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We have given formulas to find the 0tth term of the sequence constituted 3-step Fibonacci
sequences in a nilpotent group with exponent p and nilpotency class # (P is a prime number).
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1. INTRODUCTION

In the recent years, there has been much
interest in applications of Fibonacci numbers
and sequences. Takahashi gave a fast algorithm
which is based on the product of Lucas
number to compute large Fibonacci numbers
[1]. Fibonacci sequences have been an interes-
ting subject in applied mathematics. West has
shown using transfer matrices that the number
| §,(123,3214)| of permutations avoiding the
patterns 123 and 3214 is the Fibonacci number
F"Zn [2]'

The study of Fibonacci sequences in
groups began with the earlier work of Wall [3]
where the ordinary Fibonacci sequences in
cyclic groups were investigated. In the mid
eighties Wilcox extended the problem to
abelian groups [4]. Prolific co-operation of
Campbell, Doostie and Robertson expanded
the theory to some finite simple groups [5].
Aydin and Smith proved in [6] that the lengths
of otdinary 2-step Fibonacci sequences are
equal to the lengths of ordinary 2-step Fibo-
nacci recurrences in finite nilpotent groups of
nilpotency class 4 and a prime exponent. The
theory has been generalized in [7] to the
otdinary 3-step Fibonacci sequences in finite
nilpotent groups of nilpotency class 2 and
exponent p . Furthermore, it is shown that

for the 3-step general Fibonacci recurrence and
any finite p-group of exponent p and
nilpotency class 2, the length of a fundamental
period of any loop satisfying the recurrence
must divide the period of the ordinary 3-step
general Fibonacci sequence in the field GF(p)
[8]. Then it is given formulas to find ¢¢. term
of the sequence constituted 3-step general
Fibonacci sequences in a nilpotent group with
exponent p and nilpotency class 4 [9].

One of the latest works in this area is [10]
where it is constituted 3-step Fibonacci
sequences in nilpotent group with exponent p
and nilpotency class #. The aim of this work
is to generalize [10] to cover works in [9].

2. THREE STEP RECURRENCES

Let G be a finite group. We define a family
of recurrences, parameterized by natural
numbers 7, via equations

X, = X Xy X,

1

(R,)

We fix n>1.We may ‘start’ the recur-
rence with any initial data g, g,,..., §,-; and
then the recurrence will define a periodic bi-
infinite sequence (g,) indexed by the integers.
We use the loop to describe a bi-infinite
sequence satisfying the recurrence. Notice that,
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if a0 € Z*, the set of posotive integers, then
putting A, = g,,, for 0 <j < n gives another
set of initial data. The recurrence R, then
gives us another loop (/) of G. Notice that
(h;) is just (g,) shifted through o steps.
We say that (k) is a rotation of (g,).

The fundamental period of a loop is
clearly a significant number, and sometimes
is called the Wall’s number.

Let us consider the more general recur-
rences written multiplicatively as
a] a

xi=x11x12 ‘x"

or additively as

xi = Zarxi—r (An)
r=1

The exponents(coefficients) are deemed
to be integers. Such a recurrence may not be
so well behaved as R, for it may be singular
in particular group. This means that initial data
may not define a unique bi-infinite periodic
sequence; the problem arises when attempting
to extend the sequence through negative
integer subscripts. Certainly all is well if
a, € {1,—1}. Equally well, if we are working
in a p-group all is well provided
km(p,a,)=1.We now press on to discuss

G =< X, Xy 500X, X, ([0, %] =

where those pairs of generators with unspeci-
fied commutators are implicitly deemed to
commute. This is a group of nilpotecy class
n and exponent p . Each element of the
group will have a unique representation as
X' x32 x5 e x, where a4, a, a, ..a, €
Z/ pZ. The element x.m! is central and the
subgroup H =< x,,x,,

a

n+l
> 1s abelian.
n+l
Let xf‘x“lx xi xb'x Zx cexland

€l y€246 nl
X X5 X xm be elements of G Havmg

distinguished this way of writing elements we

G =< X, X505 X5 Xy [x,x,]=

X3, X5, %] = X450

X35[ X3, X ] = Xg5eees
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the recurrences Ry . We work in the additive
group H of the a finite field GF(p").

Now, let s =(s,) denote the ordinary 3-
step Fibonacci sequence in GF(p) defined by
the recurrence §,,3 =; +5,,; +S,,, and the
initial data s, =0, s, =0 and s, =1. This
is a bi-infinite periodic sequence or loop
indexed by the integers. The shortest period
of this sequence is called the fundamental
period and it will be denoted by 4. As before,
the period of any loop must divide £ for the
usual reasons.
Definition 2.2: F'/ R is called to be relatively
free group if Fis a free group and Kis a fully
invariant subgroup of F.
Definition 2.3: Let H <G,K <G and
K <H.If H/K is contained in the center
of G/ K ,then H /K is called a central factor
of G.Agroup G is called nilpotent if it has
finite series of normal subgroups

G=G,2G,2---G, =1
such that G,_, /G, s a central factor of G
for each i =1,2,---,7. The smallest possible
r is called the nilpotency class of G .

Let G be the group which has the
following presentation

>

b

[x,, %] = %,
can even think of groups elements as vectors
of dimension n+1over GF(p), i.e. as (4, a, 2y
a,) € Z/pZ.So triple multiplication is
determined by the follow1ng rules;
That is, (X{"x52x .- n+l )(x”')c”zic”3
X ) = (x ety
As to knowledge in above we can give
the following lemma.
Lemma 2.4: If G is a group of exponent
P, nilpotency class # and with the presenta-
ton

[x,, 1= x,, >
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then entries of the 3-step Fibonacci sequences formed by three elements of (G have the
following form.

d =a+b+c
d,=a,+b, +c,
d, =a,+b,+c;, +bha, +(a, +b,)c,

b,
d,=a,+b, +c, +ha, +(2'Ja2 +[1C' J(a3 +b,+ha,) +(a, +b2)[§‘j

b, b, ¢ b,
d,=a,+b,+c;+ba, + 5 a, + 3 a, + ) (a, +b, +ba, +a, 5

¢ ¢
+[2 J(a3 +b, +b,a2)+[3 )(a2 +b,))

d.=a.+b, +c. +ba +(bl]a +(bl)a +(b’)a
6 6 6 6 15 2 4 3 3 4 2
+(c')(a +b.+ba +(bl]a3 +[b‘]a2)+(c’)(a +b,+ba,+a [b‘))
1 5 5 174 2 3 2 4 4 13 2 2

9] G
+ 3 (a,+b,+ba,)+ 4 (a,+b,)

bl bl bl bl
dn+1 =a,,t bn+l TGt a,+ a,,+ a, ,+.+ a,
1 2 3 n-—1
c b
+ 1‘)(0,,4"?,.+blan-x+(2l]an-z+---+[n_12]az)
Cl bl bl
+ 5 (a,_,+b,_+ba, ,+ 5 a, ,+..+ 03 a,)+....
C b C
nl_zJ(a3+b3+(1')a2)+(n‘_J(a2+b2) ,,,,, [10]

3. MAIN RESULTS
Now we want to generalize the formulas in the above lemma for a group of exponent p
and nilpotency class 7.
Theorem 3.1: If G is a group of exponent p , nilpotency class n and with the presentation
G =< X, Xy X, %, 5, % ] = X5, [0, %, ] = Xy 00 [ X, 6 ] = X, >
then entries of the 3-step Fibonacci sequences formed by three elements of G have the
following form.

a-l1 a-l1
a, = zti = Z(Sm =s5;).
i=0 i=0

+
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i+2
2(2 Joes.
i=0
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2:1 o n—4Jl ‘ (1 ) (2 H z;‘ “ l(n—?) e

a

+ all( (s; +81)
pary n-2

a-l
+ 2 sa—i-l

and

NN

O

a-l1 [ a-l &l ti
Za = Zsa —i— 1y1[1 J+25a—i—lv { )+ +2sa i~ 1C ( +i J+Esa—i—lsi(nﬂ_l)
i=0 =0

(e . t. I t
1+2 i+l i+1

+ . vy, + ..tc + s

;sa—z—l 1 ]{:y: yl+l V (1 J ( J c‘(n—3] S:(n_zjil

N lia lis lin
+¥s v+ +¢ +s. +..

a-1 o t. oa-1 t. t.
+Zsa_,._l #2 d, +d,+l+c Pl Fis +3s, 0 e e, s
.\ n-3 1 2 0 n-2 1

a-1 et
i+2
.+2}sa—ivl(n_lJ(Si +5,1)

Proof. Let G be the group which has the following presentation
G =< Xp5 Xy 505X, Xy (100, X1 = 03,0, 0 1= X5, 1 ] = X000 >,
where those pairs of generators with unspecified commutators are implicitly deemed to
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commute. This is a group of nilpotecy class  and x2x2 x5 ---x2, be elements of G Then )
n' and exponent p . Each element of the suppose that (xl xXPxP - x2 ) (xhx

group will have a unjque representation as
XXX XS XX x! X x%, | where absd,...,

n—1""n""n+1

x3)(x x2 cex) = (o x2 x; xﬁl

nu,yY3 € GF(D). The element x?,, is central 'Undg:;' t;e groulp:).llz)lw, wecan calculate the
and the group H =<X,,X,,,% X, > is entries of 3-step Fibonacci sequences as

. a b .z a4 hod . g follows:
abelian. Let x*x,>x; s XXX X

Cz

(xfoxzbbxsco"'xﬁl)(xrlx?xgl" X (g x X3 '-"x:il
=[x xz x3c0 ---x:;l)(xf‘xg‘% n+l)](‘xlaz X2
= (400 - XA ) ’Aé”xg mxnﬂ
= (o A o2 P X N ) (gt xP

= (xR x - x x x, X x XXX O AN Y (e gl L T

n” n+l
2 al 1+a,- 22

= (o2 - X0 ‘x] I b xzb‘xa"--~x,f°”‘xn"£’”’°“‘)wxzxf--'- X2

—(y% v 4% .. Vol =144l L. 0t 20Ut NG b, . c.

SLCAE S SERE NS AP HIP ub VI b EIEE Al o JCs S SR ¥
— (x% 35 3% ... % xO Y0 5 A (2) R AR RIS bayer ... x?
= (o o X0, 00 Xm0 2 A gt 0T ) (o x5 X

t4 Y +( )

IV
= (xlaoxzbbx;o . 2x11x2 x31 . Vo+"1x:o+y|+anvox"+l 0)()(?1 xbz N xnil

We can do the same operanons between x,°, and x" . Then the last equation is

a; b3 o @B a L ety
(% x; x5 = (" T XXy Xy Xyl e X0y
a
Yo +yl +alv0 + Vo 2o +Z| +y0a1 +| Vo+ Uh
Votvitag (2) ( ) ( ) a b fz 3
xn—l xn n+l )( x xn+l

So, we can do the same operations between x°;,...,x2 and x® . Then last equation is

a a
= (x® +a xbo +h x50 +otay | y°+y' o +(2 )vo +"‘+("l—2)b°

3 c3 coe
(x> x5 o Xy

x::zwyoan(gl )vo+(‘3’l)u0+...+(?.1)b° )( xlaz xgz x§2 vee xﬁ l) .

a, a .
. Yot nitapot| ! o+ L5 Jbo
So we can also apply the same operations between (xfor x§° +b‘ xgora b X, ( ) (" )

xi’o+z|+yoa|+(sl)vo+(gl)uo+.,.+(Zl-1)l‘7) and (.xla2 xzb) x3 cee n+1) Thus the last equauon 1S

n+l

(x® x2 G xB ) = (xltata by+by+by Co+cl+cz+( )b0+(bo+bl)(l)

X Yo+ N+ +(f| )Vo +(;1 )uo +(gl )’ow*’(ﬁ'_ 3)00 +(zl_2)bb +(i'2 )(vo W% +(f' )uo +(‘2‘l )r0+...+co(fl'_ 4)+b0 (31-3))

n

x( )(u0+u|+( Vbt (3 g ot {(52 o (1 et (3 o (22 o {0 (22 )(bb+b,))

n

O St A R )+b0( )

n+l

ol ol oo,

n+l
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So we can write,

a,=a,+a +a,
b, =b,+b +b,
¢ =Cy e t¢, +hya, +(by +b)a,
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a
d,=d,+d +d,+ca, +b0(;llj+a2(co +e +b0a,)+[22J(b0 +b)

a9 a4 q,
V3=Yot Y, ty, v, 1 +u, ) +...+ ¢ o3
a, a a q
+ | vy +v, U, 1 +7 ) +...+¢, ne

Tl P e PN R P
) uo u trn 1 CO n_s o

[ Rl | P [

+ 3 ¢y tc +b ) +n—2(°+')

a,

n—

and

TN Il Mt B PR B
= . v, e T C

3= T4 TL 1Y 1 o 5 ol h2
a, a9 q a
) Yo+ M+, ) +u, 5 +..4¢ o

+

+

D v tug| D e T |4p

) Vo TV, TU 1 Rt O n—4 o
q a,

) ¢yt tb 1 + el (by +b,).

We must consider two types of initial data
for loops in G. We have a loop ¢ of type I
with initial data

a,

+

n—

S, =(0,0,0,...,0,0,0)
—_—

n+l times
gl = (1,0,0,...,0,0,0)
—

n+l times
GZ = (0, 1a0an~,0, O, 0)
-

n+l times
and another T of type II with initial data
7, =(1,0,0,...,0,0,0)
| ——

n+l times
7, =(0,1,0,...,0,0,0)
—_—— e

n+l times

a

n—4

q

)
o]

a
4 n-3
q
1

Jarare7o(0)

2
e

G PRI Y

7, =(0,0,0,...,0,0,0)
-
n+l times

The analysis of the type ITloop is entirely
similar to that of type I. Thus the type I loop
begins

J

)

n—

3
a

n-3

a,
1

I

So = (t55050;...,0,0,0)
M e

n+l times
gl = (tl,Sl,O,...,0,0,0)
[N ——

n+l times
g2 = (tz,sz,o,.‘.,0,0,0)
—_—

n+l times

We focus on the type I loop

ni =(ai9bi9ci$d,'9~", ';’ui’v,'y y,'a Z,')

n+l times

.. It can be
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easily seen that the sequence #; can be written
intermsof §; as ¢, =5;,,—5; . Let (a) = (?)
and (4) = (s) be.

a, _Zt _Z(SH-I 5;)

i=0

a-1
b, = 2 S;
i=0

C - Zsa —i= ](S, i+l +ti+2('si +si+l))

i

d = Zsa—l—ltﬁlc + zsa—z—ls

i=0 i=0

a-1 t
+ Zsa-i-l ( 2 J(Si +551)
i=0 2

i=0

t.

[1,+
Sl

a-1
Yo = zsa—i—lvi

i=0

v, Vi, +u,(1
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So we can write formulas for ¢, , d,, Y,
and 7, . Now, let the notation Y indicate the
a-l
notation 2, . By induction it is

+ 2 sa-l—ltl+2 (C + C1+l +5; tH—l)

< lin
+ S i 1S;
) ; a-i-1"i [”l _ 2)

Liv +1 Lin Lia
Sa-i-1 U; +u,+l+r +..+¢; +; +...

"° 2 n—>5 n—4

oa-1 t t. a-1 t. t

* 2. Sa-in d;t+d,, +¢ M Si | 2 Sq-i-1 " Cteats, "
i=0 n-— 4 1 2 por _ 1
o YT KU (O
pr a-i-1 n-2 i i+1
and
az_l [t + az—l lint I az_l i " az_l tin
zZ, = Sq-i1Yi So-i-1Vi e Sq-i-1Ci Sq_iaSi
(o4 pard a ly 1 e a-i-1 2 g a-i-1 n_2 . a-i-1 n—l
+ D + + fin + fin + 4 tin + lin
Sa-i- i i+] Vi U; TG S;

pare a—i-1 Vi 7 Yint 1 2 n— 3 ne?

a-l ‘ : .

+ 2, Se-in v, vty AL r B +c, L s, i+l ‘.

= 2 n—-4 n-3

a-l t. t. a-l t ‘

+ Seoict d,' + ‘ii+1 + G i+l + 5, i+l + 2 Syin i+2 ¢ + Cit + 5, i+l

i=0 n-— 3 1 ) pr 2 1

aE—l ti+2

+ 2 Sam 8+ S50
o a-i-1 n— 1 ( i z+l)
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Now we use these formulas to calculate
the Fibonacci loop [(x, y,...) . For example
let n=4. The first few terms are as follows
(reduce modulo p of your choice):

(1,0,0,0,0)

(0,1,0,0,0)

(0,0,1,0,0)

(1,1,1,0,0)

1,2,3,1,0)

(2,3,6,4,1)

(4,6,17,19,15)

4. CONJECTURE

One can prove theorems similar to those
in [8]. That is, there is a relation between the
fundamental period (Wall number) of 3-step
general Fibonacci sequence and the length of
a fundamental period of any loop satisfying
the recurrence.
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