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OZET

SUPERSIMERTIK OLMAYAN SU(5) BUYUK BIiRLESIM TEORILERINDE
NOTRINO KUTLELERININ OLUSUM MEKANIZMALARI

Dogada kiitlecekimi disinda temel lic kuvvet olan giiclii, zayif ve elektromanyetik
kuvvetler Standard Model (SM) ayar teorisini olusturmaktatir. SM altinda birlesen
elektromanyetik ve zayif etkilesim sabitleriyle yiiksek enerjilerde giiglii etkilesim
sabitinin de birlesmesi miimkiin olmadig i¢in Biiylik Birlesim Teorileri gelistirilmeye
baslanmustir. Georgi-Glashow modeli ilk biiyiik birlesim teorisi olup SM’de birlesimi
miimkiin olan elektromenyetik ve zayif etkilesimlerine giiclii etkilesimi de ekleyerek tek
bir etkilesim sabitine donlismesini amaclayarak ortaya atilan ilk biiyiik birlesim
teorisidir. Georgi-Glashow (GG) SU(5) ayar teorisinde bahsedilen ii¢ temel kuvvet
yiiksek enerjilerde (10™1° GeV) birlesmemeye devam etmektedir. Giiniimiizde kiitleli
olduklar1 bilinen nétrinolarin kiitlesti SM ayar teorisinde dogal bir yolla
aciklanamamakta ve GG modelinde de notrinolar kiitlesiz kalmaya devam etmektedir.
GG modelinin diger bir eksik yonii ise yiiklii lepton ve kuark kiitle oranlarinin

deneylerle uyumlu olmamasidir.

Tezimizde GG modeline SU(5)’teki 45 ve iki 75 temsillerinde sirasiyla skaler ve
fermiyonlar eklenerek siipersimetrik olmayan ve renormalize edilebilir bir model
olusturulacaktir. 45 skaler alani ile yiiklii lepton ve kuark kiitle oranlari diizeltilirken iki
75 fermiyon alanlar1 ile en az iki notrino kiitlesi hesaplanarak notrino kiitle iliskilerinin
normal ya da tersine hiyerarsiden hangisine sahip oldugu ortaya konacaktir. Notrino
kiitleleri Tip-1 tahteravalli mekanizmas: ile agiklanmaya c¢aligilacaktir. 75 fermiyon
alan1 gergek bir temsil oldugu i¢in modelimiz anomali igermemektedir. 45 skaler
temsilinde SM’deki Higgs ile ayni1 kuantum sayilarina sahip boliinmiis temsil olmasi
modelimizin iki-Higgs-ikilisi modeli yapmaktadir., SM’de ve GG modelinde
birlesmeyen etkilesim sabitleri 45 ve 75 temsillerindeki skaler ve fermiyonlarin kiitle
iliskileri kullanilarak farkli ara Olgeklerde akisa dahil olmalar1 ile birlesmeleri
saglanacaktir. Proton bozunmasi deneyinden BBT o6l¢egine ve kozmolojik

hesaplamalardan nétrino kiitlelerine gelen kisitlar géz oniinde bulundurulacaktir.



ABSTRACT

MECHANISMS OF MASS GENERATION FOR NEUTRINOS IN NON-
SUPERSYMMETRIC GUTS BASED ON SU(5)

The strong, weak and electromagnetic forces, which are the three fundamental forces in
nature other than gravity, form the Standard Model (SM) gauge theory. Since it is not
possible to combine the electromagnetic and weak interaction constants under SM with
the strong interaction constant at high energies, Grand Unification Theories have begun
to be developed. The Georgi-Glashow model is the first major unification theory that
put forward by adding the strong interaction to the electromagnetic and weak
interactions that are possible to combine in the SM, aiming to transform it into a single
interaction constant. The three fundamental forces mentioned in Georgi-Glashow (GG)
SU(5) gauge theory continue to not coalesce at high energies (10°*° GeV). The mass of
neutrinos, which are known to have mass today, cannot be explained in a natural way in
the SM gauge theory, and neutrinos continue to be massless in the GG model. Another
shortcoming of the GG model is that the mass ratios of charged leptons and quarks are
not compatible with the experiments. In this thesis, a non-supersymmetric and
renormalizable model will be constructed by adding scalars and fermions in the 45 and
two 75 representations in SU(5), respectively, to the GG model. While correcting the
mass ratios of charged lepton and quark with 45 scalar fields, at least two neutrino
masses will be calculated with two 75 fermion fields, and it will be revealed whether the
neutrino mass relations have normal or inverted hierarchy. Neutrino masses will be
explained by the Type-1 seesaw mechanism. Since the 75 fermion fields are a real
representation, our model does not contain anomalies. The split multiplet in the 45
scalar representation with the same quantum numbers as the Higgs in SM makes our
model a two-Higgs-doublet model. Interaction constants that do not unify in the SM and
GG model will be provided to do by the inclusion of scalars and fermions in the 45 and
75 representations in the flow at different intermediate scales using mass relations.
Constraints from proton decay experiment to GUT scale and from cosmological

calculations to neutrino masses will be considered.
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1. INTRODUCTION

1.1.Aim

Physics is comprised of four forces which are electromagnetic force that is very well
known, weak force that takes place according to particles’ helicity, strong force which
seems particles with colors and finally gravity. Those forces are effective in different
energy scales. High energy physics is interested with subatomic particles like quarks,
electron, proton, etc. These particles interactions become fact with energy scales lower
than the energy scale of the gravity force which is about Planck scale (101° GeV). For
many years high energy physicists have been doing researches and experiments to find a
resonable and natural relationships between electromagnetic, weak and strong forces
since finding a unique force which explains subatomic particle interactions will be
fabulous.

For many years various experiments have been conducting to find whether there is a
energy scale in which the three forces merge and become a unique force. Experiments
conducted in LHC, ATLAS, and Hyper-Kamiokande have given some clues for the
unifying energy scale is around 10516 GeV. Many theorethical studies have been

trying to explain particle interactions in this energy scale naturally.

Until now, particles and their interactions in low energy scale (~Myy) is explained in
Standard Model (SM) successfully. Even though the gauge couplings of weak and
electromagnetic forces unify in SM gauge theory, strong force does not give a unique
coupling constant with them in higher energies. If one look at the lepton content of the
SM, it is seen that neutrinos are left-handed and anti-neutrinos are right-handed particles
and antiparticles respectively. SM does not have enough parameters to explain the small
mass of neutrinos in a natural way. Experiments on solar neutrinos have shown that

neutrinos are oscillating and they have very small mass ~O(1) eV.

The discovery of neutrino oscillations opens a door for the existence of the right-handed
neutrinos. After these clues and evidences the question comes to the mind that a theory
beyond the SM can be built? The answer is yes, Grand Unified Theories (GUTSs). The

aim of GUTs is to find a single coupling constant which is at GUT scale (105-16
1



GeV). In this thesis the main aim will be using GUTSs to unify three coupling constant in
GUT scale and also explain the small mass of neutrinos, naturally. Evidences of
neutrino oscillations results in neutrino mixing. There are three types of neutrinos;
electron neutrino, muon neutrino, and tau neutrino. Experiments on solar and
atmospheric neutrinos have demostrated that these three flavors of neutrinos transforms
amongst themselves. Due to the mixing of three flavors of neutrinos, the mass relations
between the difference of neutrino masses can be predicted as normal ordering (normal
hierarchy) or reverse ordering (inverted hierarchy). To explain the mass relations of
neutrinos, different mechanisms are created. However, the important part in this thesis
is that the mechanism should explain the small mass of neutrinos naturally. Ensuring
that criteria limits options. Seesaw mechanism, named by Tsutomu Yanagida in 1981,
generated to explain the relative sizes of neutrino masses compared to quarks that are

millions of times heavier.

Before the discovery of the top and bottom quarks, Cabibbo realized that the strange
and down quarks decay into the charm or up quarks. After doing some calculations he
came up with a 2 x 2 rotation matrix called Cabibbo matrix. Since the CP (Charge-
Parity) relations had not explained by using only four quarks, the same matrix models
applied into six quarks model by Nicola Cabbibbo, Makoto Kobayashi, and Toshihide
Maskawa. The new 3 x 3 mixing matrix called CKM (Cabibbo-Kobayashi- Maskawa)
matrix is introduced in 1973. In this manner, the existence of the mixing of neutrinos
becomes an evidence for the neutrino or lepton mixing matrix introduced by Ziro Maki,
Masami Nakagawa and Shoichi Sakata in 1962. Since neutrino oscillations predicted by
the Bruno Pontecorco, the neutrino mixing matrix is called as PMNS (Pontecorvo-
Maki-Nakagawa-Sakata) matrix. By using PMNS matrix in this thesis it is aimed to find

one of mass orderings of neutrinos.

Above the CP violation is mentioned as universal. In SM there are some symmetries
such as lepton flavor number and baryon number. These symmetries are global
symmetries in the SM, therefore, the proton decay cannot be expected. However, in
GUTs, proton can decay into neutral pion and positron or anti-muon and neutral pion.
There are other decay possibilities. The essential point is that in GUTs baryon (B) and

lepton (L) numbers are not separetely global symmetries anymore but their difference
2



(B-L) is. Up till now, the lower limit of the proton lifetime has been predicted as 1034
years. In the next chapter the calculation of the proton lifetime will be explained clearly.
Proton decay was predicted by various GUTs in 1970. Owing to the fact that the
unification scale in GUTSs appears in the calculation of the proton lifetime, the lower
bound of the proton lifetime measured in the Super-Kamiokande experiment sets a
lower limit to the GUT scale. Thereby, finding and appropriate unification scale is

another criterion of this thesis.

At the beginning of this part, it is mentioned that various GUT models exist. They can
be grouped as supersymmetric (SUSY)) and non-supersymmeric GUTs. Supersymmetric
GUTs are developed as a solution for the hierarchy problem. There are many examples
of hierarchy problem but in particle physics the problem is about naturalness. The
problem is that the mass of the Higgs (~10% GeV) is so much lighter than the Planck
mass (101° GeV). There has been no natural explanation for that problem yet; however,
supersymmetry can find a solution for this problem. In the supersymmetry there are
many additional particles to SM particles therefore these models are not economical.
Finding a solution for the hierarchy problem is not an aim of this thesis. In this study
due to the fact that a natural explanation for both unification and neutrino mass are
expected, non-supersymmetric GUT model is selected to create a model. It means that
not many additional particles other than the SM particles are used to create a GUT
model. For many years many non-supersymmetric GUTs have been studied. To protect
the naturality condition for non-supersymmetric GUTs brings a model which still lives
and limits additional particle numbers. SU(5) GUTSs is a gauge theory which many high-
energy physicits have been studying for years. The most important reason to choose
SU(5) GUTs is that it is the smallest model containing SM particles. Extending the size

of the gauge group requires a valid reason to retain its naturality.

To sum up, aims of the thesis are the following; first using the SU(5) GUT to unify
coupling constants of electromagnetic, weak and strong interactions at GUT scale that
ensure the lower limit comes from the proton decay, and second, explaining the small

mass of neutrino naturally via seesaw mechanism.



1.2.Literature Review

In 1974 Howard Georgi and Sheldon Glashow introduced the first GUT model called
Georgi-Glashow (GG) Model [1]. This model is based on the simple SU(5) Lie Groups.

The first assumption of the GG model is it is a gauge-invariant theory with spontaneous
symmetry breaking (SSB) with vector bosons mediate weak and electromagnetic forces.
The model which is describing the interactions of weak and electromagnetic forces was
first introduced by Sheldon Glashow and then perfected by Steven Weinberg and
Mohammad Abdus Salam. In 1979 they were awarded Nobel Prize in physics due to
presenting a unification of weak and electromagnetic interactions of elementary
particles. Their model is known as Glashow-Weinberg-Salam (GWS) model. GG model
assumes that there are no unobserved elementary particles. With this assumption, the
leptonic content of the model consists of left-handed particles and charge conjugate of
them. Hadrons can be included in this model via Glashow-Iliopoulos-Maiani (GIM)
mechanism generated by Howard Georgi, John lliopoulos, and Luciano Maiani [2]. To
avoid anomalies of lepton and hadrons three quartets of fractionally charges quarks
model is suggested by Claude Bouchiat, John Iliopoulos, and Philippe Meyer [3]. Since
the anomalies created by lepton and hadron cancel out, the theory of the weak and
electromagnetic interactions becomes renormalizable. At the beginning of this chapter it
is said that there is another interaction occurs between elementary particle, the strong
interaction. After the theory of weak and electromagnetic interactions are generated,
strong interactions must be inserted into the theory. Strong interactions are mediated by
the neutral vector gauge bosons called gluons. Gluons mediate SU(3) interactions
between the particles carrying color charges. It is seen that unification works if SU(3)c
is also included in SU(2). and U(1) coupling. These three fundamental forces generate
SM.

Since the right-handed neutrino is colorless and neutral, it does not interact strogly,
weakly, and electrically. It is singlet under SM. Singlet under these forces is represented
as(1,1,0).

The SSB of SM occurs through the Higgs in the 5 representation of SU(5). The Higgs in

5 acquire vacuum expectation value (VEV). At the end of the spontaneous symmetry
4



breaking of strong, weak and electromagnetic interactions the only unbroken
symmetries left must be the direct product of SU(3) strong and U(1) electromagnetic
local symmetries. The spontaneous symmetry breaking gives all gauge fields masses
except photon and gluons through Higgs mechanism. In GG model SU(5) is an anomaly
free complex group with rank four same as the SM. According to the theory particles

and antiparticles live in 5 +10 and 5 + 10 representations respectively.

The Higgs in the 24 representation, 24 of SU(5) acquires VEV and breaks the SU(5)
symmetry. After this symmetry breaking surprisingly 12 of the gauge bosons becomes
goldstone bosons eaten by gauge bosons which must be consistent with SM. After

goldstone bosons are eaten the remaining ones become superheavy gauge bosons.

The scalar of Higgs sector of GG model includes 24y and Sy. The former is responsible
for the SU(B) symmetry breaking in GUT scale and the latter is to give masses to
particles except neutrino, gluons and photon in weak energy scale (My/). One of the
beauties of the SU(5) model is that with the right choice of the VEV of 24y it directly
breaks into the SM.

Today there are three families (or generations) in SM. The same equation can be written
for other families either. GG model is also known as minimal SU(5) model since there
is no additional particles to SM. According to the theory mixing angle (or weak angle)

o | W

is predicted as sin” Oy, =

Today it is known that GG model needs to be improved due to some experimental
results. One of them is that in GG model neutrinos are not massive, however as it was
explained before they have small masses. Second, quarks and charged fermions mass
relations are not coherent with the experimentally measured values. Lastly, there is no

exact unification of gauge couplings in it.

In 1991, Hihoshi Murayama and Tsutomu Yanagida introduced a new model with
additional scalars in 10 and 10 representations of SU(5) and Higgs doublets [4].
According to the theory there is no explanation for neutrino mass. The unification scale

in that model is not viable today since the experimental lower limit of the proton

lifetime is ~10** years.



For many years GG models have tried to be progressed by adding new particle(s). One
of them was done by Ilja Dorsner and Pavel Fileviex Pérez in 2005 [5]. Their model

adds additional Higgs of 15 representation of SU(5) to the GG model.

One of the problems with the both SM and GG model is that the neutrinos are massless.
According to the study this problem can be easily fixed through adding three right-
handed neutrinos. Since in the SM right-handed neutrinos do not exist, they are added
as singlets in it by using Type- I seesaw which will be explained in the next chapter. On
the other hand in the article adding a Higgs of the 15 representation makes Type- Il
seesaw as a useful option. It can be used both Type- I and Type- II seesaw mechanisms
to get small masses of neutrinos if one adds (1, 1, 0) as a right-handed neutrino.

In the GG model the mass ratios of quarks and charged fermions are not consistent with
the experimental values. Dorsner and Pérez mentions two solutions to solve that
problem. One of them is adding higher-dimensional operators in the Yukawa gauge
couplings. The other is to extend the Higgs sector by the use of extra scalars. Since their
aim is to keep the model as minimal as it can be, the first option is chosen as a solution.
Even though it is decided to use higher-dimensional operators, only use non-

renormalizable terms are used in the model.

Unification of the gauge couplings does not occur in GG model which is another and
the most important problem to generate a viable GUT scenario. Using the different
split-multiplets of the 15 repreentation solves the unification problem. It can also be
solved by adding extra scalars; however, particle content must be kept minimal as it is

noted before.

Although result of the proton lifetime is still viable, the GUT scale is very low. That is

why the study has not been promising yet.

In GG model, Higges are in the representations of 24 (adjoint) and 5 of SU(5).

According to the last model (GG + 15y4) the proton lifetime is well predicted, and

unification is provided. This theory was improved by Ilja Dorsner, Pavel Fileviez Pérez,

and Ricardo Gonzalez Felipe with two-loop adjustments to the unification of gauge

couplings [6]. The model aims to explain observed baryon asymmetry in the universe

with the scalar triplets multiplet of 15. Leptogenesis constraints are considered to
6



explain the baryon asymmetry. Coupling of the matter with the Higgs in the 15
representations give small mass to neutrinos and the scalar leptoquarks in the adjoint is

relevant with the proton lifetime which has calculated upper limit as 10°° years.

Today we know that at least two neutrinos are massive to generate PMNS matrix. In a
study proceeded by Borut Bacj and Goran Senjanovi¢ introduces new model that
includes GG model and additional fermions lives in the 24, represented as 24y [7]. The
theory can be still seen as minimal. Adding new fermionic particles fixes the unification
problem and gives small masses to neutrinos. In 24y there are both singlet and triplet
split multiplets. Thereby, it is possible to have massive neutrinos with the help of two
different seesaw mechanisms. The singlet (1, 1, 0) can be treated as a right-handed
neutrino and used in the Type-I seesaw mechanism. On the other hand, the triplet (1, 3,
0) can be used in the Type-III seesaw. This is remarkable to generate a successful
spectrum of neutrino masses. Two important predictions of this model is that the mass
of fermionic triplet in 24 and scalar triplet in 24 below the TeV scale by the
restrictions come from both proton decay and unification. In this model getting a
consistent mass ratio of charged leptons, higher-dimensional operators are used in the
Yukawa sector. As a result, two neutrinos get small masses and the other one remains
massless. Another conclusion is the mass of the fermionic SU(2) triplet which has a role
in the Type-III seesaw must be close to My (~91.2 GeV). The model cannot make
comments for mass ordering or neutrinos since one neutrino is massless. Both mass
orderings, normal and inverted hierarchies, are possible between two light neutrinos.

Using the fermionic mass splitting with higher-dimensional factors the unification

occurs at ~10'°7

GeV. This scale is really close to the lower limit for the GUT scale but
still lower than it. This study is very interesting due to the combination of the Type- |
and Type-IIl seesaw. However, it cannot predict mass relations of neutrinos. The scale
for the fermionic triplet responsible for Type-III seesaw must be higher for thermal

leptogenesis.

A new renormalizable SU(5) GUT model with additional matter in the adjoint
representation was introduced by Pavel Fileviez Pérez in 2007 [8]. This new model can
be considered as renormalized version of [7]. In this model getting a consistents mass

ratio of charged leptons and down quarks, which was first proposed by Howard Georgi
7



and Cecilia Jarlskog [9], is successed by including extra Higgs in 45 representation that
is symbolized as 45y;. The Higgs sector of this model comprises 5y, 24y, and 45;; where
the first two come from GG model. Up to now the particle content is the same as the
minimal SU(5) model [1]. To have massive neutrinos there are three options: first one is
adding extra two SU(5) fermionic singlets to have at least two massive neutrinos
through Type- I seesaw mechanism, second introducing Higgs in 15 representation as
in the [5] Type- II seesaw mechanism can be used, and third is through the combination
of Type- I and Type-III seesaw mechanisms at least two neutrinos can acquire mass
with extra two 24 as explained in [7]. To avoid complicated Higgs sector since 45y
already exists, the study focuses on the third possibility. Split multiplets (1, 3, 0) and (1,
1, 0) of 24 are SU(2), triplets and singlets that proceed Type-Ill and Type- I seesaw
mechanisms respectively. The matter content of this model is constructed by
5,10, and 24, that of antimatter is done by 5, 10. The main difference between this
model and [7] is that the higher-dimensional terms are not needed to give masses to
fermions including neutrinos. That can be achived by using only two Higgses,
5y and 45y.

In this theory one of the neutrinos is predicted as massless. In addition, both normal and
inverted hierarcies are possible. Different scenarios are studied in this theory. Among

them the most promising unification scale found in this study is Mgyr = 1.2x10'7 GeV

and proton lifetime 7,210"' years.

It is possible to give masses to neutrinos through the Zee mechanism [10]. In the Zee
Model massive neutrinos can be generated by adding two extra Higgs to SM Higgs
sector. This model works in one loop level to generate masses for neutrinos. The
additional two Higgses are in the representations of 10 and 45 with quantum numbers
(1, 2, 1/2), in which they are of strong, weak, hypercharge forces respectively. 10y is an
antisymmetric representation in SU(5) which contains the singlet (1, 1, 1). Since 45y
includes Higgs with quantum numbers same as the SM, there is no need to add extra
Higgs. This model adds only scalars of 10 and 45, to GG model. In the study there is
no prediction for neutrino masses. The additional 45 also helps to get succesful mass

ratios of quarks and charged leptons.



A promising unification scale is achieved in the study [11] around 10'°GeV. In this
model there are extra scalars in 55, 10, and 10 representaions of SU(5) additional to the
GG model.

In a study neutrino gain small masses at two-loop level [12] naturally. In this study
there are some criterias that must be achived: (1) it is a renormalizable model, (2) the
unique symmetry is SU(5) symmetry, (3) only fermions in GG model are counted, (4)
neutrinos do not have mass at both tree and one loop levels, (5) model does not contain
SU(5) singlet, (6) dimensions of the contributed representations must be smaller than
100. Other than the Higgs in the GG model, this study introduces 454 and 50y

representations.

In the study five cases with different particles with various intermediate scales are
investigated. The lowest and the highest Mgyt scales of these cases are
1.88x10"° GeV and 2.2x10'7 GeV respectively. Proton decay lifetime is predicted as
7.2x10%? years and 1.74x10* years with these unification scales. The former one is
ruled out due to the experimental lower bound; however, the latter is extremely

promising value for the proton lifetime.

Ilja Dorsner and Shaikh Saad introduced a new model in 2020 [13]. The particle content
of this model extended compared to GG model with exta scalar in 35 representation and
fermions in 1515 representations of SU(5). Generating masses for neutrinos is done
through radiative neutrino mass mechanism. Unification of gauge couplings of strong,

weak and electromagnetic interactions is obtained at one-loop level. The results shows

that it occurs at 510" GeV that ensures the lower bound.

Neutrinos in that theory can acquire mass via Majorana term in Yukawa Lagrangian at
tree level and one-loop level. In tree level dimension 7 (d=7) operators are used to
generate masses to neutrinos. On the other hand, at one-loop level d=5 operators are
used to get massive neutrinos. If one look at the contributions of tree and one-loop level
considering unification, it is seen that the contribution of the former one is very low
compared to the latter. Quark mass matrices under unification at one-loop level bring
results consistent with experimental values with observation of non-equality between

mass ratios of quarks and charged leptons. Moreover, two of neutrinos become massive
9



and one remeains massless. The mass relations of neutrinos are calculated via PMNS

matrix.

A recent study investigates the phenomenology of minimal realistic SU(5) gauge theory
[14] with the same particle content as [13]. Three predictions are made in this model as:
(1) neutrinos Majorana fermions and one of them remains massless, (2) the mass
ordering of neutrinos exhibits normal hierarchy, (3) proton lifetime calculated from its
decay of p—n’e*. This model consists of eighteen real parameters and fourteen phases
such as masses, mixing angles, CP violation and Majorana phases. Particles of this
model live in the first five minimal SU(5) representations which are 5, 10, 15, 24, and
35.

In GUT model, the beauty lies in the simplest one. This model has a beauty since there
is an obvious relation between neutrino mass matrix and down-type quarks and charged
leptons. While two of Majorana neutrinos get masses at one-loop level, one is stays
massless. The unification analysis of this model shows that gauge couplings unify at
scales Mgyr>6%10"°1°Gev and the proton lifetime is predicted as

1.0><1035-1.3><1035years.

According to the study [15] successful SU(5) unification with radiative neutrino model
is observed in model F8 which has scalar content ¢., ¢,,, ¢,5, ¢,, and fermionic content
Vs, Ve, W0 Wpg- The largest unification scale observed about 10" GeV and lower

bound of the proton lifetime is predicted as rp21.6><1034 years, lower than the current

limit.
1.3.The Proposed Model

In the previous part most of the minimal non-supersymmetric SU(5) GUT models are
explained. One of the aims of this thesis is to construct a model with unification occurs
at MGUT>SXI015 GeV that also predicts proton decay lifetime consistent with the
experimental bound 7,>2.4x 10** years. Since it is also aimed to explain small masses of
neutrinos naturally and generating PMNS unitary mixing matrix by a new model many

representations are considered.

10



In the study [15] leaves a model consists of extra fermions live in the represantation of
75, which is not investigated, and extra scalars in 45 for the GG model. Neutrinos in
this model can be massive through the Type- I seesaw mechanism. It is known that at
least two neutrinos must be massive, therefore two 755 representations should be added
as fermionic content of the GG model. Other models mentioned in [15] are not
promising for the aim ot this thesis since neutrinos get mass at the loop level, however it
is aimed to do that at the tree level to explain its smallness naturally. Moreover, having
a 45g can result in successful mass ratios of down-type quarks and charged leptons
explained in [10]. Our model that has not been studied before, is non-supersymmetric
renormalizable SU(5) GUT that will contain two 75 fermionic and a 45 scalar fields
additional to GG model.

75¢ is a real representation of SU(5) generated with the direct product of 5 and 45
representations of SU(5). 75¢ contains a split multiplet which is a singlet under SU(3)c
and SU(2). subgroups. Writing a mass term with two 75 representations may help to
predict neutrino masses if there will be proper limitations on the masses of the other
split multiplets of it. In this thesis that mass relations of both 75¢ and 455 are used to

find mases of split multiplets of these representations.

2. MATERIALS AND METHOD

2.1.The Standard Model

Standard Model is a renormalizable gauge theory of strong, weak, and electromagnetic
interactions. This means that at some energy or momentum scale we can gauge the
interaction constants of these interactions. The name ‘Standard Model’ was given in
1970 as it is due to the fact that the model includes fundamental particles and their
interactions among each other. In 2012 owing to the discovery of the Higgs boson the

acquired mass to fundamental particles in SM is understood.

SM particles are grouped as fermions and bosons. Fermions are particles which obey
Fermi-Dirac statistics. On the other hand, bosons are particles that obey the Bose-

Einstein statistics which says that the wave functions of those particles are symmetric
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under interchange of identical particles. Bosons have integer spin or no spin such as
Higgs particle. We grouped the SM particles as fermions and bosons according to their

spin.
Symmetries that are conserved in SM are listed below as:

Energy-momentum,
Angular momentum,
Charges (Electric, weak, color),

Lepton family number,

o &~ D P

Baryon number.

Baryon and lepton number symmetries are global symmetries in SM. The baryon
number are +1 for a baryon and -1 for a antibaryon. On the other hand, because baryons
are genereted by three quarks the baryon number of a quarks is +1/3 and it is -1/3 for
antiquark. Moreover, since mesons are particles consists of one quark an one antiquark,
there is no conservation of meson number or meson symmetry in SM. On the other
hand, there is no explanation for the charge quantization in SM. That means there is no

need the down quark (d) has to carry electric charge which is 1/3 of the electron’s.

We can represent SM gauge group as Ggy that consists of strong, weak and
elecromagnetic interactions. In group theory [16], we represent these interactions as
shown in the Table 2.1.

Table 2.1 The Standard Model Interactions and Corresponding Gauge Symmetries

Interaction Group of Gauge Symmetry
Electromagnetic U(em
Weak SU@2).
Strong SUQB).

So that the SM group should satisfy
Gsm = SU3)c®SU(2).®U(1)y (2.1)
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The indices C represents the color charge, L represents left-handed particles, and Y
represents the hypercharce. The symmetry group of the strong interaction SU(3)c has
color indice because strong interactions are seen between quarks which carry color
charge. Its mediators are gluons and it is colorless to be invariant under SU(3)
symmetry. In the above pages it is said that only left-handed particles can interact
weakly with mediators W* and Z. There is a relation between charge and hypercharge
of a particle and in SM we are interested with the hypercharge of particles.

Here Q is the electric charge, T; is the third component of the weak isospin, and Y is
the hypercharge. There is a situation differs the U(1) group from SU(2) and SU(3)
groups. U(1)y is an abelian group, so its generators commute with each other. On the
other hand, SU(2),_ and SU(3)c are nonabelian groups therefore their genarators do not

commute with each other.

Uy

Gauge theories for gauge groups vary according the the characteristics of being an
abelian or nonabelian gauge theory. The hypercharge U(1)y is an abelian gauge theory
however, weak and strong interaction tranformations, SU(2). and SU(3)c are
nonabelian gauge theories. Since it is easier to understand abelian gauge theories, it is

better to explain gauge transformation by starting with elecromagnetism.

Gauge symmetry of quantum electrodynamics (QED) can be defined as independent
symmetry transformation at every point in spacetime. Beginning with defining ¢(x) as a

complex scalar field, it must be invariant under the transformation [17]

d(x)— X (x). (2.3)

where a(x) is the space-dependent angle. This is the phase rotation for the field ¢(x). To
be invariant under this transformation, after the phase rotation it must stay as wy(x).
Same is valid for the Lagrangian. To write down a gauge invariant Lagrangian, this

phase rotation invariance should be satisfied.
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Let us define A, as the new vector field called as connection which connect the

transformation of the field with the infinitesimal local symmetry transformation [18].

The covariant derivative is defined as
D, =0, teA, (2.4)
The covariant derivative of the Dirac field ¢(x) is then
D, ¢(x) = 0,0 (x)+ieA,o(x) (2.5)
The transformation of the connection A, is

1
A, (x)— A, (x)- 3 O, 0(X) (2.6)
Now we can check the transformation of the covariant derivative of the Dirac field.

D,0()— €“0(, +ieA, (x))p(x) = €“?D, $(x) (2.7)

It is seen from equation (2.7) that covariant derivative transforms in the same way as the

field does under gauge transformation. The electromagnetic field tensor F,, is defined

as
F,=0,A, - 0,A, (2.8)

which is invariant under the transformation of A, The commutator of covariant
derivatives is

Fu
[Dy, D,]=-= (2.9)

SUQ)c

Fermions are spin-1/2 particles with left-handed and right-handed parity according to
Weyl fields. A Dirac fermion has left- and right-handed components. According to
guantum choromodynamics quarks carry color charge such as red, green, and blue other
than helicity. The left-handed fermionic content of the first generation of the SM
particles is [18-19]
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r —o — -t =g =b _
ur,ug b, ot ug,ut,d,de,d0 d a5 Ld e e, Ve (2.10)

Table 2.2 Masses of Quarks

Quarks Mass (MeV)
2.16
4.67

93
1270
4180

172900

-~ O 0 | n Qo c

The masses of quarks are shown in the table above [20] where they are measured at
weak energy scale. It is seen that the mass of the particles is getting heavier when the
generation number increases because the mass of the particles and detection of it is
inversely related. What it means is that it is more difficult to detect havier particles.

From the section SU(N) it is learnt that there are 3°-1 = 8 generators T* of SU(3) group

which means there are 8 gauge bosons, called gluons, represented as Aj. According to

the quantum field theory the Lagrangian term for the u quark is [19]

L=tiy"(0,-igAA" )u (2.11)

where D,=0,-igA,, and 1, are Gell-Mann matrices given by

01 0 0 -i 0 1 0 0 00 1
Al=<1 0 0>, A2=<i 0 o>, Aa=(0 -1 0 A4=<o 0 o), As
00 0 00 0 0 0 0 100

(2.12)

Gluons are responsible for interactions between quarks such as a transformation of an
up quark carrying red color charge to an up quark carrying blue color charge and a
down quark carrying a blue color charge to down quark carrying red color charge as

shown below.

u+dP—ub+d" (2.13)
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Strong interactions occur due to the emission and absorbtion of corresponding gluons of
u" and d” respectively. If we consider the first family of the SM particles u and d quarks
lie in the fundamental representation 3 of SU(3) group and antiquarks & and d lie in the

complex representation 3 of SU(3) group shown as below.

u’ u
() () (2,143
ub a°

“ /d
d= <dg> d=| de (2.14b)

db

Particles which do not carry color charges do not transform under SU(3) transformation,
or it can be said that they do not tranform under strong force. An example of these
particles such as e, €', and v, lie in the 1 (singlet) representation of SU(3). The first
generation of the SM 15 particles shown in equation (2.25a, 2.25b) are in the
representations of SU(3) respectivelyas3 @3 PD3P3D1D 1P 1.

SUQ@2)L

Now we repeat the analysis for two fermion fields, in other words, fermionic doublet

fields. First, consider y(x) is generated by a doublet of y, (x) and y, (x) fields [18].

v=(") (2.15)

V2

To ensure the local symmetry invariance y(x) must transform under a phase depends on

X as

y(x)— VEw(x) (2.16)

in which V(x) can be defined as
V(x) = ™3 (2.17)
In the above equation ' are the Pauli matrices
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012((1) (1)) , 022(? 8) , 63:<(1) _01>, (2.18)

which are commutative on the other hand, which is a specific situation of non-Abelian

gauge theory, is called the Abelian gauge theory [18-19].

Since Pauli matrices are SU(2) local symmetry generator matrices, the new covariant

derivative will be associated with SU(2) as
D,=0,- igAL % (2.19)
D~V () (AL a L3,) VIO (2.20)
The new transformation for commutator of covariant derivatives is shown below.
[D,.D,]>V®)[D,,D,] V' (2.21)

Inserting the definition of the covariant derivative into the (2.21) the commutator of
covariant derivative depending on the electromagntic field tensor is obtained as given
below [18].

[D,.D,]= ; Fi, 2 (2.22)

In the Lie Algebra of the SU(2) gauge theory the commutator of SU(2) generators is

given in the equation below.

i j .. Gk
["; ’% - ieuk7 (2.23)

Therefore, we can write FLV as in the following equation.
Fl=0,Al-0, A} +ge K Al AL, (2.24)
The Lagrangian is defined as
. lrmi \2  —
L=y(iy*D,)v - 7 (Fi) - miyy. (2.25)
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In equation (2.34), the commutator of the covariant derivative is written for the SU(2)
gauge theory. Lagrangian in equation (2.25) is an example of the non-Abealian gauge

theory and describres also an interacting field theory called Yang-Mills theory [18].

SU(2). group has 2%-1 = 3 gauge bosons that mediate weak interactions. To give an

example of a weak interaction, starting to consider B-decay (beta decay) which is
n—pte +v, (2.26)

Since a neutron is composed of two down and one up quarks, and a proton is that of two

up and one down quarks, the equation (2.27) can be rewritten as following.

ddu —» uud +¢ +V, (2.27)

The transformation that takes place between quarks (due to the fact that there are d,u
and u,d quarks at the both left- and right-hand) is the tranformation of down and up

quarks shown below.

d—oute +v, (2.28)

This interaction is possible in the relevance of SU(2) gauge theory by putting up and
down quarks in a doublet representation of SU(2). Three gauge bosons of SU(2) can be
represented as W,* where a = 1,2,3. The doublet representation of SU(2) is 2 that is the

fundamental representation. SU(2) generators are 2-by-2 matrices.

Electron and electron neutrino are put in a doublet in the fundamental representation of
SU(2). The number of 2 is analogous to spin-up and spin-down quantum representation
meaning 2 degrees of freedom. The linear combination of the first three-gauge bosons
mediates the transformation of up quark to down quark or electron neutrino to electron

or vice versa.

The SU(2) doublets of the first generation of the SM particles can be written as

©), - ()L (2.29)
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Particles which do not interact weakly lie in the singlet, 1, representation of SU(2) such
as e, Ug, dr. All right-handed particles are SU(2),_ in the 1 representation of SU(2),.
They do not transform under weak interaction. Only left-handed particles transform

under weak interactions via SU(2) gauge bosons.

If we write down the summation of the SU(2), representation of all first generation
particles, we will get 2P 2P2P2P1P1P1P1DP 1P 1P 1=15 fields. In
SM right-handed neutrino does not exist, however, it can be added as singlet in both
SU(3) and SU(2) groups as quantum numbers (1,1,0). Therefore, right-handed electron

does not couple with neutrino. It stays in the singlet representation.

The important point in weak interactions is while gauge bosons mediate the
transformation of d quark to up quarks the color charges of quarks do not change.
Owing to the fact that SU(2)_ gauge bosons do not have color charge, they cannot
interact with the color charges of quarks. Therefore, it is concluded that SU(2). and
SU(3)c groups have totally distinct languages. We cannot add or subtract these
symmetries to each other. However, the direct product of strong and weak interactions

generates a gauge group.

15 Weyl fields under the direct product of strong and weak interactions,
SU(3)Q®SU(2), are represented as [19]

.. (). (%) . @ea), (@ ).z (2.30)

There are 3 generations (families) in SM. In total, there are 15 fields with their antifields

in each three generations in SM as shown in the Table 2.3.

Table 2.3 Generations of The Standard Model Particles

Generation Particles
1* generation w\ v T
© i 4l - . .
A (e') , Ug, dg, eg *+ antiparticles
L
L
2" generation A\ vy . o
i ( ) , CR» SR, My, T antiparticles
S/ ML
3" generation NN
T i Wl . .
il ( ) , tr, br, Tg T antiparticles
b L T/L



where the index i stands for color (i = red, green, blue); L and R indices denote left-

handed and right-handed particles respectively.

There are left-handed doublets in each generation. Particles do not carry color charge
cannot interact strongly and right-handed particles cannot interact weakly. On the other
hand, for a right-handed electron, since it is not a doublet but a single particle its
quantum number in SU(2) group is 1, and its hypercharge is also -1. The quark doublet
in the table interacts strongly and because they carry color charge, the SU(3) quantum
number is 3. Moreover, since it is a doublet, it transform as 2 under SU(2) group. Again,
L denotes the left-handed helicity which can be represented by

Wy R (2.31)
We said before that the gauge bosons mediate the transformation of particles in doublets
one another is the linear combination of the first two-gauge bosons of W, as W* [19].
What about the third component, W3? Since W* couples to the neutrino, which is
electrically neutral, with strength (-1/2) it cannot be a photon, the gauge boson of U(1)

electromagnetism. W? is related to the third component of the weak isospin T°.

Standard Model Gauge Couplings

It is known that the summation over the T® quantum numbers of particles in the
SU(3)c®SU(2); gauge group must give 0 since it is traceless. The hypercharge
quantum numbers of particles are Q- T°. Doing that calculation for particles in the first
generation (u, d, €, v) says that the electric charges are +2/3, -1/3, -1, 0, and their T°
values are 1/2, -1/2, -1/2, +1/2 respectively. Hypercharges are calculated as 1/6, 1/6, -
1/2, -1/2 for SU(2) doublets. For particles in the singlet representations of SU(2), have
hypercharges equal to their electric charges. The SM Particles can be represented with

additional hypercharge quantum numbers as
(3, 2%) D (§, 1%) o) (§, 1%) o) (1, 2%) D, 1,1) (2.32)

The sum over hypercharge quantum numbers is 1-2+1-1+1= 0. It is not a surprise

because hypercharge, U(1)y, is a generator. Photon emerges from the linear
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combination of W* and gauge boson of U(1)y. On the other hand Z boson is orthogonal
to this linear combination. Gluons, W, Z, the orthogonal linear combination of the

photon and Z boson couples respectively to the first, second, and the third numbers

in equation (2.32) [19]. To give a short review, first SU(3)-®SU(2); gauge group is
set which is an irreducible gauge group, then by considering the third component of the
SU(2) gauge bosons the missing point is found out as hypercharge which is associated
with electric charge and weak isospin component. The end product is the known gauge
group SU(3)cQ®SU(2). ®U(1)y, the Standard Model.

The fields listed in the Table 2.4 have quantum numbers related to SU(3)c, SU(2), and
U(1)y groups shown below.

Table 2.4 Standard Model Particles under SU(2), Gauge Group

Standard (“) (u)y, (d9)y. (Ve) (e9)y
Model d/q, e/,
SUB)c 3 3 3 1 1
SUQ). 2 | | 2 1
oy R 1 1
6 3 3 2

For g; are the coupling constants of a gauge group

doy
dIng?

b;0?+0(03) (2.33)

2
where g’ is the renormalization scale squared and o= fﬂ for i=1,2,3 refers to SU(3),

SU(2)L, U(1)y [18]. The b; coefficients take values depending on vector boson, scalar
boson, and fermionic loops contributions.

In the above equation (2.33) the second term on the right-hand side of the equation
represents the 3" power of the a and we will ignore these terms in beta functions. The

variable g; is the coupling constant; however, we will use o; in beta functions for
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simplicity. Moreover, there is a derivative in equation (2.44) with respect to the In (q?),
where g denotes the energy or the momentum scale at which «; are mesasured. The
coefficient b; in equation (2.33) gets contributions from interaction loops such as scalar,
vector, and fermion loops.

The number of contributions to b; come from vector and fermion loops is [18]

1 J11 4
b= [5 C2(G)- B TR)|
(2.34)
when i=1,2,3 (from now on I will call a; as coupling constants) a;, a,, a3 are fine
tunings of gauge groups of U(1)y , SU(2)., and SU(3)c symmetries respectively.

For groups SU(2) and SU(3) C; (G;) is 2 for each generation ng. So, if we write down all

these variables in the beta function then we will have the following equations.

1 J11 4110 1 20

b=~ 5[5 CU)-55 5| = -5 [0-Fny (2:3%)
1 [11 41 1122 4

by= 3o [5 CalSU@D -3 20, = - [F-3ny] (2.35b)
1 [11 41 1 4

b3:'a ?CZ(SU(3))-§52ng]Z-E[ll-gng] (235C)

As it’s seen from equation (2.35a) the Casimir value for U(1) is zero. For SU(2) and
SU(3) that value equal to the generator number of its group, which are 2 and 2
respectively.

In the beta functions above, equations (2.35a), (2.35b), and (2.35c), we have ignored the

contributions from Higgs. From 2012, we know that in SM there is one Higgs doublet.

If we add the Higgs contributions to the beta functions, there will be a — énH factors.

L1 (M

ar(@)  argyr + 2m (10 n q) (2.36a)
LR S W I

aZ(Q) N Q2 cuTt + 21'[( 6 n q ) (236b)
1 1 i i &

a3 (q) o a3GUT + ZT[( 7 ln q ) (2-36C)
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In the above equations (2.36a, 2.36b, 2.36¢) the parameters on the left-hand-side are
coupling constants of U(1)y, SU(2)., and SU(3)c in measured energy scale q. These
constants take values in energy scale of the Z boson (M) as 58.996, 29.579, and 8.382
respectively [20]. The flow of the beta functions that shows contributions of SM gauge

couplings are shown in the Figure 2.1.
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Figure 2.1 The Standard Model gauge couplings. Red, green and blue lines represents
U(1)vy, SU(2)L and SU(3)c gauge couplings respectively.

The states are unphysical eigenstates up to now since the Higgs doublet have not gained
a VEV. Therefore, a mechanism, which must carry correct quantum numbers to procure
the SM, is needed to get masses and supply a VEV for the Higgs doublet in SM. This
process is called spontaneous symmetry breaking as demonstrated below.

SU3)c®SU2).®U(1)y SU3).QU(1)gm (2.379)

SSB at weak energy scale

We can look at the breaking symmetry in equation (2.37a) as

SU2)L®U(Dy >U(Dem (2.37b)

SSB at wak energy scale
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From eqution (2.37b) it is clear that the broken symmetry is the electroweak symmetry.
Sometimes the SU(3).®U(1)gy symmetry is called the exact gauge symmetry [17].
We have not encountered any symmetry breaking of U(1)gy. This symmetry behaves
like identity matrices in every gauge and Lorentz transformations. After SSB, 3 out of
the 12-gauge bosons get mass. The bosons which stay massless are photon (A") and
gluons. From Gell-Mann matrices, which are generators of SU(3)., we know that there
are 8 gluons. Since the Higgs doublet which has a VEV does not carry color charge,
gluons and the Higgs do not interact with each other at tree level. As a result, gluons
remain massless. The same result is also valid for A" due to the fact that Higgs does not

carry electric charge in SM.

After the SSB of the SM we get U(1)em and SU(3)c symmetries, which have different
coupling constants than SM. Since this symmetry is embedded in SM, its quantum
numbers are contained in SM. When we consider the coupling constants behavior under
increasing energy (or decreasing), at first there must be three different coupling
constants a,, a,, and o3 before SSB. While the energy is decreasing, we see that there

will be two different coupling constants of U(1)em and SU(3)..

As it is mentioned earlier there are gauge bosons, which are mediators of strong, weak
and electromagnetic interactions. When these bosons mediate, there will be interactions
between fermions and these mediators. The Lagrangian (it will be called the Lagrangian

density as Lagrangian) of these interactions can be written as follows [21].
Lin=g, 'Y, e, i W, +g, hA, (2.38)

with Y,, W, and A, are gauge bosons where i=1,2,3anda=1, 2, ...,8

g,-&,-and g, are the gauge coupling constants for electromagnetic, weak, and strong

interactions respectively. The vector currets are given by
1= u 2_ 15 1,— - v _
W= (ud) v (), +30rug - 7diytdrt s (e DY (Y) -Srrter,  (2.39)
1=(d) v 2 (), T 2 (%), (2.40)

1 =(ad) 2 (), (2.41)
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where o; and A, denote the Pauli and Gell-Mann matrices respectively.

The gauge bosons which gain mass are (W*)* and (Z°)".We can write down equations
for (WH)*, (Z°)* and A" as [21]

(WH'=5 (WIFIWD), (2.42a)

(2°)'= cos By WH- sin Oy Y* (2.42D)
3

A¥=sin Oy W5+ cos Oy, YH, (2.42c)

where 0y, is called as weak angle. When we look at the equations above, we cannot see

any mixing between (Wi)“ and (ZO)u bosons. The reason is the conservation of U(1).y,
symmetry as we have said earlier. Now, we can find out the Lagrangian again for SSB

in equation [21].

Y*=cos Oy A sin 0y (Z°)" (2.43)
Wh=cos Oy (Z°) +sin Oy A¥, (2.443)
W= (W'HW)') and Wh=2 (W) -(W)", (2.44b)

H ) .
Lint:ﬁj g, (W+)HJ_H+ (W) Jﬂl) + ((g2 cos Oy tg, sin OW)J3H-g1 sin Oy Jeom u) (ZO)H+(g1 08 Oy Jem (g, ¢
(2.45)

The electromagnetic current J&., must couple only with the photon A*. Therefore
g, cos Oy -g, sin By =0 . (2.46)

We know that g and g, are different than zero, so g, cos Oy and g, sin Oy, must be equal

to the same constant like
g, cos Oy = g, sin Oy, =e . (2.47)

We can rearrange the Lagrangian by writing e instead of g, and g,.
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L= 375 mme (W+)“(J_)u+(W')“(J+)H] + (o), Z*re(lem) A", (2.48)

2 cos Oy sin Oy

where
(Une), =2 |y), -sin’ By (o) | (249)

is called the neutral current. And the constant p is found as the following

Miy

p= M3 cos? Oy (2.50)
Higgs mechanism
For a complex scalar field in an electromagnetic field the Lagrangian is
1 2 2
L= -7 (Fw) +[Dyo[ -V(9) (2.51)

where the covariant derivative is D,=0, +ieA,. Lagrangian in equation (2.51) is

invariant under phase transformations which can be seen as the transformation under

U(1) symmetry. If we change the potential term in the equation (2.51) as

V@)=-120"0+2(6°0) (2.52)

where p?>0, the negative sign of the mass term in equation (2.10) becomes positive.
When the complex scalar field ¢ acquires a non-zero VEV, the Lagrangian is not
invariant under the U(1) transformation anymore and that the global U(1) symmetry is

spontaneously broken. The Lagrangian with the negative sign potential is

— -+ (F) D8 12070 -2 (670) (2.53)

To find out the minimum value of the potential in the above Lagrangian we must take

its derivative which must be zero at the minimum value of the potential.

aL_ 2 * * 2_ _ },lz 1/2
=20 - 20101 = 0= do=(5) (254)
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@ =0=(%) (2.55)

In equation (2.55) the term () represent the VEV of the field ¢. Now, if we rewrite the

complex field ¢(x) in terms of real and complex fields separately we find
0(x) =e((9,+h )V2) (2.56)
P(x)—e (%) (2.57)
Then the Lagrangian can be written as the following

Ly=-p*h’-Avh’- ah*.
(2.58)
While the real part of the field, acquires a mass m = v2, the complex part is massless.

After the SSB, massless scalar field related with the symmetry is called Goldstone

bosons. We can write the term of the square of the VEV as a mass term as following
2 1 2
Py A A" = J(2e7¢)A A",

(2.59)

where the term 2e2¢§ is a mass term for the gauge boson of U(1) symmetry that is
photon. The Lagrangian difference due to the mass term has a positive sign, which is

correct for a potential term, written as
AL=3m3 (A, AY). (2.60)

If we take ¢(x) as a real field, the complex component will disappear. Then the

Lagrangian in equation (2.53) becomes
1 2 2
L=-7(F) +(8,h) + ¢pA,A" - V(h) (2.61)

At the minimum of the Lagrangian in the eqaution (2.61) the potential gets a nonzero
VEV, the field acquire mass. The remaining massless part becomes a component of the
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real field ¢,. This analysis shows how gauge bosons becomes massive after SSB. This

mechanism created for the gauge theory by Higgs, Kibble Guralnik, Hagen, Brout, and

Englert is called shortly as the Higgs mechanism.

Higgs mechanism is a mechanism to provide mass for fermions and gauge bosons
except neutrinos, photon, and gluons respectively by gaining VEV to break the

symmetry as we said earlier. The doublet field ¢ of Higgs looks like as follows.

o=() (2.62)

This potential transforms as (1, 2, -1/2) under SU(3).®SU(2)®U(1)y. Since the
upper component of the Higgs potential ¢° carries both SU(2), and U(1)y quantum

numbers, the symmetry is broken to SU(3) . ®U(1)., symmetry. However, it does not
transform under the U(1),., Symmetry, since it is electrically neutral when the SSB

occurs. The VEV of Higgs potential is

@) =(") (2.63)

The mass term of gauge bosons comes from the kinetic term of the Lagrangian

W2 g e
Lass= () WEW, 5 V2 (WAYY) (g; g;)(iﬁ) (2.64)
1 1

The mass eigenvalues of the gauge bosons are

2,2
M=, (2.65a)
1
M7= (g3+g7)v?, (2.65b)
M%=0, (2.65¢)
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S S (2.66)

%(g§+g%)v2 cos Ow

Experimentally, p is not exactly, but very close to 1 as 0.99. When we study other gauge
groups, we must consider the p value, which must be almost 1.

The equation (2.64) is a mass term for gauge bosons. We said earlier that the SSB cause
massive fermions either. The mass term for fermions can be written as [18]

Ly=T}Liiolig-T5Q, ddig+T}Q, dujp+ h.c. (2.67)

where i, j are indices of generations and L. and Q_ are lepton and quarks weak
isodoublets. The term F%j is arbitrary Yukawa coupling constant. ¢ that is the charge

conjugate of ¢, can be defined by the following equation.

d=itr¢= ( (I;)*) (2.68)

The equation (2.67) is Yukawa Lagrangian where fermion masses, except neutrinos,
come from. Equation (2.67) is Lagrangian of quarks and leptons where no SSB of the
SM has been occured yet. After SSB, the equation (2.67) becomes [18]

Lfnass:IiLM%j liR+aiLqu'R+ﬁiLM%ujR+ h.c. (269)

=

where li_ and lir are left and right-handed fields of i generation lepton and Mfi,- (fF=

,f,u, represents fermions) is

£ 1

vy (2.70)
The current eigenstates of the Ly are related with the mass eigenstates of the L ass as

Vi x= ULRW - (2.71)

In equation (2.71) U£,R are unitary matrices that diagonalize Mifj with no summation

over the indice i.
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ULM{Ur=(Mp).5;, (2.72)

where the subscript “D” means diagonalized matrix.

The symmetry breaking of the SM via Higgs mechanism is an economical way to give
masses to fermions (except neutrinos) and gauge bosons (saving photons and gluons).
The determination of the number of Higgs, its potential, and the way we choose to use
the mechanism, Yukawa couplings can be arranged. We determine these vaiables to get

a successful VEV and get massive fermions and gauge bosons.
2.2.SU(5) Grand Unification

The question in mind after setting up SM s, is it possible to unify these three forces?
The answer is yes, and the name of the theory which aims the question is called Grand
Unification Theories (GUTSs). GUTSs can be categorized into two main braches which
are SUSY GUTSs and non-SUSY GUTSs. In the first part of this thesis, it is mentioned
that non-SUSY GUT model will be studied. Therefore, it will be resonable to explain
only non-SUSY GUTs in this part. The beauty in the theory is its simplicity. For many
years physicists search the simplest explanation for what is observed in the nature.

When we try to embed the group into the SM group, Gsw, into a larger group G, Gswm
become a subgroup of the G, thereby the generators of its subgroup should be
normalized in the same way. For example, the normalization of the U(1) hypercharge
must be normalized as SU(2),..

The particle content of SU(3)®SU(2)®U(1) irreducible representations can be written

as.

(32.2). (3.1-3) . (3.15) . (12-3) . .1 (2.73)

The most satisfying GUT model must be the simplest or it can be said the smallest one.
In the previous page it is said that Grand Unification must obey SM constructions. That
represents containing the fundamental forces (of course gravity is not included).
Therefore the research must be focused on the smallest group that contains
SUB)®SUR)®U(1). The result of this research shows us that SU(5) is the smallest
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appropriate group contains SU(3)QSU((2)QU(1). To find out a gauge group G that
includes the SU(3)-®SU(2)®U(1)y must have a gauge boson other than gauge
bosons of SM gauge theory. G must be a larger group than the SM to include it. This
gauge boson must be couple to particles in the equation (2.73). The minimal group must
at least have the rank equals to the SM which equals to 4.

SU(5) is a gauge group has rank 4 and, 5%-1 = 24 gauge bosons composed of 5-by-5

traceless matrices. If we break the SU(5) symmetry the remaining is the SM symmetry.
SU(5) ———= SUB)c®SU2). ®U(1)y (2.74)
Higgs in 24
The fundamental representation 5 of SU(5) can be demonstrated as y* where p=1, 2, 3,
4, 5. Since SU(3)c and SU(2). are subgroups of SU(5) and its elements can be seen as
two parts, one comes from SU(3) and the other from SU(2). Mathematically this
separation can be made with y* where p=1,2,3 represents SU(3) subgroups and y*

where u= 4,5 represents SU(2) subgroups [19]. It can also be done by considering

adjoint representation A. The matrix form of A can be written as [21] when i=1 to 24,
A=V25HAZ (2.75)

Let us define G; are SU(5) generator matrices. When i = 1-8 the adjoint SU(5) matrices
are [21]

, (2.76a)
when i =9-11

, (2.76b)

which is 2+1+1 = 4.

Wheni=24
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0 0 O

1
[a——

1

-1

0 .
0 0 3/2 30 /

o 0o o0 /g,
Other values of i are in the coset of SU(5). It is seen from the equation (2.76c¢) that
U(1)y lie along the diagonal. It transforms like identity matrix in both SU(3) and SU(2)

(2.76¢)

SO OO

transformations. These matrices are orthogonal to each other. Remembering the Lie

Algebra of SU(N) groups [16], we can write down

Tr(h,hy)=20, 2.77)

The adjoint representation of SU(5) is constructed by the direct product of fundamental
and complex fundamental representations of SU(5). The fundemental representation 5

of SU®B) is 53(3,1,-&)@(1,2,%) and its complex representation

5D (§, 1, +§) a5 (1, 2, %) Direct product of them

5@5=24D1, (2.78)

where 1 is the singlet representation of SU(5). Analogous to the SU(2) and SU(3)
singlet representation SU(5) singlet means that the field does not transform under
SU(5). 24 is traceless and real representation. After doing the direct product calculation

in the equation (2.78), 24 is written explicitly as
24>(8,1,000(1,3,06(1,1,00B3,2, -5/6)®3,2, 5/6), (2.79)

where (8, 1, 0) carry color charge (3, 2, -5/6), and (3, 2, 5/6) split multiplets carry both
color and weak isospin charges. (1, 3, 0) transform only under weak isospin. (1, 1, 0)

does not transform under any fundamental interactions. It is neutral and singlet in SU(3)

and SU(2) groups. We can call these split multiplets as G, (W3, W), B, A%, AT,
respectively where a, =1, 2,3 like color indices of SU(3) and r=4,5 like weak
isospin indices of SU(2) as subgroups of SU(5) [21].
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Using the equation (2.75) gauge bosons of SU(5) can be placed in the matrix [21]

1 =1 _

X 7!
/Gl'\P X 72 \
o |

A= X Y (2.80)
| G? G G3- \/7 W3+3 2p w*
\ X B s 2
Yl Y2 Y3 \\'a \/— 2

Matrices above are chosen such that we want to break SU(5) into the SM leaving the
other symmetries intact. The naturality lying behind the SU(5) symmetry is that it
breaks into SM just in one symmetry breaking. Other symmetries such as SO(10) is a
group of rank 5. SO(10) symmetry breaks into SM under two SSB [22].

According to GG model all SM particles are placed in 5610 representations of SU(5)
[1]. At the beginning of this page split multiplets of 5 is demonstrated. 10 antisymmetric
representation of SU(5)

102(3,2,1/6) @ (3,1, 2/3)D (1,1, 1) (2.81)
comes from the direct product of two fundamental representations as

5Q5=15@10 (2.82)

We know that the direct sum of these representations must give us a singlet, 1 of SU(5).
It is analogous to getting a particle with its antiparticle together.
Looking at split multiplets of the 5 which are (3, 1, 1/3)@(1, 2, -1/2) and 10 having
split multiplets of (3,2, 1/6)®(3,1, -2/3)®(1,1,1), it is seen that they

marvelously fix the fermionic fields with quantum numbers of particles in the SM.

What about antiparticles of fermions? Clearly, they are placed in the complex
representations of (5@ 10) =5 10. Taking 5 as a column vector v, and 10 as a 5-by-5

antisymmetric matrix y*V we can write them as in the folowing equations [19].
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dc\
dC

v,=| d°) , (2.83a)

v |
W“kuc ¢ 9 u - | (2.83b)
u
d

In equations (2.83a) and (2.83b) color charges and handedness are not indicated. These
matrices can be taken as both right-handed or left-handed, independently. For instance,
if they are taken as left-handed, their complex fields must be right-handed for parity
conservation. At the end, these matrices must include all fermions in one generation.
Today, it is known that there are three generations of quarks and leptons. Even though,
up to now there have not been found any scientific explanation that falsify it, the whole
analysis for the first generation can be repeated for the following generations (2" and
3.

Returning back to the particles representations 5 and 10, with vector representations v,

and y*V respectively, it is possible to write down these vectors under corresponding

SU(3) and SU(2) subgroups. If we write down two subgroups of 5, W, can be written as

[19,21]

0 () e

where =1, 2, 3 and i=4, 5. For the antisymmetric tensor 10, y*V can be rewritten as
[19,21]

yH={y Pyl (2.85)

where B=1, 2, 3 and j=4, 5.
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Charge quantization

In SU(5) gauge theory fermions and leptons are placed in the 5 @ 10 representation
where the sum of the electric charges of particles must be O since the hypercharge
symmetry transformation is SU(5) invariant. The relationship between hypercharge and
electric charge was given as Q=Ts+ Y. Looking at the 5 of SU(5) the particles are 3(d°),
e, and v, with charges 1/3, -1, and 0 respectively. The sum of the electric charges of
these particles is 0. It can be concluded that by replacing the particles as in the GG
model it is possible to explain the electric charge quantization. In SM it cannot be
related electric charges of the d-type quarks with the electron, since the electric charge
is a free parameter under SM gauge transformation. GUTs are successful to give an

explanation to quantization of the electric charge.

We know that generator of U(1)y is the hypercharge (YY), we will denote the normalized

YasY asbelow:

Tr(13)=Tr (Y7), (2.86)
If we consider only one family, then

TH(T3) torone amiy= (52) 4=2=Tr (Y. (2.87)

since we have two doublets and 2 fermions for each doublets, we get the above result.
Adding up the hypercharges (Y) of these particles ends up with 0. The reason of that
since U(1) obeys the simple Lie Algebra the matrix of the generator must be traceless.

The same is valid for hypercharges.

The renormalization of the hypercharge symmetry group is
2y | 1 4 1 _ 10

Tr(Y2)=56+; 2+ (1+5) 3+1=7, (2.88a)

Y =ey?me =, (2.88)

where c is a constant, then
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c==. (2.89)
So we get the relationship as in the equation.

Y=[Y. (2.90)

Thereby we can rewrite the egation (2.2) in terms of Y .

Q:T3+Y:T3+\/§ Y (291)

This renormalization relation between primed and unprimed hypercharges is seen also

between their coupling constants. If we call the coupling constant of Y' as g'l, then

' 5
gf\/; g (2.92)
The example mentioned above is clearly seen as the particles in 5 of SU(5) , given in

(2.83a), have electric charges 1/3+1/3+1/3-1+0=0.

Weinberg angle

Besides the prediction of the lifetime of the proton SU(5) gauge theory is a successful
theory for unification and estimation of the sin’ By where 0y, is called Weinberg (or
weak) angle. SU(5) includes SU(3) and SU(2) groups as expressions Q and T3
respectively. Nomalized SU(3) and SU(2) operators Q and T; under the 5 of SU(5)

symmetry can be written as [21]
=~ 3 ,. 111 3
Q=\/;d1ag (g,g,g,-l,O) Z\/;Q, (2.933)
T;=diag(0,0,0,+1/2,-1/2)=Tj.. (2.93b)
The relation between SU(3) - SU(5), and SU(2)-SU(5) operators are written as [21]

PQ*=g2Q, (2.9)
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g2T3 —&; T3 : (2.99)

where e, gz, gs are coupling constants of U(1)em, SU(2)L, and SU(5) gauge theories

respectively. Using the equality of sz”ﬁz the following egautions are found in GUT

scale.
2 Ti(T3)
T (2.96)
> 2 Tr(T%)
sin (GW)—g——Tr(Qz) . (2.97)

For the fundamental representation 5 of SU(5) these traces are calculated by using the
equation (2.93a) and (2.93b) as

Tr(T3 )—Z+4—2 (2.98a)
Tr(Q¥)=5+5+;5+1=13, (2.98b)
= sin’(By)=32=1. (2.99)

The result in equation (2.99) is consistent with the experimental values. For the grand

unification, the value of sin*(8y) at GUT scale is calculated as following

sin® 0 w(a?)= Z((qqZ)) (2.100)
2
- =(bswb) In (%) , (2.101)

where q is the energy scale. The value of b,-b; for number of Higgs (Ny) is 1 as %

Therefore

2
1ol (?) | (2.102)
3 T
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sin” By (92)=a(q?) [_+_ n(l\s_f()]’
(2.103)

18 1 11, (Mk%
D o (_2) ’ (2.104)

sin® Oy (q?)= a(qz)[ [a(qZ) = n(M—§(>]+%ln(M—§(>], (2.105a)

q q
sin? By (q2)= -[1-i@ (“:2%‘)] (2.105h)

According to experimental results the very recent result [20] for a(M;)=0.1193. At
=Mz

sin” By, (M2)=0.23126 (2.106)

To check the p value by taking My,=80.398 GeV/c? and M,=91.188 GeV/c® we find
that

=% 091, (2.107)
M(1-75)

The result given in the equation (2.107) is very close to 1.

Pattern of Spontaneous Symmetry Breaking

Gauge bosons that mediate interactions of both leptons and quarks are called
leptoquarks. X and Y are gauge bosons of SU(5) [21]. Leptoquarks carry both color and
weak isospin charge, in other words they are not singlet under SU(3) and SU(2)
transformations. If we look at the interactions mediated by X and Y gauge bosons, we

will see there is a violation of lepton and baryon numbers.

We have the Lagrangian(s) for particle interactions and the role of Higgs mechanism.

Now we can break the SU(5) symmetry into the SM.

SU(5) = SUB)c®SU@)L®U(Dy , (2.108a)
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SU(3)c®SU(2),®U(1)y ™ SUB)c®U(Dgy - (2.108b)

Equations (2.108a) and (2.108b) are the symmetry breakings of SU(5) and the SM
respectively. From these equations it is explicitly seen that the energy scales of these
symmetry breakings are about My and My, where the former is the energy scale of the

grand unification, and the latter is the weak energy scale.

If we look at the equations (2.108a) and (2.108b) we can see that the symmetry breaking

pattern between the weak and hypercharge interactions are below,
SU2)L®U(1)y o U(Dgm - (2.109)

The Higgs scalar responsible for the SU(5) symmetry breaking by acquiring a VEV
include particles that are not in the SM. It is known that the rank of SU(5) is the same as
the rank of the SM, that is why after the SSB of SU(5) the rank should not change. The
Higgs which breaks that symmetry therefore belongs to the adjoint represantation of
SU(5). Remembering the gauge boson matrix, we can also write the matrix form of the

24 representations as [21]

b
24 (}Ll)a

=22 05 (2.110)

which is a traceless matrix. There are larger real representations of SU(5) which can be
written as a power of the adjoint representation that transforms as [21]

o—UToU | (2.111)

where U is a SU(5) element. The most general potential for the Higgs in a real

representation must be a renormalizable function as written in the equation below.

V=-L1r(¢?)+La (Tr(¢2))2 +2bTr(¢1)+5 Tr(d’) - (2.112)

For conserving a symmetry for ¢— -¢ cubic terms in the equation (2.112) is omitted.

Keeping in mind that the aim is breaking the SU(5) symmetry into the
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SU(3):®SU(2).,®U(1)y, hence the VEV of the adjoint Higgs in the SU(5) can always

be chosen to be a traceless diagonal matrix [21], as given below

/v 0 0 0 0

0 v 0 0 0

@=[0 0o v O 0 ) (2.113)
0 0 0 -3y2 O
00 0 o -3v2

The essential point is what happens if we ensure the matrix is traceless and looks like

[21]
(v

(9=10
0
0

With the choice of Higgs VEV as in the equation (2.114) the SSB results a breaking

SOoOOo O

\l (2.114)
J

S OO < O
S O< OO
S <OoOOo O

-4v

pattern as following

SU(S) — SUMRU() (2.115)

which is not desired.

The minimum value of the equation (2.112) is the minimum value of the VEV of Higgs

given in the equation (2.116) below [21]

105 4

2
e Vi IbaZ v (2.116)

2 2

225

(V) =- :

5, 1
v-t+-a
4

To find out the minimum of the VEV function given above its derivative must be taken

and equated to zero, giving

N_ 2B 225, 3, 1,105 3

P 2V+4aV+2b2V 0, (2.117)
15 225 105

v (-l,lz?-i-TaVz-i-bTVz) =0. (2118)

For nonzezo VEV value we must set the squared term equals to zero
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515, (225 105\ o
" 7+(Ta +bT)V -0, (2.119)

15 7
(Fa+b3)v=?, (2.119b)
2 28 (2.1190)
vV  sam '

The SSB of the SM occurs due to the fact that the Higgs in the fundamental
representation 5 of SU(5) gains a VEV. Remembering the split multiplets of 5,

5> (3, 1, % )EB (1,2,+§), it is concluded that the Higgs scalar in 5 must contain a

color triplet due to SU(3) the quantum number in the first term and an isospin doublet,
again becauce of the SU(2) quantum number in the second term. The triplet and the
doublet must be singlet under SU(2) and SU(3) symmetries, respectively. The colorless
isospin doublet part of the Higgs in the 5 of SU(5) has the same quantum numbers as
the Higgs doublet in the SM. The most general potential for the Higgs in 5 can be
written as [21]

V _ p_g .{. Iy .}. 2
(H) =->H'H+; (H'H) (2.120)

The symmetry breaking of SU(3)-®SU2). QU(1)y = S(3)c®U(1)gy says that the
w

color symmetry must stay unbroken. The value of the VEV at the minimum of potential
V(H) is found as [21]

-LEVHAVI=0 (2.121a)

Wr2=0,, (2.121b)
21

V==, (2.121c)

and if we define vy=2v then the VEV of Higgs is

SO OO

(Hs)= : (2.122)
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where the subscript 5 is used to the denote the Higgs in the representation. If we define
a potential V that is V=V (¢)+V(H), we can see the VEV of the Higgs given in the
equation (2.112), the color triplet of Higgs has the same mass as ¢ given in the equation
(2.110). The reason is the combination of the color triplet of Hs with the ¢ [21]. On the
other hand, the doublet part of the Higgs in 5 has mass at the weak energy scale. It is
called doublet-triplet splitting problem.

The potential V = V(¢, H) can be written in terms of the combination of these scalars
[21]

V(¢,H) = aH'HTr(¢*) + BHT$°H (2.123)

which is SU(5) gauge invariant (again considering ¢—-¢). Now defining a new

potential V-t as
Vr=V(¢) + VH) + V($,H), (2.124)
where at the minimum of the potential occurs at the VEV of ¢ [21] as

. 3 ¢ 3 ¢
(d) = diag (V. v, v, (-5-5) v, (-5+5) V) . (2.125)
The VEV is of the form above in the equation (2.125) since SU(3) symmetry must stay
unbroken and SU(2) symmetry must spontaneously broken. The term ¢ is put into the
VEV due to considering the symmetry breaking of SU(2).. If a and 3 are 0, we have a
boundary for &, since it must vanish at that point. The value comes from the boundary

gives a solution for € as [21]
e=20%:0(1) (2.126)
20 bv2 Vi) '

Since both vp and v are about the energy scale of SU(5) unification, it is found that the
eV is much more smaller than the value of vo. In other words, without the SSB of SU(3)
the SU(2) symmetry breaking are more likely to occur due to the VEV of Hs [21]. By
using the equation (2.121c) we can write a new expression for p considering the

condition of vy<v as [21]
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p=avi bv2+ow3+3io Bv2. (2.127)

Since it is expected that v is of the order My and v, is that of Myy the new expression

for p, that is expressed as [21]
ng%XV%+150V2+§BV2-3€ﬁV2 : (2.128)

is not a desired result [21]. The above equation requires extreme fine tuning to make the
right-hand side of the equation is the order of M3,. This is called the hierarchy problem
[21].

To find a solution of the hierarchy problem at each order of the perturbation of the VEV
of Higgs potential must be a fine tuning of the values o and B which seems unnatural.

4
The fine-tuning coefficient must be in the O(vo®/V?) that is ~%=10'z6. After SSB of

SU(5) with the application of the fine tuning, the superheavy gauge boson Y gets mass

by “eating” the combination of the Hs and the fifth column of the ¢ which is ¢5. The
state of Y [21]

2
R )] (2.129a)

v

and their orthogonal combination ($*HP=5"") gives us a physical color triplet Higgs
field [21]

B ¥
Hy=H"+224%+0 (2, (2.129h)

which stays unbroken after the SSB of the SM. The mass of the color triplet Higgs my,
is given in the equation (2.129) [21] as

my,= -2 Bv>+O(v3) . (2.130)

Proton decay

The lightest baryon which is the proton has quark content uud. According to SU(5)

gauge theory the proton is allowed to decay as [19]
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p— n'+e’. (2.131)

If we look at the inner interaction between quarks, the decay is shown in the following
equation as (2.132)

uud— ut+e”. (2.132)

The decay’ of the proton has not been observed yet; however Super-Kamiokande
experiments have been conducted to find a lower bound for that [20]. Today the lower
bound for the proton lifetime is found as 10* years. To find that lower limit for the
proton lifetime it is reasonable to write down the possible decays in the light of the
Feynmann Rules [21].

(2.133)
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According to Feynman Rules the contribution to the proton decay rate comes from

SU(5) gauge bosons is 1/(mass of gauge bosons)*=1/M%. The associated Lagrangian of
the decay is [21]

2
g _ —
Lproton decay ™ l 2 (EaBYuLyYuuLB) (e+yuda)+ h.c
8M%

2 o J—
" [81%/1_% (cupy Uy dep) (Eiyur, ViyHde,) +hec| , (2.134)

2

[ ey yul) (280 v di +epy® daR)‘(EaﬁyﬁY”dE)(v_ﬁy“dﬁ)]+h.c .

(2.135)

g
L =
proton decay 2M,

To sum up why is the SU(5) is still valid and successful guage theory and the answers
are: first, it is @ minimal and simple representation in which SU(3)@SU(2)®QU(1) can
be embedded; second, it has a comlex representation; third, it successfully predicts
Weinberg angle.

The proton lifetime is estimated as [5, 21]

4
0 My

T,X— g
22 5

p C uGUTmp

(2.136)

where m, is the mass of the proton. The equation (2.136) for the proton lifetime when

the hadronic matrix element taken into account the following,

16 4
1,=4.883x10%2 0 S years, (2.137)

OGuT
Neutrino mass

At the beginning of the study it is indicated that in SM right-handed neutrinos do not
exist but right-handed antineutrinos exist. Therefore, mass term for neutrinos cannot be
written unless the additional higher dimensional operators are 5 at least. In GG model,
neutrinos are also stay massless, however they can be massive by adding a right-handed
neutrino as a singlet (1,1,0). Even though this is mathematically correct, still is not

satisfying to explain the small mass of neutrinos naturally. Explaining massive
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neutrinos, naturally actually means that the mass term emerge by itself from the gauge
invariant Lagrangian of the SU(5) model. In some studies that can be achived [7],

however using non-renormalizable terms is not desired in our model.

Several models or mechanisms are developed to generate massive neutrinos [23-24]
such as Zee model [25], radiative neutrino mass models [26-28], neutrino masses from
one-loop level parametrization [29-31,], neutrino masses from extra dimensions [32],
Majorana neutrino masses [33-34], and the seesaw mechanism [35-37]. As it is
explained at in the section 1.2 of the thesis, we will be using the seesaw mechanism to
generate massive neutrinos. Since our aim is to find out small masses for neutrinos at
tree level, neutrino masses coming from interactions at loop-levels (one-loop and two-

loops) are not desired.

Understanding of the massive neutrinos is a good point to start. After the discovery of
neutrino oscillation [38], it is understood that at least two neutrinos must have mass

different than zero. There are three flavors of neutrinos which are v, v, and v, and in

the Sun only the electron neutrino v, is created; however fewer of them are detected in
the neutrino capture experiments in the deep mines [39-40]. This discovery tells us
existence of the right-handed neutrinos. The theory of the SM which says there is no

right-handed neutrino is not true anymore.
About neutrinos it can be listed that

1) Masses of neutrinos are very small (m,<1.1 eV).
2) Parameters required to construct a neutrino mixing matrice: the 3 mass eigenstates +
3 angles + 1 phase parameter.

3) The origin of mass and mixing of neutrinos is still unknown.

The objective in the seesaw mechanism is to generate a small neutrino mass at tree-level
by the addition of minimal number of fields that are not exist in the SM. Neutrino
oscillation experiments agree on the massive neutrinos; however, in these experiments
squared mass differences of neutrinos are measured. Still, we do not know a single
neutrino mass since we cannot measure it. According to experimental results we can
group the mass hierarchies of neutrinos into two as normal hierarchy and inverted
hierarchy demonstrated at in the Figure-2.2.
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Figure 2.2 Neutrino mass hierarchies

The interesting point about explaning neutrino masses is introducing a right-handed
neutrino can explain the massless neutrino since we are assuming at least two of
neutrinos have small mass. However, introducing a right-handed neutrino is not enough
to determine the smallness of the neutrino mass. To explain the small mass of neutrinos

at tree level, or say naturally, seesaw mechanism is needed.

Type-1 seesaw

In order to write a mass term for neutrinos we must introduce a righ-handed neutrino
field vg to the SM as a singlet. In SM there are three flavors of left-handed neutrinos,
therefore the right-handed neutrino field is also containing all three flavors as

(Vo)rs (VH)R, and (v;)g. The Yukawa term for neutrino can be written in the SM as

following [41-44].
L=-vxY,0'l; +h.c. (2.138)

The diagram for Type-1 seesaw mechanism is shown in the Figure 2.3.
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Figure 2.3 The diagram of Type-1 seesaw
In the equation (2.138) the term ¢ is the Higgs scalar which acquires VEV, explained in
the previous chapter, (d) =\/L§((V)) Like mass terms of quarks and charged leptons,

Dirac mass term can also be written for neutrino as

L:'VRIV[DVL'H'I.C. (2139)

where MDz%. From cosmology [45] there is an upper bound for neutrinos m,< 1eV

and the v in the Higgs VEV is v=246 GeV, then we can do the following calculations to

find out an upper bound for the Yukawa coupling Y,,.

246 GeV -
Yy =< 1x10” GeV
(2.140a)
Y, S 6x107"2 GeV
(2.140b)

The result found in the equation (2.140b) does not seem natural compared to a natural

constant O(1), it is very small.

In SM the hypercharge quantum value of the left-handed neutrino is -1/2. If we write

down a Majorana term for the left-handed field as (v; )¢v;, the hypercharge value will

be violated. Moreover, it is not invariant under SM gauge transformation. However, we

can also think about the similar term for the right-handed neutrino which is singlet
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under SM gauge transformation, and it does not carry hypercharge quantum number.
The accociated Lagrangian is then [41-42]

L= (p)*vr th.c. (2.141)

where the superscript c is the charge conjugation operator defined as (vL,R)Cz(vc)R,L.
Neutrino oscillations on the other hand, cannot be explained by the term in the eqaution
(2.141) since right-handed neutrino does not transform under SM gauge transformation.
We can combine the Dirac term and Majorana term to form a new Lagrangian for

neutrino masses as [41- 42,46]
L=-TrMpv; - =* (p)*vg thic. (2.142a)

Equation (2.142a) can be written in the matrix form as follows [41,46]

L=y, (vp)* ][N([)g 1\13[];] [(\\//];{)C

(2.142b)

Defining the matrix M as [41]

M—[ 0 MD] 2.143
LY NNV Yk (2.143)
we can diagonalize the matrix M as
11T
Dy =U'MU ,
(2.144)
where U is a unitary matrix defined as
1 MpMp
U=| P R]. (2.145)
M, Mp, 1

Now we can define light neutrino as v and N respectively. Then the primed of the fields

can be defined in the matrix form as follows [41,46].

49



[KI] =y’ [(Vvi (2.146)
If the mass of the N is greater than 10" GeV then the light neutrino mass will be
smaller than 1 eV [41] with O(1) Yukawa coupling. This mechanism is called the Type-
1 seesaw mechanism [7-8,43]. There are also Type-2 [5] and Type-3 [7-8,47] seesaw
mechanisms which extend the SM particle content by scalar triplet and fermionic triplet

respectively.

Type-2 seesaw
Instead of adding right-handed neutrino to write down a neutrino mass element into the
Lagrangian scalar SU(2) triplet A with quantum numbers (1, 3, 1) can be used to give

mass to neutrino. This mechanism is called Type-2 seesaw mechanism. The potential is

[5]

Veeesmn=-MaTraf a-Y I'Cal+eyl Aty +hec. (2.147)
where
U
a=l PR, vI=(° H) (2.148)
S AT
V2

A

»
>

Vr

e
>
=]

c‘:F

Figure 2.4 Diagram of Type-2 seesaw

The neutrino mass is [5]
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0\2
M= e; £ (2.149)

Type-3 seesaw
Another way to having massive neutrinos at tree level computation is to adding extra
colorless fermionic SU(2) triplet X carrying zero hypercharge quantum number. This

mechanism is called Type-3 seesaw mechanism with Lagrangian [7-8,47]
L=L;y'*H (2.150)

The diagram of the Type-3 seesaw mechanism is shown in the Figure 2.5.

Vv
X

-
-

[
L

Vr Y Vg

Figure 2.5 Diagram of Type-3 seesaw

In the Lagrangian above the second term is the Majorana mass for neutrino and the third

term is the Yukawa coupling. The fermionic triplet X can be written in a matrix form as

1 1 23 2]'i22>
V2 Vg 4y,

(2.152)

Then neutrino mass matrix becomes
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2.2

m, = 22 (2.153)

where v is the VEV of Higgs in the SM.

Radiative neutrino masses at one-loop level
The seesaw mechanism is constructed to give mass to neutrino at tree level. It is
possible to have massive neutrinos by calculating interactions at loop level by adding

extra colorful split multiplet. This mechanism is named as radiative neutrino models

[48] at one-loop level shown in the Figure - 2.6.

_____

Figure 2.6 One-loop neutrino mass diagram

To avoid anomalies the colorful SU(3) multiplet must lie in its real representation. The
minimal real representation (minimal is desired to explain simplicity) is its adjoint 8.
We can generate neutrino masses by adding scalar octet [48-50] (8,2,1/2), s;, and
fermionic octet (8,1,0), f;. Adding two scalar field requires one fermionic field and vice

versa. The relevant Lagrangian to generate massive neutrinos is [48]
£ 2
-L,=Y 1" Cioys, f;+M, Tr(f] Cf, )+1, Tr(s|H) +h.c. . (2.154)
Radiative neutrino mass is also generated at one-loop level by adding fermionic (8,3,0),

f, instead of fermionic SU(2) singlet in the previous case. Again, adding two (one)
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scalar (8,2,1/2) with one (two) fermionic (8,3,0) is necessary. The Lagrangian due to
one-loop level interaction is [48]

2
-L,=Y,1"Cio, fy5,+Mg, Tr(£3 Cf, ) +4, Tr(STH) +h.c. . (2.155)

Neutrino Mixing

The CKM matrix are developed to explain the diagonalization inconsistency between
the charged leptons and quarks mass eigenstates and flavor eigenstates. This
inconsistency is also seen in the mass eigenstates and flavor eigenstates of neutrinos.
Like CKM matrix for charged leptons and quaks, PMNS matrix is generated to explain

the similar condition for neutrinos as follows [41,46],

|
=Vpmns [ V2
V3

where the fields v.,v,,andv, represents the flavor eigenstates and the fields

Ve
Mii
VT

(2.156)

Vi, Vo, and v; are considered as mass eigenstates. Since PMNS matrix V is a unitary

matrix, it satisfies VI V=VV'=1. Due to the fact that there are three flavours of neutrinos

the mixing matrix PMNS is expected to be 3-by-3 matrix as

Vel VZe Ve3
VPMNS: VHI VHZ V“j, (2 . 157)
Vrl Vr2 V‘C3

Similar to the CKM matrix, the PMNS matrix can be parametrized by 3 angles and 6
phases. However, the crucial point is that if the neutrino masses are written in the Dirac
mass, it is posible to reparametrize charged lepton. Therefore, the PMNS matrix must

transform under phase transformation as [41,46]

V,,— ea®V, (2.158)
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where a=e¢, u, T and i=1, 2, 3. Based on the product of rotations 6,5, 6,3,0,; we can
write the Vpyns as [41,46]

i
C12€13 S12C13 SE I
- i i5
VeMNs= [-512623-€12813523€%F  €12C23-512813823€°  cy3553 | P (2.159)

s i
$128237C12813€23€ P -C12823-812813C23€ P C13Cp3

where c;;=cos0;; , s;;=sin0;; and ¢p is generally called as Dirac phase. In the Majorana

case P is diagonal while it is the unit matrix in the Dirac case. For Majorana particle, P
can be written as [41,46]

edn 0 0
PMF[O el®2 0],

0 0 1

1 0 0
Pyo= [o ' 0 ]

0 0 el®:7dcp)

e 0 0
Pva=l0 1 0f. (2.160)
0 0 &°

Charged lepton and quark mass ratios

At the beginning of the section 2.2 it is mentioned that fermions are placed in the 5

[ab]

and 10 representations. They can be represented as Dirac spinors v, —and

respectively where a, b =1, 2, 3, 4, 5. The demonstration of superscript [ab] indicates
that the indices in the paranthesis are antisymmetric. Fermions in the SM acquire mass
via Higgs in the 5 of SU(5) getting VEV due to the SSB. After Higgs getting VEV, it
couples with fermions and make them massive (before the SSB all fermions are
massless). The coupling of Higgs with these fermions are represented by the Yukawa
terms in the Lagrangian. The fermionic terms in the 5 and 10 representations can be

written as following.
y[.Cy, =55, (2.161a)
vl Cy=5®10, (2.161b)
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Y PCyed=10®10 . (2.161c)
where, C denotes the charge conjugation operator which satisfies

CyuC'1=-yE. (2.162)

Since we want to write a mass term which must be SU(2) gauge invariant, the charge
conjugation operator is needed. Associated mass terms with two left-handed fermionic
fields y; and X; as

yICXy +h.e=y] (-X{ C)+h.c.=-X] y] C+h.c.=X{ Cy, +h.c.=y$X; +h.c. (2.163)

We can represent the Higgs in the fundamental representation as H®. The SU(5) gauge

invariant Yukawa Lagrangian [18] is

LYZglmemani?l}_Ib-Feabcde gzmn\pzfl? C\pi‘lee-Fh.c. (2.164)

where m and n are family indices m, n=1, 2, 3 and €, IS SU(5) invariant

antisymmetric tensor. H,, is the complex field of the Higgs in 5 that acquieres VEV [18]

(H')=25%. (2.165)
Also
10 10@®@H— mass term of u quark (2.166a)
and

5®10@H— mass terms of d quark and electron (2.167b)
For a=1, 2, 3 the first term in the equation (2.164) is the mass term for d quarks
glmnw{ml C\Illljl<H5) - glmnwzm2cwif1(ﬁ5> - glmnwzm3cwi?1(ﬁ5) (2168)

and for a=4 it is the mass term for electron,

21V ma CY L (Hs) . (2.169)
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The second term gives masses for u quarks. From equations (2.168) and (2.169) it is
seen that the mass of electron is the same as the mass of d quark. And if we repeat that

calculation for other generations, we found that
mg= my, M,= mg,m,=m,, (2.170)

The equation (2.170) is valid for the energy scale greater than the GUT scale in SU(5)
gauge theory where the symmetry breaking occurs due to the VEV of Higgs in the 5 of
SU(5). However, if the energy scale is around the weak scale, My , this equality
becomes [21]

T3 (2.171a)
my,
On the other hand
me _ My
. (2.171b)

IS very interesting result. The equation (2.171b) is not consistent due to the fact that the

mass ratios of the leptons m./m, is about the 1/9 times of the mass ratio of quarks

my/mg. It is possible to fix the unproper mass relation in the equation (2.171b). While
doing this, the mass relations of the third generation down-type quark, b-quark, and that

of lepton tau at the unification scale will be untouched.

The Higgs in the 45 representation must satisfy the antisymmetry and the trace of 45 as

shown below respectively.
Hb=-H% (2.172a)
and
H2=0 (2.172b)

The Yukawa Lagrangian including 45-plet Higgs is [21]

T f
LY(45) = elmnWEamCWEinc + flmnEabcefWEiECWing +h.e. (2173)
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Taking a=b and do summation over ¢ gives us the 5. The remaining 50-5=45 elements
construct the 45 which satisfy equations (2.172a) and (2.172b). While a=b, if we take
c=5, then it gives a colorless neutral element with summation over a=1, 2, 3, 4 [21].
Since the color symmetry must stay unbroken and after the SSB the remaining
symmetries must be SU(3)-®U(1).,, When a takes color indices a=1, 2, 3 the VEV of
45 Higgs conserving the SU(3)c symmetry is [18]

(458°) = 45 (89-48,48"")5. (2.174)

Rewriting the Lagrangian in the eqaution (2.173) including the VEV of Higgs given in
the equation (2.174) gives [21]

Ly = emWVl, CyPCvys(85-45"8,4)3cs. (2.175)
The above equation gives for a=1, 2, 3
elmn‘llemC\lfngs (5% '4514514)555+61mn\|/EZmC\|1ﬁV45 (55'4524524)555
e mnVTs, Coovys(83-45°%834) 055 (2.176a)
and for a =4 [21]
ermn V4 W vys(84-48%844)3ss. (2.176h)

Equation (2.176a) is mass term of d quark and (2.176b) is of the electron with masses

Mg = e1V4s and me=-3e1V4s. Since the representation 45 must satisfy [21]

4 H¥=0, (2.177)
then it is found that
m=3my , (2.178a)
m,=3m , (2.178b)
m=3my, . (2.178c)
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Adding 45-plet Higgs scalar saves the bad mass ratios in equation (2.171b). From
equation (2.178c), it is seen that the mass ratio of the tau-lepton and b quark is getting
worse. That means that acquiring a VEV of Higgs in the 45 representation makes better
charged lepton and quark mass ratios for the first two generation while spoiling the
desired mass ratio of the third-generation lepton and quark. It seems that VEV of Higgs
in the 45 is good but not the best solution for charged lepton and quark masses.

It is said that there is another solution to get a desired mass ratios of charged leptons and
quarks masses by adding a new interaction, gravity, with combination of SU(5). That is
called a “truly unified theory” [21]. Since in this study we are focused on just GUTSs, we
are not interested with that solution.

In our model both Higgses in 5 and 45 representation acquires vev that makes our
model a hybrid model since the VEV of the Higgs in the 45 is required not only to fix
the charged lepton and quarks mass ratios but also to have massive neutrinos. The
charged lepton and quarks mass ratios are as following.

My, =M; =€ yn35Vs (2.179a)
mg=m=f},,,V4s (2.179Db)
M, =3y, Vas (2.179¢)
me=(e 1, Vs) /m, (2.179d)
M=y, Vs ) /my (2.179%)

By choosing eimn and fim, in a particular way the masses of charged leptons and quarks
can be adjusted to fit the experimental values.

75 and 455

There are many representations studied to find out viable GUT model that unify SU(3)c,
SU(2). and U(1)y gauge theories embedded as a subgroup of SU(5) as discussed in the
section 1.1. The first minimal SU(5) GUT model constructed with particle content
containing only SM particles known as GG model [1]. After GG model, other

representations of SU(5) are added to this minimal model to construct a viable model
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since the GG model does not satisfy experimental bounds and new discoveries such as
small mass of neutrino. To review the additional representations from the smallest one
to the larger one respectively there are the 10 [4,11], 15 [5,13-14], 24 [7,8], 35[13-14],
40[12], 45[8-9], 50[12] representations have been studied as explained in the literature
review. As it is mentioned in the study [15], 75 representation of SU(5) could be count
as a small representation which has not been studied. Therefore, in this thesis our aim is
to find unification with additional fermionic content of 75 and a scalar content of 455 to
the GG model.

Beginning with the construction of 75¢ representation, 5 and 45 representations are
needed. Their direct product gives

5®45=24@75@126 (2.180)
The representation of 75 can be written as 75531]] wthere both i, j and k, | are

antisymmetric indices taking values as i, j, k, | =1, 2, 3, 4, 5. Since 75 is a real and

traceless matrix, it satisfies
S, 750=0, (2.181)
which also satisfies
75=-750 =-7514=75". (2.182)
The general Lagrangian by including the 75¢ and 45 will be in the form of

L=Kinetic terms+Scalar potential+Yukawa couplings+Mass terms . (2.183)

The Lagrangian written above must be

e Lorentz invariant,
e SU(5) invariant,

¢ renormalizable (the dimension of the coupling constants must be non-negative),
as Lagrangian for the minimal SU(5).

The desired mass terms of the 75g can be written as
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M [ij] [k A [i]] [k,m]
B % \V75) [k,1] (\II75) [i] - g (\V75) [k,1] (\II75) [i,] (H24)£n (2184)

that satisfies the three conditions written above. A is a real constant. Since the VEV of

Higgs in the adjoint lies in the diagonal as
AV L.
(H24)=\/T—Odlag(232927-39-3) (2185)

mass terms in the equation (2.184) can be written as
M [i,j] kIl & [i,j] (k1]

- % (\IJ75) [k,l] (\lj75) [i,j] - g a (\V75) [k,l] (W75) [i,j] (2 186)
where a comes from the eqaution (2.113) as a value depending on the associated
indices. For example, for 1=1, 2, 3, a is 2 multiplied by the VEV coefficient of the
diagonal, and for i=4, 5, a= -3 times the VEV coefficient. We use the matrix form of
SU(5) wthere the indices i, j, k, I, m, n, p, r, s=1,2,3 for SU(3)c color symmetry and i, j,
kK, I, m, n, p, r, s=4,5 for SU(2)_ weak isospin symmetry. By considering these
transformations we can write down split-multiplets of 75 and their mass terms as

7565 (1,1 0)@(3 1 5)@(?1 5)@(32 5)@9(?2 5)@(62 5)
F sl :9_3 :93 ’,-6 ”6 ”6
@ (6.2.-3) B(8.3.0)D(8.1.0)
(2.187)

Now it is useful to find out contributions of these split multiplets to beta functions to
analyze unification. Since these multiplets are fermions belonging to a real

representation the associated formula is [18]
Ab:———C(r)idi:%C(r)idi , (2.188)

where i=1, 2, 3 for U(1)v, SU(2). and SU(3)c gauge theories respectively.In our model
we will have 2 of 75¢ to make at least two neutrinos massive. Therefore, we need to
multiply the formula written in the equation (2.188) with 2. The contributions of the

split multiplets of 75¢ are given in the Tabse-2.5.
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Table 2.5 Beta Functions Contributions of Split Multiplets of Fermions in 75 of SU(5)

75 (1,1,0) (3,1,- §) + (3,1,§) (3,2,-5) + (3,2,5) (6,2,§> + (6,2,- 2) 8,3,0) | (81,0

3 3 6 6 6
Aby 0 20/3 103 20/3 0 0
Ab, 0 0 2 4 323 0
Abg 0 2/3 413 203 6 2
Aby-Ab, 0 20/3 413 8/3 -32/3 0
Ab,-Abg 0 -2/3 2/3 -8/3 14/3 -2

The corresponding mass relations of these split multiplets of 75¢ are

m(3’1)=m(8,3) , (2189&)

m(6,2)=(m(8,3)+3m(8,1))/4 y (2189b)

m(§,2)=(5m(8,3)-m(&l))/4 0 (2189C)

m(1,1)=(3m(8,3)-m(&l))/2 : (2189d)

75 generates our additional particle model to the minimal SU(5) model. In this study
there will also be extra scalar content 455 where 452°=-45* and 45i°=0. These particle
selections are done to first by adding extra 45 scalar we want a better charged lepton
and quark mass relation than compared to the GG model [1] and second, we want to
give small mass to neutrino which is massless in the GG model [1]. The VEV of Higgs

in the 45 satisfies

(01 Yo=(37)0=(93")o=-5 (03 Yo=V0 ,
(2.190)

3v 3v

and the VEV of 24 is (H);=diag |v.v.v,-> -2,

Split multiplets of 45 are

4552 (1.25) @ (33-5) @ (31.5) @ (3.1, -5) @ (32-7) @ (6.1.-5) @ (8.2.3)
(2.191)

The potential of 455 represented as ¢2b and the X} ,the adjoint, is [50]
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V=a(02"¢%, ) (ZFZ)+B, 02200 Te+B,0° =i TGP, 0° TG00 o +B, 02 E00¢, Ti+B 0 T07 B
(2.192)

The eqaution (2.192) show us that there are fours leptoquarks in 45s which are:
1 = 4 1 = 7 , .

(3, 3, -5),(3 .1, 5)’(3’ 1, -5),(3,2, -g). These leptoquaks’ masses play an important

role on setting limitations on masses of the other split multiplets due to the proton

lifetime bound. There is also second Higgs doublet in 455 which might also get

limitations on its mass due to the experimental results since it is known that there is

only one physical Higgs in the SM. Split multiplets of 455 have contributions calculated
as [18]

Abi=3 C(r)id; , (2.193)

where the indice i=1, 2, 3 for U(1)y, SU(2). and SU(3)c gauge theories respectively.
Corresponding contributions calculated from the equation (2.193) for a single 455 are
given in the Table 2.6.

Table 2.6 Beta Functions Contributions of Split Multipletes of Scalar in 45 of SU(5)

45 (121) (33 1) (314> (31 1) (32 7) (61 1) (821>
932 99'3 993 99'3 ,9'6 9,'3 ,92_

Abq 1/10 1/5 16/15 1/15 49/30 2/15 4/5

Ab, 1/6 2 0 0 1/2 0 4/3
Ab, 0 1/2 1/6 1/6 1/3 5/6 2
Abg-Ab, -1/15 = -9/5 | 16/15  1/15 | 1715 @ 2/15 | -8/15
Ab,-Abs  1/6 3/2 -1/6 -1/6 1/6 -5/6 -2/3

By using the mass terms of 455 given in the equation (2.192) we can write down mass

relations of split multiplets as follows [50].

5 2
m(1,2,1/2):'1_\/6(6[31+B2+4B3+B4+2[35) J

(2.194a)

15v?
Mg 2,1/2)=" 2~ (6B, 5P, +4B,+B,+2P5) ,

(2.194b)

62



5v2
m((—),l’_l/3)=-1—6(2[31+15[32+4B3+7B4+6BS) ,

(2.194c)
5 2
M3 31737 7= (188, +15B,+8B+3B,-2p;) ,
(2.194d)
5 2
MG2-7/6= 7= (2B, +15B,+20B,+7B,-2p;) ,
(2.194e¢)
5V2
m(3,1,-1/3):'1_6('6[31+15[32+2053‘B4+6BS) ,
(2.194f)
5 2
m(§,1,4/3):-1_\;(10-5B2+6B3+SB4+265
(2.1949)

Then we can write down the two of the split multiplets m(; ;) and mg 5 ;2 in terms

of others [50].

2 I ) 2 2 2
M1 217275 (MG 5173 M(32.7/6) TM(3,1-173) T 2MG1473) ’

(2.195a)
2 _3 2 2 2 2 2
M5 2,1/2) 10 MG 1-1/3) 3M(3-1/3) 2G5 27/6) 2031 -1/3) T2MG1.473)
.(2.195b)
In this model the fermionic and scalar content can be summarized as in the Table 2.3.3.

Table 2.7 Particle and Scalar Content of the Proposed Model

Particles and Scalars Total
Antiparticles
Standard 75 Standard 454 Standard Model and additional
Model Model fields
5¢,105,56,10 | 75g, 75¢ 5,244 454 5¢,10,5,10g,75g,758, 511,24+
455
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3. RESULTS AND DISCUSSION

Since our first aim is to add 45 scalar field to the GG model [1], first, we need to
consider contributions to beta functions of its split multiplets. The analysis of
unification can be tested according to B-test which is the ratio of subtraction of beta
functions which are defined as [5,13-14]

B;=b;+ X by :
3.1)
where
1= In(Mgyr/M;)/In(Mgyr/Mz) ,
(3.2)

and b; is the SM beta function contribution, b;; is beta function contributions due to
intermediate scales, Mgyt is the unification scale, Mz is the mass of the Z boson, and M,

is the intermediate scales. Then we can write down the difference of beta functions as

B;j=B;-B; wthere i, j=1, 2, 3. The ratio is

Bys _ 5 sin” Ow-a(Myz)/as(Mz)
B, 8 3/8-sin” Oy

(3.3)

where the experimental values sin® 6y = 0.231, Mz=91.1876 GeV, o (M,) = 0.118

[48], and o' (M,)=127.906 [20]. The ratio given in the equation (3.3) must be around
0.721 and it is 0.53 for SM beta functions which is low. That improper ratio for the SM
can be fixed by adding proper intermediate scales which should decrease the value Bi.
In 45 representation (1, 2, 1/2) and (3, 3, -1/3) have negative contributions on B, as -
1/15 and -9/15 respectively given in the Table-2.4.3. The (1, 2, 1/2) is a scalar field that
carries the same quantum numbers as the Higgs in the SM. Therefore, our model is seen
as two-Higgs-doublet [51]. According to experimental results there is only one Higgs
doublet in SM [20]. Therefore, the second Higgs doublet we are adding must be above
the SM Higgs energy scale to explain its existence. On the other hand, the particle (3, 3,
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-1/3) is a scalar leptoquark, for that reason it must have higher energy than the SM
energy scale (My) [52-53]. The contributions of these two 45 split multiplets affect the
beta functions flow in desired way, therefore we want to set their mass as minimal as
possible such as 1 TeV or 10 TeV. Additionally, making two neutrinos massive requires
the addition of 75 fermion fields which include the heavy right-handed neutrino having
quantum numbers (1, 1, 0). Experimentally, it is found that the neutrino mass
m,< 1.1 eV. This upper bound limit set an upper bound for the mass of right-handed
neutrino in 75¢ as(m,)g < 1.2x10'"> GeV. This limit is much lower than the lower bound
for unification scale, that is =5x10'°GeV. It means that all fermionic multiplets’ masses
should be below the unification scale and have contributions on beta functions flow. To
find out the unification that ensures the boundaries, it is practical to fix masses of (1, 2,
1/2), (8, 2, 1/2), and (1, 3, 0) at 1 TeV and due to experimental bounds (3, 3, -1/3) is at
10'° GeV. Then using the computer program® written by the author found that
unification occurs at 1.018x10'® GeV. This calculation is made by using subtraction of

the beta functions B1, and Bs.

2 (i i) =iz (0 552) + () (n )
(3) (1ner) () () () (1 )
0 ()« (5) ()« () (n32)
#(3) () + () (mes) w0 (in e |

(3.4a)

2 (s i) =P (%) + () (o %)
#(3) (in2ez) + () (1n2) + (3) (1n ) o (c4) (1n )

! https://gist.github.com/esraythelite/Obc426b9f58f493d2257ee5f9b518d8
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16 M 28 M
+ (- —) (ln ﬂ) + (—) (ln ﬂ)
3 mg 7) 3 mg 3)

4 Mgut 4 Mgut Mgut
F(-2) (=) +(2) (In =) + —SuT
( 3) (ln m(S,I)) (3) (ln m(3,2)> ©) (ln m(l,l))
(3.4b)

In above equation the two of 75¢ representations are given as the same energy scale and
masses of (3,2), (3,1) (6,2) is the same as their complex multiplets. Using 75¢ mass
relations given in the equations (2.190a-2.190d) we can define a ratio r

_ m(8,1)
=G

(3.5)

It is found that for the unification at higher energy scales it requires that r <1. According
to mass relations this requirement results the mass of the (1,1) is the highest and mass of
the (8,1) is the lowest. Considering the upper bound for (1,1) it is found that r=0.427

gives masses as

y,: m(8,1)=1.33x10"*GeV,

v,: m(6,2)=1.78x10"GeV,

Ve Vs 1) m(8,3)=m(3,1)=3.12x10"*GeV,

v, m(3,2)=3.56x10""GeV,

v, m(1,1)=4.01x10"*GeV (3.62)
and the scalar content is

¢, =0s=23= m(1,2)=m(8,2)=m(1,3)=1 TeV. (3.6b)

The unification is Mgur=1.018%10' GeV. The heavy right-handed neutrino is
consistent with the upper bound limit coming from the neutrino mass. This model

includes 5 intermediate scales between SM and GUT scale (the contribution of (1,1)
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does not count) seen in the Figure-3.1 below. Other split multiplets of 45¢ are at or
above the GUT scale.

60 I3 Op O Wil |¥s E
Wsl| |[¥a ]
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Figure 3.1 Gauge couplings of the proposed model

From the Figure-3.1 it is seen that the coupling constant at GUT scale GGUT:% that

affect proton lifetime will be calculated later. Now, we can calculate neutrino mass by
using the interaction diagram of 5g, 455, and 75¢. The 5¢ contains the left-handed

neutrino and the Higgs in 45 acquires VEV, (45) results a diagram as shown below.

(45) (45)
X X

\ 4



Figure 3.2 Type-1 seesaw diagram for the proposed model

From the diagram above the neutrino mass is calculated from the equation (3.7),

_ 1(evas)
vVoo2M(>1L,D)

(3.7)

In egaution (3.7) g is the coupling constant comes from the interaction vertex of 5, 45,
and 75. vgs is the VEV of 45 and M(1,1) is mas of right-handed neutrino in 75. To make
constant g natural we are setting them at the O(1). The vys is the VEV of the second

Higgs doublet it must satify

(3.8)

where v is total VEV, v=246 GeV, and vs is the VEV of the SM Higgs which cause a
SSB of SM to SU(3)&®SU(1).,. Since vs should be greater than 0, the VEV of 45 can
be selected as 150 GeV and 200 GeV to calculate the two masses of neutrinos. Setting

these parameters into the eqaution (3.8), mass of the neutrino is found as

1’1’1v1:4.99x10-2GeV1 mV2=8.7O><10'3eV, and mVSZO'

The mass ordering founded for neutrinos is called normal hierarchy shown below.
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| my,=4.99x1072 eV

my, = 8.70x10™ 3eV

Normal Hierarchy

Figure 3.3 Neutrino masses in normal hierarchy

()
Using the equation (2.137) t,=4.883x10°*x 150 years

AGuT
where agyr is found as
agur=0.059, (3.9)
we can calculate the proton lifetime as
T,= 1.5% 1035years. (3.10)

In the Neutrino Mass section, the radiative neutrino mass models are discussed.
Interestingly our model which can be shown as GG+45s+75¢ contains particles to
generate neutrino mass at one-loop level. Since 45 scalar contains the split multiplet
(8,2,1/2) and 75 fermions contain both (8,1,0) and (8,3,0) at some special energy level
where the tree-level interaction contributions is suppressed by one-loop level neutrinos
become massive. However, in our model one-loop contributions to neutrino mass are

supressed and we only consider tree level contributions.
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4. CONCLUSIONS

The model we construct is successful at unification scale Mgyr=1.018%x10'°GeV
compared to other SU(5) models [4-5, 7, 11, 13-14]. The coupling constant at

unification scale AGUT=T7 1S lower compared with the studies in general in which it is

1

OMx

about two times strongly than in the general GUT models. The lower bound for the

found as

zé. That can be considered as at the unification scale particles interact

proton lifetime t, > 10°* years is provided. The most amazing point in this study is that
all masses of split-multiplets in 75 and 45 contribute to beta functions while keeping
mass relations [8]. Neutrino mass comes up naturally by using the Type-1 seesaw
mechanism [43-44] consistent with experimental bounds [30, 45, 54]. Our model is two-
Higgs-doublet model due to the additional Higgs doublet in 455 field. Since there is one
Higgs doublet in SM, the second doublet Higgs has mass greater than the Higgs in the
SM. This model can be seen as minimal SU(5) model [15] and in literature it has not

been studied except its supersymmetric type [54] is.

Using two 75¢ fields at least two neutrinos become massive and third one stays
massless. To make predictions for all three neutrinos a third 75¢ can be added. This
addition can also be used to construct PMNS matrix and prediction for the type of
neutrino mass hierarcy. Our model found that neutrino mass ordering are in normal
hierarchy [22-24].

In this model 455 is added and it is known that this representation fix charged lepton and
quark mass ratios [9]. It is expected to see the positive effect in our model as well.
There are only contributions of two split multiplets of 45s, (1,2) and (3,3), due to their
negative contribution to Bi,, which helps three coupling constants unify and achieving
unification at higher energy scales. Thankfully, mass relations allow us to make masses
of (1,2) and (3,3) small while putting others at or above the unification scale. Unluckily,
it is not possible to have the same situation for fermions due to the upper mass limit for
the right-handed neutrino, (1,1) in 75s. If one of our considerations was not to explain
neutrino mass naturally, we would have better unification scale with fewer intermediate

scales as mentioned before in the first and second scenarios.
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In this model contributions from loops are not counted. While constructing Lagrangian
we only consider renormalizable terms. It is possible to use non-renormalizable mass
terms for split multiplets [7]; however, that allows us to put masses anywhere possible

unnaturally.

The SU(5) gauge theories are still viable even it has the same rank as the SM and
restrictions from proton lifetime force its boundaries. The model we explained in this
thesis lies at the edge of the miminal SU(5) gauge theories. Many studies are conducted
on SU(5) gauge theories [55-56] and tries to explain experimental results. This study
provides experimental and cosmological boundaries while preserving mass relations.
Other studies [57] tries to do the similar explanation with groups with higher ranks.
Comparing to these models SU(5) generally seems the most natural gauge theory to

explain three fundamental interactions.

We can summarize the successes of the model in three categorizes; first one is the
successful unification scale, another is appropriate neutrino mass, and finally a
reasonable proton lifetime. Even though other models can provide those, non-
supersymmetric SU(5) gauge theory which includes extra fields of 75¢ and 455 has not

been studied while preserving mass ratios.
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