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. Introduction 

Number sequences, especially Fibonacci number sequences, 

ave attracted the attention of many scientists. Some studies on 

ibonacci and Lucas number sequences are as follows: [ 1 –5 ] 

There are other number sequences that are obtained by using 

hese sequences and that attract attention in the scientific world. 

ell, Pell Lucas, Jacobsthal and Jacobsthal-Lucas number sequences 

btained by changing the initial conditions are also of great impor- 

ance [ 6 –11 ]. 

Number sequences and their generalizations have found appli- 

ation in many branches of science [ 12 –16 ]. 

One of the last studies in this area is [17] where they we gave

ome results of the triangles with coordinates of vertices. 

In this work, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas 

umbers are placed at the vertices of the polygons clockwise. Re- 

ations are found giving the m th term corresponding to the vertex 

 k in an n -gon, 0 ≤ k < n . Also, a relation among the numbers cor-

esponding to a vertex is given. 
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E-mail addresses: songulce24@gmail.com (S. Çelik), inan240 0 0@gmail.com ( ̇I. 

urukan), eozkan@erzincan.edu.tr (E. Özkan). 

L

D

{
P

 

1

ttps://doi.org/10.1016/j.chaos.2021.111173 

960-0779/© 2021 Elsevier Ltd. All rights reserved. 
. Materials and methods 

efinition 2.1. The Fibonacci sequence is defined by 

 n +2= F n + F n +1 , n ≥ 0 

with F 0 = 0 and F 1 = 1. 

The first few terms of this sequence are 0,1,1,2,3,5,8,13 

The characteristic equation for the Fibonacci sequence is x 2 −
 − 1 = 0 . 

α = 

1+ √ 

5 
2 and β = 

1 −√ 

5 
2 are obtained where α and β are the 

oots of this equation. 

efinition 2.2. The Lucas numbers are defined by the linear recur- 

ence equation 

 n = L n −1 + L n −2 , n ≥ 2 ( n ∈ N ) 

with L 0 = 2 and L 1 = 1 . 

The Binet formula for this sequence is 

 n = αn + βn 

efinition 2.3. The Pell numbers are the sequence of integers 

 P n } ∞ 

n =0 
defined by 

 n = 2 P n −1 + P n −2 , n ≥ 2 ( n ∈ N ) 

with P 0 = 0 and P 1 = 1 . 

The first few terms of this sequence are 0, 1, 2, 5, 12, 29, 70,

69, 408, …

https://doi.org/10.1016/j.chaos.2021.111173
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Fig. 1. Pell numbers placed over a dot. 
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We know that P −n = ( −1 ) n +1 P n . 

The characteristic equation becomes 

 

2 − 2 x − 1 = 0 

hich has roots α = 1 + 

√ 

2 and β = 1 −
√ 

2 . 

We know that α + β = 2 , α − β = 2 
√ 

2 and αβ = −1 . 

The Binet’s formula for this sequence is 

 n = 

αn − βn 

α − β
. 

efinition 2.4. The Pell–Lucas numbers are defined by the recur- 

ence relation 

 n = 2 Q n −1 + Q n −2 , n ≥ 2 ( n ∈ N ) 

with Q 0 = 2 and Q 1 = 2 . 

For some n ∈ N , we get { Q n } = 

 2 , 2 , 6 , 14 , 34 , 82 , 198 , 478 , 1154 , . . . } 
We know that Q −n = ( −1 ) n Q n . 

Binet’s formula for the sequence is Q n = αn + βn . 

efinition 2.5. The Jacobsthal numbers are defined by 

 n = 

{ 

0 i f n = 0 

1 i f n = 1 

J n = J n −1 + 2 J n −2 i f n > 1 

. 

efinition 2.6. The Jacobsthal-Lucas numbers are defined by 

j n = 

{ 

2 i f n = 0 

1 i f n = 1 

j n = j n −1 + 2 j n −2 i f n > 1 

. 

. Results and discussion 

.1. New recurrence relations for the Pell and Pell-Lucas numbers 

We will now place Pell numbers and Pell-Lucas numbers at the 

ertices of a polygon continuously clockwise. We will continue this 

rocess from one point to the n -gon. Let’s name the vertex points 

f the polygon as A 0 , A 1 , A 2 , . . . as seen in the figures. Our aim is

o find a relation that gives any term of the new sequences occur- 

ing in each vertex A k . We give this aim in Theorem 3.1.1 for Pell 

umbers and in Theorem 3.1.3 for Pell-Lucas numbers. 

In any n -gon, let k and m denote vertex number and order of 

ny term of the new sequence occurring at any vertex, respectively, 

here 0 ≤ k < n and m ≥ 1 . 

For n = 1 , let’s write the Pell numbers consecutively over a dot 

s shown in Fig. 1 . 

For n = 1 , we get k = 0 . So, we have a recurrence relation 

 ( m −1 ) n + k = P m −1 = 2 P m −2 + P m −3 

ith P 0 = 0 and P 1 = 1 . 

This is the well-known formula for the Pell numbers. 

For n = 2 , let’s write the Pell numbers consecutively on the 

ndpoints of a segment as shown in Fig. 2 . 

We have a recurrence relation 

 ( m −1 ) n + k = P ( m −1 ) 2+ k = 6 P ( m −2 ) 2+ k − P ( m −3 ) 2+ k 

For n = 3 , we place the Pell numbers on the vertices of a trian-

le clockwise as shown in Fig. 3 . 

We have a recurrence relation 

 ( m −1 ) n + k = P ( m −1 ) 3+ k = 14 P ( m −2 ) 3+ k + P ( m −3 ) 3+ k . 
2 
Now, for n = 4 , we place the Pell numbers on the vertices of a

etragon clockwise as shown in Fig. 4 . 

We have a recurrence relation 

 ( m −1 ) n + k = P ( m −1 ) 4+ k = 34 P ( m −2 ) 4+ k − P ( m −3 ) 4+ k . 

Now, we place the Pell numbers on the vertices of an n -gon 

lockwise as shown in Fig. 5 . 

For example, let’s find the second term of the new sequence 

ccurring at the vertex A 1 in a 4-gen. 

That is, for n = 4 , m = 2 and k = 1 , This value corresponds to

he 2nd term of the A 1 = { 1 , 29 , 985 , 33461 , . . . } sequence in 

ig. 4 . This must be 29. Note that the enumeration of terms for 

he new sequence occurring at the vertex A k starts at 1 like A k = 

 x 1 , x 2 , . . . } . 
Now, let’s find this value from the given formula for n = 4 . 

 ( m −1 ) n + k = P ( m −1 ) 4+ k = 34 P ( m −2 ) 4+ k − P ( m −3 ) 4+ k 

 ( 2 −1 ) 4+1 = 34 P ( 2 −2 ) 4+1 − P ( 2 −3 ) 4+1 

 5 = 34 P 1 − P −3 

9 = 34 − 5 

In Fig. 5 , let’s consider the new sequence formed at the vertex 

 k . A k = { x 1 , x 2 , . . . } = { P k , P n + k , P 2 n + k , P 3 n + k , . . . } . Since the first term 

f this sequence is P k = P 0 n + k , the second term is P n + k = P 1 n + k , the 

hird term is P 2 n + k and and if so on, it is seen that the m th term of

he new sequence formed at the vertex A k in an n -gon is P ( m −1 ) n + k . 
Also, the coefficient of P ( m −2 ) n + k is Pell-Lucas number Q n and 

he coefficient of P ( m −3 ) n + k is ( −1 ) n . 

Let’s give this case with the following theorem. 

heorem 3.1.1. For 0 ≤ k < n , we have the following relation, which 

ives the mth term of the sequence corresponding to the vertex A k 

 ( m −1 ) n + k = Q n P ( m −2 ) n + k − ( −1 ) 
n P ( m −3 ) n + k (1) 

Proof: If we use Binet formulas of Pell and Pell-Lucas number, 

e get 

P ( m −2 ) n + k Q n − ( −1 ) n P ( m −3 ) n + k = 

α( m −2 ) n + k −β( m −2 ) n + k 
α−β

. ( αn + βn ) −
 −1 ) n . α

( m −3 ) n + k −β( m −3 ) n + k 
α−β

 

α( m −1 ) n + k − β( m −1 ) n + k 

α − β
+ 

α( m −2 ) n + k . βn 

α − β
− αn . β( m −2 ) n + k 

α − β

( −1 ) 
n 
. α( m −3 ) n + k 

α − β
+ 

( −1 ) 
n 
. β( m −3 ) n + k 

α − β

 

α( m −1 ) n + k − β( m −1 ) n + k 

α − β
+ α( m −3 ) n + k 

(
αn βn − ( −1 ) 

n 

α − β

)

β( m −3 ) n + k 
(

βn αn − ( −1 ) 
n 

α − β

)
. 

Because of α.β = −1 , we have 

 

α( m −1 ) n + k − β( m −1 ) n + k 

α − β
+ α( m −3 ) n + k 

(
( −1 ) 

n − ( −1 ) 
n 

α − β

)

β( m −3 ) n + k 
(

( −1 ) 
n − ( −1 ) 

n 

α − β

)

 

α( m −1 ) n + k − β( m −1 ) n + k 

α − β

 P ( m −1 ) n + k . 
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Fig. 2. Pell numbers placed consecutively at the endpoints of a segment. 

Fig. 3. Pell numbers placed clockwise at the vertices of a triangle. 

Fig. 4. Pell numbers placed clockwise at the vertices of a tetragon. 

Fig. 5. Pell numbers placed clockwise at the vertices of an n -gon. 

Table 1 

The coefficients. 

Dot Segment Triangle Tetragon Pentagon Hexagon Heptagon 

(2,1) (6, -1) (14,1) (34, -1) (82,1) (198, -1) (478,1) 

3 
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s in Table 1 . 

4, 34, 82, 198, 478, …} 

. {1, -1, 1, -1, 1, -1, 1, -1, …} is numbered as sequences A033999 in The 

O

T n the numbers corresponding to the vertex A k 

P

 −5 −( −1 ) m −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
m − t − 2 

t 

)
Q 

m −2 t−2 
n 

⎞ 

⎠ . 

P
−t − 1 

t 

)
Q 

−2 t−2 
n 

) 

=

 

−1 ) s −1 

4 
 

0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
s − t − 2 

t 

)
Q 

s −2 t−2 
n 

⎞ 

⎠ . (2) 

P

P

⎛ 

⎝ 

2 k −5 −( −1 ) s −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
s − t − 2 

t 

)
Q 

s −2 t−2 
n 

⎞ 

⎠ Q n 

 

⎞ 

⎠ − ( −1 ) 
n P k 

⎛ 

⎝ 

2 k −7 −( −1 ) s −2 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
s − t − 3 

t 

)
Q 

s −2 t−3 
n 

⎞ 

⎠ . 

P

 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
2 r − t − 2 

t 

)
Q 

2 r−2 t−1 
n 

) 

 

)
Q 

2 r−4 
n + · · · + ( −1 ) ( 

n +1 ) ( r−1 ) 

(
r 

r − 1 

)
Q 

2 
n 

1 ) ( 
n +1 ) ( r−1 ) 

(
r 

r − 2 

)
Q 

2 
n + ( −1 ) ( 

n +1 ) r 

(
r − 1 

r − 1 

)]
Let us give the coefficients corresponding to the above sequence

The first components in Table 1 are Pell-Lucas numbers, {2, 6, 1

The second components in Table 1 are {1,-1, 1, -1, 1, -1, 1, -1, …}

n-Line Encyclopedia of Integer Sequences [18] . 

heorem 3.1.2. For 0 ≤ k < n , we have the following relation betwee

 mn + k = P n + k 

⎛ 

⎝ 

2 m −3 −( −1 ) m 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
m − t − 1 

t 

)
Q 

m −2 t−1 
n 

⎞ 

⎠ + P k 

⎛ 

⎝ 

2 m

Proof: Let us prove the theorem by induction on m . 

For m = 1 , we get 

 n + k = P n + k 

( 

0 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
−t 
t 

)
Q 

−2 t 
n 

) 

+ P k 

( 

−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(

= P n + k 

(
( −1 ) 

0 

(
0 

0 

)
( Q n ) 

0 

)
+ P n 

(
( −1 ) 

n +1 

(
−1 

0 

)
( Q n ) 

−2 

)

 P n + k 

Suppose the claim is true for m = s . That is, we have 

P sn + k = P n + k 

⎛ 

⎝ 

2 k −3 −( −1 ) s 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
s − t − 1 

t 

)
Q 

s −2 t−1 
n 

⎞ 

⎠ + P k 

⎛ 

⎝ 

2 k −5 −(∑
t=

For m = s + 1 , 

If we use Eq. (1) then we obtain 

 ( s +1 ) n + k = P sn + k Q n − ( −1 ) 
n P ( s −1 ) n + k 

By using Eq. (2) , we have 

 ( s +1 ) n + k = P n + k 

⎛ 

⎝ 

2 k −3 −( −1 ) s 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
s − t − 1 

t 

)
Q 

s −2 t−1 
n 

⎞ 

⎠ Q n + P k 

− ( −1 ) 
n P n + k 

⎛ 

⎝ 

2 k −5 −( −1 ) s −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
s − t − 2 

t 

)
Q 

s −2 t−2
n 

When s = 2 r, we have 

 ( s +1 ) n + k = P n + k 

( 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
2 r − t − 1 

t 

)
Q 

2 r−2 t 
n 

) 

+ P n + k 

( 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
2 r − t − 2 

t 

)
Q 

2 r−2 t−2 
n 

) 

+ P k 

(

+ P k 

( 

r−2 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+2 ) 

(
2 r − t − 3 

t 

)
Q 

2 r−2 t−3 
n 

) 

= P n + k 

[(
2 r − 1 

0 

)
Q 

2 r 
n + ( −1 ) 

n +1 

(
2 r − 2 

1 

)
Q 

2 r−2 
n + 

(
2 r − 3

2 

+ ( −1 ) 
n +1 

(
2 r − 2 

0 

)
Q 

2 r−2 
n + 

(
2 r − 3 

1 

)
Q 

2 r−4 
n + . . . + ( −
4 
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2 r − 4 

2 

)
Q 

2 r−5 
n + . . . + ( −1 ) ( 

n +1 ) r 

(
r − 1 

r − 1 

)
Q n 

7 + . . . + ( −1 ) ( 
n +1 ) r 

(
r − 1 

r − 2 

)
Q n 

]

+ ( −1 ) ( 
n +1 ) ( r−1 ) 

(
r + 1 

r − 1 

)
Q 

2 
n + ( −1 ) ( 

n +1 ) r 

)

2 r−5 
 

+ . . . + ( −1 ) ( 
n +1 ) r 

(
r 

r − 1 

)
Q n 

)

1 ) 

(
2 r − t − 1 

t 

)
Q 

2 r−2 t−1 
n 

) 

1 ) ( 
n +1 ) ( t+1 ) 

(
s − t − 1 

t 

)
Q 

s −2 t−1 
n 

⎞ 

⎠ 

w

 ) ( 
n +1 ) ( t+1 ) 

(
2 r − t − 3 

t 

)
Q 

2 r−2 t−3 
n 

) 

1 ) ( 
n +1 ) ( t+2 ) 

(
2 r − t − 4 

t 

)
Q 

2 r−2 t−4 
n 

) 

Q 

2 r−5 
n + . . . + ( −1 ) ( 

n +1 ) ( r−1 ) 

(
r − 1 

r − 1 

)
Q n 

 ) ( r−1 ) 

(
r − 1 

r − 2 

)
Q n 

)
2 r − 5 

2 

)
Q 

2 r−6 
n + . . . + ( −1 ) ( 

n +1 ) ( r−1 ) 

(
r − 1 

r − 2 

)
Q 

2 
n 

 ) ( r−1 ) 

(
r − 1 

r − 3 

)
Q 

2 
n + + ( −1 ) ( 

n +1 ) r 

(
r − 2 

r − 2 

))

. + ( −1 ) ( 
n +1 ) ( r−1 ) 

(
r 

r − 1 

)
Q n 

]

 

2 r−6 
n + . . . + ( −1 ) ( 

n +1 ) r 

]

 

( n +1 ) ( t+1 ) 

(
2 r − t − 2 

t 

)
Q 

2 r−2 t−2 
n 

) 

1 ) ( 
n +1 ) ( t+1 ) 

(
s − t − 1 

t 

)
Q 

s −2 t−1 
n 

⎞ 

⎠ . 

on clockwise. 

ertex A k is Q ( m −1 ) n + k . 

T f an n-gon clockwise. For 0 ≤ k < n , we have the following relation, which 

g

Q

+ P k 

[
( −1 ) 

n +1 

(
2 r − 2 

0 

)
Q 

2 r−1 
n + 

(
2 r − 3 

1 

)
Q 

2 r−3 
n + ( −1 ) 

n +1 

(

+ 

(
2 r − 3 

0 

)
Q 

2 r−3 
n + ( −1 ) 

n +1 

(
2 r − 4 

1 

)
Q 

2 r−5 
n + 

(
2 r − 5 

2 

)
Q 

2 r−
n 

= P n + k 

(
Q 

2 r 
n + ( −1 ) 

n +1 

(
2 r − 1 

1 

)
Q 

2 r−2 
n + 

(
2 r − 2 

2 

)
Q 

2 r−4 
n + . . . 

+ P k 

(
( −1 ) 

n +1 Q 

2 r−1 
n + 

(
2 r − 2 

1 

)
Q 

2 r−3 
n + ( −1 ) 

n +1 

(
2 r − 3 

2 

)
Q n

= P n + k 

( 

r ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
2 r − t 

t 

)
Q 

2 r−2 t 
n 

) 

+ P k 

( 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+

= P n + k 

⎛ 

⎝ 

2 k −1 −( −1 ) s +1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
s − t 

t 

)
Q 

s −2 t 
n 

⎞ 

⎠ + P k 

⎛ 

⎝ 

2 k −3 −( −1 ) s 

4 ∑ 

t=0 

( −

hen s = 2 r − 1 , we get 

= P n + k 

( 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
2 r − t − 2 

t 

)
Q 

2 r−2 t−1 
n 

) 

+ P n + k 

( 

r−2 ∑ 

t=0 

( −1

+ P k 

( 

r−2 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
2 r − t − 3 

t 

)
Q 

2 r−2 t−2 
n 

) 

+ P k 

( 

r−2 ∑ 

t=0 

( −

= P n + k 

((
2 r − 2 

0 

)
Q 

2 r−1 
n + ( −1 ) 

n +1 

(
2 r − 3 

1 

)
Q 

2 r−3 
n + 

(
2 r − 4 

2 

)

+ ( −1 ) 
n +1 

(
2 r − 3 

0 

)
Q 

2 r−3 
n + 

(
2 r − 4 

1 

)
Q 

2 r−5 
n + . . . + ( −1 ) ( 

n +1

+ P k 

(
( −1 ) 

n +1 

(
2 r − 3 

0 

)
Q 

2 r−2 
n + 

(
2 r − 4 

1 

)
Q 

2 r−4 
n + ( −1 ) 

n +1 

(

+ 

(
2 r − 4 

0 

)
Q 

2 r−4 
n + ( −1 ) 

n +1 

(
2 r − 5 

1 

)
Q 

2 r−6 
n + . . . + ( −1 ) ( 

n +1

= P n + k 

[
Q 

2 r−1 
n + ( −1 ) 

n +1 

(
2 r − 2 

1 

)
Q 

2 r−3 
n + 

(
2 r − 3 

2 

)
Q 

2 r−5 
n + . . 

+ P k 

[
( −1 ) 

n +1 Q 

2 r−2 
n + 

(
2 r − 3 

1 

)
Q 

2 r−4 
n + ( −1 ) 

n +1 

(
2 r − 4 

2 

)
Q

= P n + k 

( 

r−1 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
2 r − t − 1 

t 

)
Q 

2 r−2 t−1 
n 

) 

+ P k 

( 

r−1 ∑ 

t=0 

( −1 )

= P n + k 

⎛ 

⎝ 

2 s −1 −( −1 ) s +1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
s − t 

t 

)
Q 

s −2 t 
n 

⎞ 

⎠ + P k 

⎛ 

⎝ 

23 −3 −( −1 ) s 

4 ∑ 

t=0 

( −

�
Now, we place the Pell-Lucas numbers on the vertices of an n -g

In an n -gon, the m th term of the new sequence formed at the v

So, we can write the following theorem. 

heorem 3.1.3. Let the Pell-Lucas numbers be placed on the vertices o

ives the mth term of the sequence corresponding to the vertex A k 

 ( m −1 ) n + k = Q ( m −2 ) n + k Q n − ( −1 ) 
n Q ( m −3 ) n + k . 
5 
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n ) 

( m −3 ) n + k + β( m −3 ) n + k )
 

n 
(
α( m −3 ) n + k + β( m −3 ) n + k )

 

(
α( m −3 ) n + k + β( m −3 ) n + k )

T es of an n-gon clockwise. For 0 ≤ k < n , we have the following relation 

b

Q

 

 

2 m −5 −( −1 ) m −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 

(
m − t − 2 

t 

)
Q 

m −2 t−2 
n 

⎞ 

⎠ 

3 numbers 

wise, respectively, on a point, at the end points of a segment, at the 

v

rtex A k is J ( m −1 ) n + k . Also, the coefficient of J ( m −2 ) n + k is Jacobsthal-Lucas 

n

T n n-gon clockwise. For 0 ≤ k < n , we have the following relation that gives 

t

J

cas numbers, we obtain 

2 ) n + k )

=

=

=

Proof: By using Binet formula for Pell-Lucas numbers, we obtain

Q ( m −2 ) n + k Q n − ( −1 ) 
n Q ( m −3 ) n + k = 

(
α( m −2 ) n + k + β( m −2 ) n + k )( αn + β

−( −1 ) 
n 
(
α( m −3 ) n + k + β( m −3 ) n + k )

= α( m −1 ) n + k + β( m −1 ) n + k + α( m −2 ) n + k βn + αn β( m −2 ) n + k − ( −1 ) 
n 
(
α

= α( m −1 ) n + k + β( m −1 ) n + k + ( αβ) 
n 
(
α( m −3 ) n + k + β( m −3 ) n + k ) − ( −1 )

�

Because of αβ = −1 , we have 

= α( m −1 ) n + k + β( m −1 ) n + k + ( −1 ) 
n 
(
α( m −3 ) n + k + β( m −3 ) n + k ) − ( −1 ) 

n

= α( m −1 ) n + k + β( m −1 ) n + k 

= Q ( m −1 ) n + k 

�

heorem 3.1.4. Let the Pell-Lucas numbers be placed on the vertic

etween the numbers corresponding to the vertex A k 

 mn + k = Q n + k 

⎛ 

⎝ 

2 m −3 −( −1 ) m 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 

(
m − t − 1 

t 

)
Q 

m −2 t−1 
n 

⎞ 

⎠ + Q k 

⎛
⎝

Proof: The proof is similar to that of Theorem 3.1.2 . 

.2. New recurrence relations for the Jacobsthal and Jacobsthal Lucas 

Now, as in Section 3.1 , let’s place the Jacobsthal numbers clock

ertices of a triangle, and finally at the vertices of an n -gon. 

In an n -gon, the m th term of the new sequence formed at the ve

umber j n and the coefficient of P ( m −3 ) n + k is ( −2 ) n . 

Now, we can write the following theorem. 

heorem 3.2.1. Let Jacobsthal numbers be placed on the vertices of a

he m th term of the sequence corresponding to the vertex A k 

 ( m −1 ) n + k = j n J ( m −2 ) n + k − ( −2 ) 
n J ( m −3 ) n + k . 

Proof: If we use Binet Formula for Jacobsthal and Jacobsthal-Lu

j n J ( m −2 ) n + k − ( −2 ) 
n J ( m −3 ) n + k = 

(
2 

n + ( −1 ) 
n 
)(2 

( m −2 ) n + k − ( −1 ) ( 
m −

3 

−( −2 ) 
n 

(
2 

( m −3 ) n + k − ( −1 ) ( 
m −3 ) n + k 

3 

)

 

2 

( m −1 ) n + k − ( −1 ) ( 
m −1 ) n + k 

3 

+ 

( −1 ) 
n 2 

( m −2 ) n + k − 2 

n ( −1 ) ( 
m −2 ) n + k 

3 

− ( −1 ) 
n 2 

( m −2 ) n + k − 2 

n ( −1 ) ( 
m −2 ) n + k 

3 

 

2 

( m −1 ) n + k − ( −1 ) ( 
m −1 ) n + k 

3 

 J ( m −1 ) n + k . 

�
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Table 2 

The coefficients. 

Dot Segment Triangle Tetragon Pentagon Hexagon Heptagon 

(1,2) (5, −2 2 ) (7, 2 3 ) (17, −2 4 ) (31, 2 5 ) (65, −2 6 ) (127, 2 7 ) 

q

a

 

2  

A

T

o  

b

J

a

 

v

T

v  

r

o

=

=

=

T

v  

r

4

c

m

a

t

p

t

i

a

D

c

i

C

I

c

t

A

a

t

R

 

 

[  

[  

[

Let us give the coefficients corresponding to the above se- 

uences in Table 2 . 

The first components in Table 2 are Jacobsthal-Lucas numbers 

re {1, 5, 17, 17 31, 65, 127, …} . 

The second components in Table 2 are {1, -2 2 , 2 3 , -2 4 , 2 5 , -

 

6 , 2 7 , …}. {1, -1, 1, -1, 1, -1, 1, -1 …} is numbered as sequences

084633 in The On-Line Encyclopedia of Integer Sequences [18] . 

heorem 3.2.2. Let the Pell-Lucas numbers be placed on the vertices 

f an n-gon clockwise. For 0 ≤ k < n , we have the following relation

etween the numbers corresponding to the vertex A k 

 mn + k = J n + k 

⎛ 

⎝ 

2 m −3 −( −1 ) m 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 2 

nt 

(
m − t − 1 

t 

)
j m −2 t−1 
n 

⎞ 

⎠ 

+ J k 

⎛ 

⎝ 

2 m −5 −( −1 ) m −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 2 

n ( t+1 ) 

(
m − t − 2 

t 

)
j m −2 t−2 
n 

⎞ 

⎠ 

Proof: The proof is similar to that of Theorem 3.1.2 . 

Now, we place the Jacobsthal-Lucas numbers on the vertices of 

n n -gon clockwise. 

In an n -gon, the m th term of new the sequence formed at the

ertex A k is j ( m −1 ) n + k . 
Then we can write the following theorem. �

heorem 3.2.3. Let the Jacobsthal-Lucas numbers be placed on the 

ertices of an n-gon clockwise. For 0 ≤ k < n , we have the following

elation that gives the mth term corresponding to the vertex A k 

j ( m −1 ) n + k = j ( m −2 ) n + k j n − ( −2 ) 
n j ( m −3 ) n + k . 

Proof: By using Binet formula for Jacobsthal-Lucas numbers, we 

btain 

j ( m −2 ) n + k j n − ( −2 ) 
n j ( m −3 ) n + k 

= 

(
2 

( m −2 ) n + k + ( −1 ) ( 
m −2 ) n + k )(2 

n + ( −1 ) 
n 
)

−( −2 ) 
n 
(
2 

( m −3 ) n + k + ( −1 ) ( 
m −3 ) n + k )

 2 

( m −1 ) n + k + ( −1 ) ( 
m −1 ) n + k + ( −1 ) ( 

m −2 ) n + k 2 

n + ( −1 ) 
n 2 

( m −2 ) n + k 

−( −1 ) ( 
m −2 ) n + k 2 

n − ( −1 ) 
n 2 

( m −2 ) n + k 

 2 

( m −1 ) n + k + ( −1 ) ( 
m −1 ) n + k 

 j ( m −1 ) n + k 

�

[

7 
heorem 3.2.4. Let the Jacobsthal-Lucas numbers be placed on the 

ertices of an n-gon clockwise. For 0 ≤ k < n , we have the following

elation between the numbers corresponding to the vertex A k 

j mn + k = j n + k 

⎛ 

⎝ 

2 m −3 −( −1 ) m 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) t 2 

nt 

(
m − t − 1 

t 

)
j m −2 t−1 
n 

⎞ 

⎠ 

+ j k 

⎛ 

⎝ 

2 m −5 −( −1 ) m −1 

4 ∑ 

t=0 

( −1 ) ( 
n +1 ) ( t+1 ) 2 

n ( t+1 ) 

(
m − t − 2 

t 

)
j m −2 t−2 
n 

⎞ 

⎠ 

Proof: The proof is like that of Theorem 3.1.2 . �

. Conclusion 

Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers are placed 

lockwise at the vertices of the polygons. Relationships giving the 

’th term for numbers corresponding to A k vertex in an n -gon 

re found. The relationship between P mn numbers is given using 

he relation obtained by arranging the Pell numbers around the 

olygons. As suggested, new correlations are found between the 

erms corresponding to each vertex and new results are found us- 

ng these relationships. This paper can be extended to Horadam 

nd Narayana numbers. 
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