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1. Introduction

Number sequences, especially Fibonacci number sequences,
have attracted the attention of many scientists. Some studies on
Fibonacci and Lucas number sequences are as follows: [1-5]

There are other number sequences that are obtained by using
these sequences and that attract attention in the scientific world.
Pell, Pell Lucas, Jacobsthal and Jacobsthal-Lucas number sequences
obtained by changing the initial conditions are also of great impor-
tance [6-11].

Number sequences and their generalizations have found appli-
cation in many branches of science [12-16].

One of the last studies in this area is [17] where they we gave
some results of the triangles with coordinates of vertices.

In this work, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas
numbers are placed at the vertices of the polygons clockwise. Re-
lations are found giving the mth term corresponding to the vertex
Ay in an n-gon, 0 < k < n. Also, a relation among the numbers cor-
responding to a vertex is given.
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2. Materials and methods

Definition 2.1. The Fibonacci sequence is defined by
Fipo-Fi+Fq,n>0

with Fp=0 and F= 1.

The first few terms of this sequence are 0,1,1,2,3,5,8,13

The characteristic equation for the Fibonacci sequence is x% —
x—1=0.

a =145 and B = 155 are obtained where « and f are the
roots of this equation.

Definition 2.2. The Lucas numbers are defined by the linear recur-
rence equation
Li=Li1+Li2,n>2(neN)
with [ =2 and L; = 1.
The Binet formula for this sequence is
Ly=a"+ /3”
Definition 2.3. The Pell numbers are the sequence of integers
{Pn}52, defined by
Php=2P,_1+Pyo,n>2 (n € N)
with Ph=0 and P =1.

The first few terms of this sequence are 0, 1, 2, 5, 12, 29, 70,
169, 408, ...
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Fig. 1. Pell numbers placed over a dot.

We know that P_,, = (=1)"1P,.
The characteristic equation becomes

X2 -2x-1=0
which has roots @ =1++2 and B =1 - 2.

We know that « + 8 =2, « — 8 =2+2 and a8 = 1.
The Binet’s formula for this sequence is

n_ An
p - -B"

a-p
Definition 2.4. The Pell-Lucas numbers are defined by the recur-
rence relation

Qn=2Qn-1+Qu2.n>2 (neN)

with Qg =2 and Q; = 2.

For some neN, we get
{2,2,6,14,34,82,198,478, 1154, ...}

We know that Q_, = (—1)"Qx.

Binet’s formula for the sequence is Q; = o™ + B".

{Qu} =

Definition 2.5. The Jacobsthal numbers are defined by

0ifn=0
= lifn=1 .
Jo= T+ 2h ifﬂ>1

Definition 2.6. The Jacobsthal-Lucas numbers are defined by

2ifn=0
jin = lifn=1 .
Jn= Jn-14 2jnaifn>1

3. Results and discussion
3.1. New recurrence relations for the Pell and Pell-Lucas numbers

We will now place Pell numbers and Pell-Lucas numbers at the
vertices of a polygon continuously clockwise. We will continue this
process from one point to the n-gon. Let’s name the vertex points
of the polygon as Ay, A1,A,,. .. as seen in the figures. Our aim is
to find a relation that gives any term of the new sequences occur-
ring in each vertex A;. We give this aim in Theorem 3.1.1 for Pell
numbers and in Theorem 3.1.3 for Pell-Lucas numbers.

In any n-gon, let k and m denote vertex number and order of
any term of the new sequence occurring at any vertex, respectively,
where 0 <k <nand m> 1.

For n =1, let’s write the Pell numbers consecutively over a dot
as shown in Fig. 1.

For n =1, we get k = 0. So, we have a recurrence relation

P(m—l)n+k =Pp1= 2Pm—Z + B3

with Ph=0 and P =1.

This is the well-known formula for the Pell numbers.

For n =2, let’s write the Pell numbers consecutively on the
endpoints of a segment as shown in Fig. 2.

We have a recurrence relation

P(m—l)nJrk = P(m—1)2+k = 6P(m—2)2+k - P(m—3)2+k

For n = 3, we place the Pell numbers on the vertices of a trian-
gle clockwise as shown in Fig. 3.
We have a recurrence relation

Pin—1yn+k = Pm—1)3+k = 14Pm_2)31k + Pm—3)3+k-
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Now, for n =4, we place the Pell numbers on the vertices of a
tetragon clockwise as shown in Fig. 4.
We have a recurrence relation

Pin-1yntk = Pim—1y4+k = 38Pun_2)a+k — Pim-3)a+k-

Now, we place the Pell numbers on the vertices of an n-gon
clockwise as shown in Fig. 5.

For example, let’s find the second term of the new sequence
occurring at the vertex A; in a 4-gen.

That is, for n=4, m=2 and k =1, This value corresponds to
the 2nd term of the A; ={1, 29, 985, 33461,...} sequence in
Fig. 4. This must be 29. Note that the enumeration of terms for
the new sequence occurring at the vertex A, starts at 1 like A, =
{X],Xz, .. }

Now, let’s find this value from the given formula for n = 4.

Pin-1yntk = Pm—1ya+k = 34Pm_2)a+k — Pin—3)a+x
Pa-1y4+1 = 34P2_2)441 — P2-3)411
Ps = 34P, — P_s

29=34-5

In Fig. 5, let’s consider the new sequence formed at the vertex
Ag. Ay = {x1. %2, ...} = {Pe. Poyies Ponies Paneks - - -J- Since the first term
of this sequence is P, = Py, the second term is P, = Py, the
third term is Py, and and if so on, it is seen that the mth term of
the new sequence formed at the vertex Ay in an n-gon is Pp_1)nk-

Also, the coefficient of Py, »)n k is Pell-Lucas number Q, and
the coefficient of Pp_3)nik is (=1)"

Let’s give this case with the following theorem.

Theorem 3.1.1. For 0 < k < n, we have the following relation, which
gives the mth term of the sequence corresponding to the vertex Ay

P(m—l)n+k = QnP(m—Z)an - (71)np(m—3)n+k (1)

Proof: If we use Binet formulas of Pell and Pell-Lucas number,
we get
(m=2)n+k_ g(m-2)n+k
Pim-2nk @ = (=D)"Pm_3yn 1= &g .(a" + B") —
(_1 )n' a(m—B)n+k7ﬂ(m—3)n+k

a=p
a(m—1)n+k _ ﬂ(m—1)n+k a(m—Z)nJrk'ﬂn an’ﬂ(m—Z)nJrk
- oa—p a-pf = a-8
(_])n.a(m—3)n+k (_1)".13(m—3)n+k
B a-p + a—-B
_ Ot(mfl)er - .B(mil)mrk + O{(m—B)rH—k O‘nﬂn — (_1)n
oa—p o-p
713(m—3)n+k anan — (_1)n
a-p ’
Because of «.8 = —1, we have
_ e p sk (D= 1)
oa-p o-p

m-3)n+k (_1)n_(_1)n
=

om-Dntk _ gam-Dn+k

o-p

= P(m—l)n+k~
O
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Ay={0,2,12,70,408,..}  A;={1,5,29,169,985, ...}

Fig. 2. Pell numbers placed consecutively at the endpoints of a segment.

Ay = {0,5, 70,985, 13860, ...}

Ay = {2,29,408,5741,80782, ...} Ay = {1,12,169,2378, 33461, ...}

Fig. 3. Pell numbers placed clockwise at the vertices of a triangle.

A = {5,169,5741,195025, ..} Ay = {0, 12,408, 13860, ..}

Ay = {2,70,2378,80782,..} Ay = {1,29,985,33461, ...}

Fig. 4. Pell numbers placed clockwise at the vertices of a tetragon.

Ay = {inh Fn, Pon, Pin, ..., P{m—])m }

Al = {P1, Pn.-i—lg Pln-i—'l_-. Pﬂn—h }

—

As = {P:_h Pn,-|-2_1 P‘3n+2: -P:?S-n—'.?-.e }

/
/!

/
-A.f.'. — {Pka I)n+k.n -P‘ln-i—kn B}n—f—kn }

Fig. 5. Pell numbers placed clockwise at the vertices of an n-gon.

Table 1

The coefficients.
Dot Segment Triangle Tetragon Pentagon Hexagon Heptagon
(2,1) (6, -1) (14,1) (34, -1) (82,1) (198, -1) (478,1)
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Let us give the coefficients corresponding to the above sequences in Table 1.

The first components in Table 1 are Pell-Lucas numbers, {2, 6, 14, 34, 82, 198, 478, ...}

The second components in Table 1 are {1,-1, 1, -1, 1,-1, 1, -1, ...}. {1, -1, 1, -1, 1, -1, 1, -1, ...} is numbered as sequences A033999 in The
On-Line Encyclopedia of Integer Sequences [18].

Theorem 3.1.2. For 0 < k < n, we have the following relation between the numbers corresponding to the vertex A,

2m-3—(-1)M 2m-5-(-1m-1
Zm-3- 17 m-S- DT
n [m—t-1 _2f— 1 1 m—t—2 T
PmrH—k = Pn+k ;0 (—‘l)(n+ ) ( t ) Qnm 2t-1 +Pk ;0 (_‘1)(”Jr )(t+1) < ; Qnm 2t—2

Proof: Let us prove the theorem by induction on m.

For m =1, we get

0 -1
Pn+k = Pn+k <§ (_1)(n+l)t (tt) QnZt) +P, (g (_1)(n+l)(t+1) (tt ]) Qn2r2>
0 0 0 n+1 -1 -2
= Pn+k<(_1) (0> (Qn) ) +Pn<(—l) ( 0 )(Qn) >

= In+k
Suppose the claim is true for m =s. That is, we have

2k-3-(-1)° 2k=5-(-1)5~!
- 4 7

s—t—1 o s—t-2 Dy
Poik = Py Z (71)(n+l)t ( ; ) Qfl 2t-1 +B, Z (71)(n+l)(t+1) ( . ) Qﬁ -2 | 2)
t=0 t=0
Form=s+1,
If we use Eq. (1) then we obtain
P(s+1)n+k = sn+an - (_1)np(s—1)n+k
By using Eq. (2), we have
2k-3-(-1) 2k=5-(-15"!
- e (S—t—=T1Y 521 . meye+1) [(S—t—=2Y\ As-2t-2
P(s+1)n+k = In+k g (_1 )(n+ t Qn Qn + Pk g (_1) t Qn Qn
2k—5—(4—1)5’1 2k—7—(4—1)5’2
s—t-2 ot s—t-3 2t
_(_1)npn+k Z (_])(nﬂ)t ( ; ) Q; 2t-2 _ (_1)npk Z (_1)(n+1)(t+l) ( ; ) Q; 2t-3
t=0 t=0

When s = 2r, we have

r—

1
P(s+1)n+k = In+k (Z (‘Umﬂ)t (27‘ _tt - 1) Qgr—2t>

t=0
= 2r—t—2 -t r—t-2
D+ -t —2t— 1(t+1 —t- 2t
+ Pk Z(_1)(n+ )(E+1) ( . >Qgr 2-2) 4 p Z(_l)(n+ )(t+1) < / ) Q221
t=0 t=0
= 2r—t-3
1(t+2 —-t- 26—
+ Py g(,l)(w )(t+2) < h ) Q-3

_ n+k[<2r()—1>Qgr+(_1)n+1<2r1—2>Qgr2+ (Zrz— 3>Q’3r4+,_, +(_1)<n+1><r—1><r11>Q5

+ (=™ <2r0_ Z)Qﬁrz + (Zrl— 3) Q4 4. 4 (=MD (r12>Q'3 n (_-l)(n-H)r(:: })]
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N Pk[(—l)n+l (21‘0— 2>Q,?r 1, <2 ) >Q§r 3+( l)n+1< 5 4)Q§r5+,,. + (—])(n+1)r<:::}>Qn
+<2r0_3)Q§r_3+ (_1)n+l< ) Q54 < 5)Qgr—7+...+(—1)<"+”’(;i§><zn}
_ n+k<Qﬁr+(—1>”+1 <2r1_1>Q3r'2+( B )Q’fr_u”' +(_l)(n+])(r_l)<:t}>Qg+(_l)(nmr)

+Pk((_1)n+lQ3r—1 + (27'1_ 2>Qgr—3 + (_1)n+1 (27‘2— 3>Q,fr_5 ..+ (_l)(n+l)r<r_r 1>Q")

- 2r—t = 2r—t—1
=Pox Z(_‘l)(nﬂ)t ( . )Qngt 4P g(_l)(nﬂ)(rﬂ) ( A )Q,frzr]

t=0
k=1 (~1)5+1 2k-3—(-1)%
! nttye [(S—t st . 1y [S—t—1 s—20—1
= Pk ZO DT ) @ | + R 2(; -1 i )@

when s = 2r — 1, we get

(rZE( 1)@ <2T —tt— ) Q2r-2t- 1) +Pn+k(§( 1) DD (21‘ —:—3) Q§T_2[_3>

= Tn+k
t=0 t=0
= 2r—t — = 2r —
+P Z(—l)‘”m(””( ; )Qﬁ’ 22) 4B Y (- 1)“””“”( ; )Qﬁr“
t=0 t=0

_ n+k(<2f )anr 1+( -l)n+l< ) )Qgr 3 < )Qgr 5+ +( 1)(n+1)(1‘ l)(r_})Qn
+(_-l)n+1 <2r()_ 3>Q3r—3 + ( )Qgr 54 + (- -l)("+1)(" 1)(7‘ ) )
+Pk(<—1)““ (2r53><23“2+< T >Q§T‘4+ (—1y™! (2“5)(2,? S ”(:i;)aﬁ

(gt (7 e e (e ((23)

[ 214 ])n+1< 2) 2r-3 ( 3>Q,fr_5+...+(—1)("+1)(rl)<r_r]>Qn:|
[( n+lQ3r—2 < )Qgr 4+( -l)n+l <2T— )Qgr 6 o (_1)(n+1)r:|

S 2r—t-— = 2r—t—
=pn+k(z (,1)(n+1)t ( . ) Q’%r 2t— 1) +P, (Z( 1)(n+l)(t+l) ( . ) QngtZ)

=Pk

t=0 t=0
25—1—(=1)5+1 23-3-(-1)%
2 naye [S—t\ ~s2t - )1y [(S—t—=T1Y\ s 21
=Pt tz; EDET ) Q| + R tzoj -1 A

g
Now, we place the Pell-Lucas numbers on the vertices of an n-gon clockwise.
In an n-gon, the mth term of the new sequence formed at the vertex Ay is Qm_1)nik-
So, we can write the following theorem.

Theorem 3.1.3. Let the Pell-Lucas numbers be placed on the vertices of an n-gon clockwise. For 0 < k < n, we have the following relation, which
gives the mth term of the sequence corresponding to the vertex A

Q(m—l)n+k = Q(m—Z)anQn - (_1)HQ(m—3)n+k~
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Proof: By using Binet formula for Pell-Lucas numbers, we obtain

Qun-2n4Qn = (=1)"Qn-3ynik = (22" + BN (@ + BT
_ (_1 )n (a(m—3)n+k + ﬂ(m—3)n+k)

— a(m—1)n+k + IB(m—l)nJrk +a(m—2)n+k[3n +anﬂ(m—2)n+k _ (_1)n(a(m—3)n+k + lg(m—3)n+k)

— Ol(m—1)n+k + IB(m—1)n+k + (aﬂ)n(a(m—3)n+l< + ﬂ(m—3)n+k) _ (_«l)n(a(m—3)n+k + ﬂ(m—3)n+k)
O

Because of 8 = —1, we have
— a(m—1)n+k + IB(m—l)nJrk + (71)n(a(m—3)n+k + ’B(m—B)n+k) _ (71)n(a(m—3)n+k + 'B(m—3)n+k)

— Ol(m—1)n+k + IB(m—l)nJrk

= Q(m—l)nJrk
O

Theorem 3.1.4. Let the Pell-Lucas numbers be placed on the vertices of an n-gon clockwise. For 0 <k < n, we have the following relation
between the numbers corresponding to the vertex Ay

2m-3-(-1)"
PulESCL i

Qmnsk = Qnik Z (_])(nﬂ)t (m _tt - 1) Qnm72[71 + Qg Z (_1)(”+1)(t+1) (m _tt - 2) Qnm—2t72

t=0 t=0

2m-5-(-1m-1
5T

Proof: The proof is similar to that of Theorem 3.1.2.

3.2. New recurrence relations for the Jacobsthal and Jacobsthal Lucas numbers

Now, as in Section 3.1, let’s place the Jacobsthal numbers clockwise, respectively, on a point, at the end points of a segment, at the
vertices of a triangle, and finally at the vertices of an n-gon.

In an n-gon, the mth term of the new sequence formed at the vertex Ay is Jon_1)nik- Also, the coefficient of J,_»)n is Jacobsthal-Lucas
number jn and the coefficient of Py,_3y,.4 is (=2).

Now, we can write the following theorem.

Theorem 3.2.1. Let Jacobsthal numbers be placed on the vertices of an n-gon clockwise. For 0 < k < n, we have the following relation that gives
the mth term of the sequence corresponding to the vertex A,

](m—l)n+k = jn](mfz)n+k - (_Z)HJ(m—3)n+k~

Proof: If we use Binet Formula for Jacobsthal and Jacobsthal-Lucas numbers, we obtain

. n _ " " 2(m—2)n+k _ (_-l)(m—Z)rH—k
]rJ(m—Z)n+k -(-2) .l(m_3)n+k = (2 +(-1) ) 3
2(m—3)n+k _ (_—l)(m—3)n+k
—(=2)"
(=2) ( 3

2(m=T)n+k _ (-1 )(m—l)n+k (-1 )nz(m—2)n+k _ zn(_l)(m—Z)n+k
= 3 + 3

(-1 )ﬂz(m—Z)n+k —27(-1 )(mfz)"Jrk
B 3

2 (m=T)n+k _ (71)("1*1)"”(
- 3

:.](mfl)n+k~

O



S. Celik, I Durukan and E. Ozkan

Table 2

The coefficients.

Dot Segment  Triangle  Tetragon Pentagon  Hexagon  Heptagon
(1,2) (5, -22) (7,2%) (17, =2%) (31, 2%) (65,-26)  (127,27)

Let us give the coefficients corresponding to the above se-
quences in Table 2.

The first components in Table 2 are Jacobsthal-Lucas numbers
are {1, 5, 17, 17 31, 65, 127, ...} .

The second components in Table 2 are {1, -22, 23, -24, 25, -
26,27 .).{1,-1,1,-1,1,-1, 1, -1 ...} is numbered as sequences
A084633 in The On-Line Encyclopedia of Integer Sequences [18].

Theorem 3.2.2. Let the Pell-Lucas numbers be placed on the vertices
of an n-gon clockwise. For 0 < k < n, we have the following relation
between the numbers corresponding to the vertex Ay

2m-3-(-m
-3
1 m-t-1 m—2t—
Jmn+k :]n+k g (_1)('1+ )tznt ( t ) ]rT a1
2m-5-(-1m-1
. D)) yne+1y (M=t =2\ 22
+Ji ; -1 2 ; Jn

Proof: The proof is similar to that of Theorem 3.1.2.

Now, we place the Jacobsthal-Lucas numbers on the vertices of
an n-gon clockwise.

In an n-gon, the mth term of new the sequence formed at the
vertex A 1S jin—1ynik-

Then we can write the following theorem. O

Theorem 3.2.3. Let the Jacobsthal-Lucas numbers be placed on the
vertices of an n-gon clockwise. For 0 < k < n, we have the following
relation that gives the mth term corresponding to the vertex A,

j(m—l)n+k = j(m—Z)anjn - (_z)nj(m—3)n+k~

Proof: By using Binet formula for Jacobsthal-Lucas numbers, we
obtain

j(m—Z)nJrkjn - (_z)nj(m—B)er

— (2(m72)ﬂ+k + (_l)(m—Z)VH—k) (2n + (_1)n)
_(_z)n(z(m—B)m-k + (_1)(m—3)n+k)
— 2(m—1)n+k + (_1)(m—1)n+k + (_1)(m—2)n+k2n + (_1)n2(m—2)n+k

_(_1)(m—2)n+k2n _ (_l)l’lz(m—z)fH»k

— 2(m—1)n+k + (_1)(m—1)n+k

= j(m—])n+k

O
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Theorem 3.2.4. Let the Jacobsthal-Lucas numbers be placed on the
vertices of an n-gon clockwise. For 0 < k < n, we have the following
relation between the numbers corresponding to the vertex Ay

2m-3—(-™
y

. . 1 m-—t-—1 m—2t—
Jmn+k = Intk Z (=1 ( t ) Jn a
t=0
2m—5-(-1)M-1
; - D+ onet) (M=t =2\ m_2—2
i Do (D2 ; n
t=0

Proof: The proof is like that of Theorem 3.1.2. O

4. Conclusion

Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers are placed
clockwise at the vertices of the polygons. Relationships giving the
m’'th term for numbers corresponding to A, vertex in an n-gon
are found. The relationship between P, numbers is given using
the relation obtained by arranging the Pell numbers around the
polygons. As suggested, new correlations are found between the
terms corresponding to each vertex and new results are found us-
ing these relationships. This paper can be extended to Horadam
and Narayana numbers.
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