < 0 and k& = 1 the first minimum
is at x = —0.0675244 ... and for k = 3 is at x = —0.1544596 . . ..

In Fig.4, it is possible to see the tangent curves obtained along the values taken
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(a) y = JJi(2) (b) y = JJa()

Figure 4: The quasi-sine k-Jacobsthal functions for k& = 1,2 with their improving
tangent curves.

by the JJi(x) function for k= 1,2. Notice that the tangent points have the form
(n, Ji.n) for n € Z. For these quasi-sine k - Jacobsthal functions, there are several
identities that are versions of the analogues identities of k - Jacobsthal numbers

[9],[25],[1]. Some of them are revealed here.
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Theorem 3.1 (Recursive relation). JI(x+2) = kJJp(z + 1) + 2T Ji(2)

Proof.

x

a® Tt — 2t eog(m(z + 1)) * ! a® — 2%cos(mx)a”

1)+ 2 =k 2

JTp(z + 1) + 2 Jp. () ot 201 + o+ 2a-1
_a®(ka+2) + cos(rx)a” 22" (ko — o) o2 — cos(max)a” 22012
B a+ 27! N a+2a7!
= JJi(z +2)

Because k/a =1 = —2/a?. O

Theorem 3.2 (Catalan’s identity). If s € Z, then:

JIe(x + 8).JJp(x — 8) — (JJp(2))? = 275 (=1)*TLcos(mz) (J Ji(5))?

Proof.

T+ 8) T — 5) — (JJu(a))? = ™t — 27 scos(m(z 4 8))a T @78 — 27 Scos(mw(w — ) TS

a+ 2071 a+2a~!
(a”” — 2%cos(mx)a™® )2
a+2a~1
_gz-s (—1)*Tleos(mz)a?s 4 225a2%(=1)* Leos(rx) + 25T Leos(mx)
B (a+2a71)2
2s 2s ., —2s s+1
B st1 s 5+ 27907 2% — 25T cos(ms)
= (—=1)"""cos(mx)2 (@t 20172
5 — 2%cos(ms)a™*
— (_1)5t! gz—s « 2
(~1)7 eos(ma)pr (T2

= (=1)* eos(mx)2 5 (J Jr(s))? )

If x is an integer n in the previous result then Catalan’s identity for the
kJacobsthal numbers appears. Moreover, if s = 1, then we get:

JIe(z +1).JJk(z — 1) — (JJx(x))? = cos(rx)2% L.
If we take x = n, then we find Cassini’s identity [9] for the k—Jacobsthal numbers:

Jens1-Ten—1— (Jen)? = (=1)m2n~1



23rd November 2021 21:1 WSPC/INSTRUCTION FILE ”Hyperbolic
unctions obtained from k-Jacobsthal sequences”

10 B. Kuloglu and E. Ozkan

Theorem 3.3 (Asymptotic quotient). We have

limy, o % = a® where s is any intger.

Proof. For a > 1, then:

1 JIk(z+s) _ g a® =2V cos(m(x4s))a"2*"°
lZTTLz—moJkT(I) =limg_oo I—27cos(n(z))a 2% =a’
Specialy, if k = 1, then a = 71 and lim,_,o0 % = O

4. 3D curved surfaces for the sJhx and cJhx functions

Definition 4.1. The complex valued function given as follows is denoted by
CJJi(z) and named the three-dimensional k—Jacobsthal spirals:

—x

a® — 2%cos(mx)a™®  2%sin(mx)a
cJJ =
k(@) a+2a~1 T at2al
R(CJJx(x)) = JJk(x) is the quasi-sine k— Jacobsthal function. The shape of
the three-k— Jacobsthal spiral recalls a three-dimensional spiral. Function CJJg(x)

can be given as:

oF + 2wiei7r(1/27z)afa:

a+2a-1

CJJn(z) =

We give some of the properties for C.JJi(x) as follow:

e If £ =1, then we obtain the three-dimensional Jacobsthal spiral.

CJJy(x) = CJ Jy(w) = w2t T 200 r

e If x is an integer then, the imaginery part of the three-dimensional
k—Jacobsthal spiral is zero, and hence C'JJi(n) results in Binet’s formula
for the general term of the k—Jacobsthal sequence [9].

e Lastly, for every k, it is CJJp(0) =0 and CJJi(1) = 1.

Theorem 4.1. The three-dimensional k—Jacobsthal spiral confirm the following

Jacobsthal-type recurrence relation:
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CJJk($+2) = kCJJk(x—‘r 1) —l-QCJJk(aT)

Proof. Since a > 1 and ka +2 = a?, so a — k = 2/, we have:

ozt + 2w+1ieiﬂ(1/27w71)a7w71 o + QIZ'eiﬂ'(l/2fz)a7w
RHS) =k 2
( ) a+2a~1 + a+2a1
B aw+2 + iefiﬂwa7w712w+l(_k + OZ)Z
N a+2a~!

O[I+2 4 2I+2i€iﬂ(l/2—a¢—2)a—x—2
= =CJJ O
a+2a~1 k(@)

Since we have showed, we can give Catalan’s identity for the three-dimensional k—

Jacobsthal spiral in the next theorem.

Theorem 4.2. Catalan’s identity for the three-dimensional k—Jacobsthal spiral is

as follows:

CJJp(z — 8).CIJp(x + 8) — (CJJp(x))? = (=1)=FsTL22=5(C T Ji(s))?

Proof. Since ¢/™(1/2-%) — je=im% and ™ = (—1)%, ! (/2E7) — j(—1)° and s is
an integer. Therefore,

(LHS) - a®ts 4 2w+sieiﬂ(1/2—x—s)a—x—s a8 & 2;c—siei7r(1/2—ac+s)a—x+s (
B a+2a~t ' a+ 201

a252175i6iﬂ'(1/271+s) + Oé72s293+siei7r(1/27x75) _ 25+1iei7r(1/27:v)
B (a+2a71)2
2x—sieiw(1/2—x+s) (0428 4 25928 p—2ism _ 28+1e—i37r)
(a4 2a71)2
_ 29:73iei7r(1/27w+s)CJJk(S))2 _ (71)$+S+12w78(CJJk(S))2 0

ax+2xl'ei7r(1/2—z)a—;c 2
a+2a~! )

where if s = 1, then we obtain Cassini’s identity:
CJJy(x —1).CIJp(z +1) — (CJJg(x))? = (—2)*~1
5. The Incomplete Metallic Shofars

Jacobsthal spirals, which are examined in three dimensions, are discussed from a

geometric point of view in connection with the Jacobsthal sequences and the hy-
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perbolic functions of these sequences. We focus on the geometry features (curvature
and torsion) of the three-dimensional k—Jacobsthal spirals. The three-dimensional

k—Jacobsthal spiral has real and imaginary parts as follow,

R(CJJy(x)) = C2eoslmno™ _y (y)

x

j(CJJk(J?)) _ 2%sin(mx)a”

a+2a—1 = Z(x)

If we accept Y axis as real axis and Z axis as imaginary axis then we can give the

following equations:

a® —2%cos(mx)a” "

y(a:) ~ at2a-T — at2a-1

_ 2%sin(wz)a””
Z(:C) - at+2a~1!

By adding the squares of previous expressions and taking y and z as independent
variables, the following equation is obtained:
x 2 z 2

(- av2) +2= (o r5a) (1)
For k =1 Eg5.1 corresponds to a surface called the Incomplete Golden Shofar with
equation (y - %)2 +22 = (9 21) For k = 2, we find the Incomplete Silver Shofar
with equation (y — \‘}%)2 422 = (W) Finally, for k = 3, we get the Incomplete
Bronze Shofar with equation ( — %) +22 = (170‘21) We show the Incomplete
Metallic Shofar for ¥ = 1,2,3 in Fig.5 and the incomplete Bronze Shofar and its

reflections in the coordinate planes in Fig.6.
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(¢) k=3

Figure 5: The Incomplete Metallic shofars for k£ = 1,2, 3.

()

(e)

Figure 6: The Incomplete Bronze Shofar and its reflections on the coordinate planes
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6. Conclusions

In this paper, we have introduced the new k—Jacobsthal hyperbolic functions con-
nected with the k—Jacobsthal sequences. Various properties for this functions have
been derived and associated with similar identities for k—Jacobsthal numbers.
Moreover, the k—Jacobsthal hyperbolic functions are used to present the alleged

Incomplete Metallic Shofars which expand the Incomplete Bronze Shofar.

References

1. A. Al-Kateeb, A Generalizations of Jacobsthal and Jacobsthal-Lucas numbers, (2020).

2. P. Catarino, On Some Identities and Generating Functions for k-Pell Numbers, Int.
Journal of Math. Analysis, 7(38)(2013)1877-1884.

3. S. Celik and I. Durukan and E. Ozkan, New Recurrences On Pell Numbers, Pell-Lucas
Numbers, Jacobsthal Numbers, And Jacobsthal-Lucas Numbers, Chaos, Solitons and
Fractals 150,111173, (2021), D0I:10.1016/7.chaos.2021.111173.

4. M.S. El Naschie and A. Plaza, The Golden Mean in quantum geometry, Knot theory
and related topics, Chaos, Solitons and Fractals, 10(8)(1999) 1303-7.

5. M. S. El Naschie, Hilbert space, Poincare dodecahedron and golden mean transfinite-
ness, Chaos, Solitons and Fractals, 31(4)(2007)787-93.

6. S. Falcon and A. Plaza, The k-Fibonacci hyperbolic functions, Chaos, Solitons and
Fractals, (2018)409-420.

7. S. Falcon and A. Plaza, On the Fibonacci k-numbers, Chaos, Solitons and Fractals,
32(5)(2007)1615-24.

8. A. N. Guncan and Y. Erbil, The g-fibonacci hyperbolic functions, Applied Mathem-
atics, Informations Sciences, 8(1L)(2014)379-389 .

9. D. Jhala and K. Sisodiya and G. P. S. Rathore, On Some Identities for k-Jacobsthal
Numbers, Int. Journal of Math. Analysis, 7(12)(2013)551-556.

10. C. Kizilates, A new generalization of Fibonacci hybrid and Lucas hybrid numbers,
Chaos, Solitons and Fractals, 130 (2020), https://doi.org/10.1016/j.chaos.2019.

109449.


DOI:10.1016/?.chaos.2021.111173
https://doi.org/10.1016/j.chaos.2019.109449
https://doi.org/10.1016/j.chaos.2019.109449

23rd November 2021 21:1 WSPC/INSTRUCTION FILE ”Hyperbolic
unctions obtained from k-Jacobsthal sequences”

Hyperbolic functions obtained from k-Jacobsthal sequences 15

11. T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley Sons, Inc.,
(2001).

12. L. Marek-Crnjac, Different Higgs models and the number of Higgs particles, Chaos,
Solitons and Fractals, 27(3)(2006)275-9.

13. E. Ozkan, 3-Step Fibonacci Sequences in Nilpotent Groups, Applied Mathematics and
Computation, 144(2003)517-527.

14. E. Ozkan, I. Altun, A.A. Goger, On relationship among a new family of k-Fibonacci,
k-Lucas numbers, Fibonacci and Lucas numbers, Chiang Mai Journal of Science,
44(4)(2017)1744-1750.

15. E. Ozkan and 1. Altun, Generalized Lucas polynomials and relationships between
the Fibonacci polynomials and Lucas polynomials, Communications in Algebra,
47(2019)10-12.

16. E. Ozkan and B. Kuloglu, On A Jacobsthal-Like Sequence Associated with
k- Jacobsthal-Lucas Sequence, Journal of Contemporary Applied Mathematics,
10(2)(2020)3-13 .

17. A. Stakhov and B. Rozin, On a new class of hyperbolic functions, Chaos, Solitons and
Fractals, 23(2005)379-389.

18. A. Stakhov and B. Rozin, The Golden Shofar, Chaos, Solitons and Fractals,
26(3)(2005)977-84.

19. A. Stakhov and B. Rozin, Theory of Binet formulas for Fibonacci and Lucas p-
numbers, Chaos, Solitons and Fractals, 27(5)(2006)1162-1177.

20. A. Stakhov and B. Rozin, The golden hyperbolic models of Universe, Chaos, Solitons
and Fractals, 34(2)(2007)159-71.

21. A. Stakhov, The generalized principle of the Golden Section and its applications in
mathematics, science, and enginering, Chaos, Solitons and Fractals, 26(2)(2005)263—
89.

22. A. Stakhov and B. Rozin, On a new class of hyperbolic functions, Chaos, Solitons and
Fractals, 23(2005)379-389.

23. M. Tastan and E. Ozkan and A. G. Shannon, The generalized k-Fibonacci polyno-

mials and generalized k-Lucas polynomials, Notes on Number Theory and Discrete



23rd November 2021 21:1 WSPC/INSTRUCTION FILE ”Hyperbolic
unctions obtained from k-Jacobsthal sequences”

16 B. Kuloglu and E. Ozkan

Mathematics, 27(2)(2021)148-158.

24. F. Torunbalci Aydin, Hyperbolic Fibonacci Sequence, Universal Journal of Mathem-
atics and Applications, 2(2)(2019) 59-64.

25. S. Uygun, A New Generalization for Jacobsthal and Jacobsthal Lucas Sequences,

Asian Journal of Mathematics and Physics, 2(2018)14-21.



	Introduction
	New k-Jacobsthal hyperbolic functions
	Properties of the sJhx and cJhx functions
	The sJhx and cJhx functions and the k-Jacobsthal numbers 

	The quasi-sine k-Jacobsthal functions and the k-Jacobsthal numbers 
	3D curved surfaces for the sJhx and cJhx functions
	The Incomplete Metallic Shofars
	Conclusions

