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Abstract

In this study, we define the Parastichy Fibonacci and Parastichy Fibonacci-Lucas numbers. Also, we find basic properties
of these numbers, such as characteristic equations and properties. Then we give the Binet formulas, special generating
function, and special summation formulas. We associate the terms of the Parastichy Fibonacci and Parastichy Fibonacci-
Lucas numbers with matrices. In addition, we calculate the Simson formulas of these numbers. Moreover, we examine
the relationships among these numbers. We relate Parastichy Fibonacci numbers with special number sequences such as
Lucas numbers. Furthermore, we obtain important correlations between Parastichy Fibonacci and Parastichy Fibonacci-
Lucas numbers. We explore the use of generalized Parastichy Fibonacci numbers in the context of hyperbolic quaternions.
For these hyperbolic quaternions, we derive various properties, including generating functions and summation formulas.
Finally, we establish a relationship between the terms of the Parastichy Fibonacci and Parastichy Fibonacci-Lucas numbers

and their associated hyperbolic quaternion values.
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Introduction

Number sequences play a crucial role in understanding and
solving problems that involve various patterns. A notable
example of this is the Rabbit Problem in Leonardo Fibonac-
ci's famous book Liber Abaci. Inspired by the rabbit problem,
the Fibonacci sequence was developed, and the relationship
between the terms of this sequence led to the discovery of
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the golden ratio. The Fibonacci and Lucas sequences are
well-known number sequences that have intrigued scien-
tists for centuries. These sequences have been applied in
various fields such as algebraic coding theory [1], graph
theory [2], biomathematics [3, 4], computer science [5], and
more. Many generalizations of the Fibonacci sequence have
also been introduced. Notable examples of such sequences
include the Jacobsthal [6], Bronze Fibonacci [7], Padovan
[8], Copper Fibonacci [9], k-Oresme [10], Pell [11], Naray-
ana [12], Vieta Fibonacci [13] sequences.

For n € N, the Fibonacci numbers F,, and Lucas num-
bers L,, are defined by the recurrence relations, respectively,

Fn+2 = FnJrl + an and Ln+2 - Ln+1 + Ln

with the initial conditions Fy =0, F; =1, an Lo = 2,
L1 =1.

For F), and L, the Binet formulas are given by relations,
respectively,

_an_ﬁn

F, = , and L, = o™ + "
a—p
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Table 1 Hyperbolic quaternions units [24]

Table 2 Parastichy Fibonacci numbers

n FnFnH Pn Fn
0 0x1 0 0
1 1x1 1 1
2 1x2 2 1
3 2x3 6 4
4 3 x5 15 9
5 5X8 40 25
6 8 x 13 104 64

where a = 1+T\/g and g = 1_7‘/5 are the roots of the charac-
teristic equation 72 — 7 — 1 = 0. Here, the number « is the

known golden ratio.

The relationship between parastichy numbers and the
Fibonacci sequence forms the mathematical basis for the
spiral patterns observed in many plants in nature. This rela-
tionship is profound, both in terms of geometric order and
optimal placement.

Douady et al., in a book [14] that comments on some of
the Fibonacci historical myths and completes some of the
Fibonacci biological gaps, introduce the term “Parastichy
numbers” to describe sequences associated with plant spi-
rals which turn in two directions. The name seems to have
its mathematical origin in the Bravais-Bravais theorem [14]
where in a family containing n parastichies, on any para-
stichy, the numbers of each consecutive primordia differ
by n. Numbers on each n-parastichy are congruent mod n.
Each parastichy is considered a residue class. The word has
lineage from the Greek para (against) and stichos (row).

Many applications of Fibonacci sequences have been
made in different interdisciplinary fields, especially
quaternions.

Quaternions were introduced by William Rowan Ham-
ilton in 1843. They are widely utilized to control rotational
movements in various fields, including chemistry [18],
mechanics [19], 3D gaming [20], Eulerian angles [21], and
kinematics [22]. In [23], Horadam introduced the concept of
Complex Fibonacci and Fibonacci quaternions, uncovering
a range of interesting properties.

The algebra of hyperbolic quaternions is an algebra that
doesn't correspond to elements of the form over the real
numbers.

q = Ti1 + yie + ziz + tig, x,y, 2, t € R
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William Rowan Hamilton provided the characteristics of the
q components outlined in Table 1.

Hyperbolic quaternions are a generalization of classical
quaternions, used to better model certain physical and math-
ematical systems. They are especially useful in areas like
special relativity and quantum mechanics, where classical
quaternions may fall short. This structure arises by chang-
ing some basic assumptions about complex and quaterni-
onic numbers.

In [24], Macfarlane did a lot of research on hyperbolic
quaternions and their properties. An expression of the gen-
eral form of hyperbolic quaternions is.

S = 8111 + Salo + S3i3 + Sat4 = (817 S92, 83, 84).

Here, s1, s2, 3, s4 are the terms of the defined number
and i1, 22, i3, i4 are hyperbolic quaternions. For recent stud-
ies on quaternions in relation to number sequences, refer to
sources [25-29].

As shown above, numerous generalizations of the Fibo-
nacci and Lucas sequences have been presented. In this
study, we introduce new generalizations inspired by the
Parastichy, Fibonacci, and Lucas sequences. We refer to
these sequences as the Parastichy Fibonacci numbers and
Parastichy Fibonacci-Lucas numbers, denoted as P, and
R,,, respectively.

Generalized Parastichy Fibonacci Numbers

In this section, we define the Parastichy Fibonacci numbers
and Parastichy Fibonacci-Lucas numbers. Then we give
some properties for these numbers.

We can define Parastichy Fibonacci numbers P,, by
P, = F,,F, 41, so that we can obtain Table 2. Sloane [17]
refers to these as golden rectangle numbers, which suggests
generalizations, though parastichy retains the Fibonacci
biological links; see also Barry [14—16].

We notice immediately that if

B,=P,—P,_1 (1

then.
B, :FnFn+1 *Fn—an:Fn(Fn—&-l *Fn—l) :Fg
Now we define the recurrence relations of Paras-
tichy Fibonacci numbers and Parastichy Fibonacci-Lucas
numbers.

Definition 2.1 For n € N, the Parastichy Fibonacci num-
bers P,, and Parastichy Fibonacci-Lucas numbers R,, are
defined by, respectively,

Pn+3:2pn+2+2pn+l_Pn (2)
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with Py =0, P, =1,and P, = 2

>

Rn+3 = 2Rn+2 + 2RnJrl - an (3)

with R() = 3, R1 = 2, and RQ =&.

Then let’s give some information about the equations of
these numbers.

The characteristic equation of the Parastichy Fibonacci
and Parastichy Fibonacci-Lucas numbers is

22 —222 —22+1=0. 4)

The roots of the characteristic equation are as follows;

A= 355 4p = 35 and § = 1.

Here, the A\ number is the square of the known golden
ratio (o) number.

Next, we give the relationships between these roots
below:

A+Y=3, =2, A+ +6=2, )+ X6 +¢0 = -2,
and \pd = —1.

The first few values of Parastichy Fibonacci and Paras-
tichy Fibonacci-Lucas numbers are

0,1,2,6,15,40,104, 273, 714, 1870, . . .

3,2,8,17,48, 122, 323, 842, 2208, 5777, . . .

In the following theorem, we express the Binet formulas
of the Parastichy Fibonacci P,, and Parastichy Fibonacci-
Lucas R,, numbers.

Theorem 2.1 Let n € N. We obtain.

0 _ 1 n+1
L Pe=ommee AT
1 +1
tome o

1 n+1
ey crmry L

ii. Ry ="+ ™+ 0™
Proofi The Binet form of a sequence is as follows.

P, = axA" +yyp" + 20™. (5)

For these n values, we obtain;
P() =x+ Yy + Z,
Py =2+ yyv + 26,
Py = 22?2 4 yyp? + 262
We find.
_ A _ Y _ 5
T = oopomn Y = mene=n 42 = ey
Thus, we obltain.
— n+1
Pn = s=po-a?

1 +1
EESy o LA

1 n+1
tovea? T

The other proof is similar. O

In the following theorem, a study is made on the con-
vergence (ratio of the larger of two consecutive terms to
the smaller one) of the Parastichy Fibonacci and Parastichy
Fibonacci-Lucas numbers.

Theorem 2.2 Let n € N. The following equations are
satisfied:

) . P,

i lim =2t =)
n— o0 n

.. . R,

i, lim =2 = \.
n— 00 n

Proof. i. 1f the Binet formula is used for proofs, we obtain.

1

n+2
TEED IR
1 n+2
HCES O
1 n—+2
re NG9
n—o00 n 1 /\n+1
O (r—0)
]' n+1
RO IR
1 n+1
IRCESICEETK

If we use the properties of the characteristic equation of
limit and Parastichy Fibonacci numbers, we get

1 n+2
lim Poy1 e
- BB _
noee B e AT
— A\

The other proof is similar. O

Theorem 2.3 The special generating functions for Paras-
tichy Fibonacci and Parastichy Fibonacci-Lucas numbers
are given as follows, respectively,

oo

Lp(r)= 3 Put" = 5—5—5m
0
n—=

[ o2
ii. 7 (1) = 3. Rpa" = 1252550,
n=0
™ Puon D N ¥
i, p(z)= 3 Tra" = oon ¢ T

@ Springer



H. Akkus et al.

Proof.i For the Parastichy Fibonacci numbers, we get.

p(x) = i Pa" =x+22% + i P,x"
n=0 n=3

o0 oo o0
=z+22%+2 Z P, 12" +2 Z P,_ox™ — Z P,_3x"
n=3

n=3 n=3

=a+22° +22 ) Pa" +22% 3] Ppa” —a® 3 Pua™
Thus, we obtalti;2 n=1 n=0

o0

p(@) = 2 Pot" = g
n—

The other proofs are similar. O

Next, we obtain special summation formulas of the Para-
stichy Fibonacci and Parastichy Fibonacci-Lucas numbers.

Theorem 2.4 Let n € N. We obtain.

n
i Z P, = 3P+ Pn_1—Pp_p—1

2 ’

RS 8Ry+Ry_i—Ru_2+3

iL. % Ry = Hintlint 23
s=0

2

Proof. ii From the definition of the Parastichy Fibonacci-
Lucas sequence, we obtain.

R3 =2Ry+ 2Ry, — Ry,
Ry =2R3+ 2Ry — Ry,

R, =2R, 1+2R, 2 — Ry, 3.
So, we have.

n n—1 n—2 n—3
—13+ Z:ORS -2 ;Rs +2 ; Ry — ZORS,

S

—13+iR5=2<—Rn—5+iRS> +2<—Rn—Rn,1—3+i:Rs>

s=0 s=0 s=0

- <_Rn - Rn—l - Rn—2 + Z Ra)

s=0

Thus, we obtain.

Z”: R, = 3fntfn-

s=0

The other proof is similar. O

In the following theorem, we associate the terms of the
Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers with matrices. In addition, we calculate the Simson for-
mulas of these numbers.

1—Rn_2+43
3 .
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Theorem 2.5 Let n € N. The following equations are true:

i. For the Parastichy Fibonacci numbers,

Ppio 2 2 —171"[2
Poa =110 o 1,

- 0 1 O 0

P, 01 0 1™TO
2l l=]00 1 1],
Poio 2 2 —1 2

[ Pryo 2 2 -1 Py
3| Pby1 | =1 0 O P,
I 0 1 0 P,_1

ii. For the Parastichy Fibonacci-Lucas numbers,

[ Rpis 2 2 —171"[8
L| Rupi |=]1 0 0 2 |,
R, 01 0 3
R, 01 0 17"T3
2| Roy1 | =] 0 0 1 2 |
2 2 2 —1 8
Rn+2 2 2 —1 Rn+1
3- n+1 - 1 0 O Rn
n 0 1 0 n—1

Proof.i. 1 Let us show the proof by induction over n. For
n = 1, the equality is true. For n — 1, assume the equality
is true. We obtain

2 17"
0
1

2
1
0

o O

[ 2
1
0

—oN

O =N

O =N

n

Pn—l

Pn+1 ]

Pn+2
Pn+1

n

From the last equation, for n, it can be seen that the
equality is true.
The other proofs are similar. O

Theorem 2.6 Let n € N. The following equation is satisfied.:
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Pn 2Pn—1 _Pn—2 —In-1
Pnfl 2Pn72 - Pn73 _Pn72

Proof Let us show the proof by induction over n. Forn = 1,
the equality is true. For n — 1, assume the equality is true.

We obtain.
2 2 —-11" 2 2 —171"'12 2 -1
1 0 0 =(1 0 0 10 0
01 0 01 0 01 0
Pn 2Pn71 - Pn72 —In-1 2 2 -1
= Pn—l 2Pn—2_Pn—3 _Pn—2 10 0
n—2 2Pn73 - Pn74 _Pn73 0 1 0
Pn+1 2Pn_Pn71 _Pn
== Pn QPn—l - Pn—2 —In-1

Pnfl 2Pn72 - Pn73 —Ln-2

From the last equation, for n, it can be seen that the
equality is true. O

Theorem 2.7. (Simson Formulas)

Let n € N. The following equations are satisfied:

P7L+2 P7L+1 Pn
i det Pn+1 n Pn,1 = (—_Z)n, u
n n—1 n—2
Rn+2 Rn-i—l Rn
det Rn+1 R, R,_1 = (—I)n 125.
Rn Rn—l Rn—2

Proof. i Let us show the proof by induction over n. For
n = 1, the equality is true. For n — 1, assume the equality
is true. We obtain.

Poio Pon Py
Poyr P Paa
n Pn—l Pn—Z

2Pyy1 +2P, — Py P By
2P, +2P,_1 — P2 P, Py
2Pn—1 + 2Pn—2 - Pn—B Pn—l Pn—Z

det = det

2Pn-i—l Pn+1 Pn
=det| 2P, P, P,.1 |+
2Pn—1 Pn—l Pn—2
[ 2Pn Pn+1 Pn
det | 2P,_1 P, P,_1 +
L 2Pn—2 Pn—l Pn—2

—In-—1 PnJrl Pn
det *Pn—2 Pn Pn—l

L —f{n-3 Pnfl Pn72
Pn+1 Pn Pnfl
= (*1) det Pn Pn—l Pn—2
Pnfl Pn72 Pn73

2 2 —-117"

10 0 = n

ob 0 - %_1) .h 1 ion, fq i b hat th
Proin 2P, — P,_, _P, rom the last equation, for n, 1t can be seen that the

equality is true.
The other proofs are similar. O

Special Relations

In this section, we examine the relationships between the
Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers. In addition, we associate Parastichy Fibonacci num-
bers with special number sequences.

In the following theorem, we examine the relations
between the Parastichy Fibonacci and Parastichy Fibonacci-
Lucas numbers.

Theorem 3.1 Let n € N. The following equations are true:
i P, = 21—5 (Rpt2 + 2Rpt1 — 4Ry), ii.
Rn:2pn+2_Pn+1 — 8P,.

Proof.i The following relation is used for proofs;

P,=axRyio0+bx Ryi1+cxR,. (6)

For these n values, we obtain;
Py=ax Ry+bx Ry +cXx Ry,
Pi=axR3+bx Ry+cx Ry,
Po=axRs+bx R3+cx Rs.
We find.

_ 1 3 _ 2
a = 55> b = 325>
Thus, we obtain.
P, = % (R7L+2 + 2Rn+1 - 4Rn)
The other proofs are similar. O

4

and c = — 5.

Theorem 3.2 Let n € N. The following equation is satisfied.:
PR, = Py, — (—1)" P_,.

— A yn b yn
Proof Let P, = ()\_w)()\_(;))‘ +(¢_A)(¢_5)¢ +

) n _

If Binet formulas are used for proofs, we obtain
(=1)" Py = (W) (XA + Yy "+ Z57")
= X" + Y A" + ZA\" YT

and.

@ Springer
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b (= o)
{()\n + wn + 5n)2 _ (}\2n + 1p2n + 5271)}

— A’waﬂ + )\TL(STL + wnénl
Thus,

PR, = (XA"+ YY" + Z5") (A" + " + ™)
= XN LYY 4 267 (X +Y + Z) Ay
+X+Y+2)N 0"+ (X +Y +2)

P — (XATG" + YA + ZAM™)

— X)\2n—|—Y’L/}2n+Z(52n+
(X +Y +2Z) (A" + A"6" + ¢pm6™)

— (XY™™ + Y A"O™ + ZA™™).
Since X +Y + Z = Py = 0. So, we obtain.
Pan = P2n - (_1)n P—n- o

Theorem 3.3 Let m,n € N. The following equations are
satisfied:

i .
Pner:PanJrl +Pn+1 (QPm_mel)_Pnf,QPm;

i i .
Rner = Ran+1 + Rnfl (Q-Pm - mel) - Rnf.?Pm
Proof. i Let us show the proof by induction over m. For
m = 1, the following equations are obtained:

Pot1 =P, Pyi1+ Poy1 (2P — Pi_q) — P2 Py

=2P, +2P,_1 — P,_».
Then by assumption, for m =%k, m=k+ 1, and
m = k + 2, we get, respectively,
Poyr = PyPry1 + Poy1 (2P — Pr_1) — Po_2P,
Poyri1 = PoPeyiv + Poar
(2Pyt1 — Pry1-1) — P2 Pt
Poiryo = PoPryor1 + Poya
(2P42 — Pryo—1) — Pru_oPryo.
Now, after multiplying both sides of these three equa-
tions by 2; 2; —1; respectively, we get

2P k2 + 2P0 k1 — Pk
=2(PyPry2+1 + Pry1 (2Piy2 — Piga—1) — Po2Pry2)

+2 (P Pig141 + Poy1 (2Piy1 — Pry1-1) — Po—2Piy1)

@ Springer

— (P Pry1 + Poy1 (2P, — Py_1) — P2 Py)

= P, (2Py+3 + 2Pyy2 — Prg1) + Pog1 (4Pig2 +4Pig1 — 2P — (2Ppg1 + 2P, — Pr_1))

—Pn_9(2Pxy2 + 2P;41 — Py).

= Py Prys+ Poy1 (2Pyq3 —2Pq2) — Pr_2Pigs

= I'n+k+43-

From the last equality, it is seen that the relation is also
valid for n = k + 3, and the proof is finished.

The other proof is similar. O

Theorem 3.4 Let n € N. Parastichy Fibonacci numbers
are obtained with the help of Fibonacci and Lucas numbers
with the following relations.

L Pn:%(LQTH-Z JF(*])n)a

Proof. i The following equations can be written for the
proof:

an_IBn

P7z:FnFn+1: _6

an+1 _ 6n+1

a—p

a2n+1 + ﬁ2n+1 _ anﬂnJrl _ anJrlﬂn
o2t gz ) (0~ )
_ —a"B" (e + )
R CEEICE
Since, a—f=+5 af=—1,
L, = a™ + ™. We obtain.
Py =% (Lons1 + (=1)").
The other proof is similar. O

a+ =1, and

Application

In this section, we present the application of generalized
Parastichy Fibonacci numbers to hyperbolic quaternions.
Then we define hyperbolic Parastichy Fibonacci, and Para-
stichy Fibonacci-Lucas quaternions. For these quaternions,
we give many properties such as generating functions and
Binet formulas. Finally, the terms of the Parastichy Fibo-
nacci and Parastichy Fibonacci-Lucas numbers are associ-
ated with their hyperbolic quaternion values.

Definition 4.1 For n €N, the hyperbolic Paras-
tichy Fibonacci quaternions HP,, and hyperbolic
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Parastichy Fibonacci-Lucas quaternions HR,, are defined
by, respectively,

I:IPn = P, + Pn+1i2 + Pn+2’i3 (7)
+ Pn+3i4 - (Pna Pn+1aPn+2; Pn+3) 5

HR, = Ryiy + Rpi1iz + Ryois ()

+ Rn+3i4 = (Rna Rn+1a Rn+27 Rn+3) .

where P, is n'" Parastichy Fibonacci numbers, R, is n'"

Parastichy Fibonacci-Lucas numbers, and 71,12, %3, 74 are
the hyperbolic quaternion units in Table 1.Let us now give
the first four terms of the H P,, and H R,,, respectively,

HPy =iy + 2i3 + 6iy,

HPy =iy + 2is + 6i5 + 1504,

HPs = 2iy + 6is + 15i5 + 40i4,
HP; = 6i1 + 1565 + 40i5 + 104i4,
HRo = 3i1 + 2is + 8is + 17i4,

HRy = 261 + 8is + 1743 + 484,
HRy = 8iy + 17io + 48i5 + 122iy4,
HR5 = 17iq + 48is + 122i5 + 323i,.

Definition 4.2 Forn € N, the conjugate of hyperbolic Para-
stichy Fibonacci quaternions P, and conjugate hyper-
bolic Parastichy Fibonacci-Lucas quaternions H R? are
defined by, respectively,

HP? = Pypiy — Poyyiy — Pyyois

. )
— I'n43l4 = (P", _Pn-‘rla —4In+2, _P7L+3) 3
and
HR! = Ryiy — Ryi1ia — Rnyois (10)
- Rn+3i4 = (Rna 7Rn+17 *Rn+27 *Rn+3) ~.

Definition 4.3 For n € N, the norms of the hyperbolic
Parastichy Fibonacci quaternions HP,, and norms of the
hyperbolic Parastichy Fibonacci-Lucas quaternions H R,
are defined by, respectively,

HP, = \/P2+P2+1+ e T Priss (1)
and
HRy =[R2+ B2y, + 25+ B2, (12)

In the following theorem, the Binet formulas of the HP,,
HP* HR,,and HR? quaternions are expressed.

Theorem 4.1 Let n € N. We obtain.

- 1

HP, :mi\/\"“
RN
T
e e R
TR
tEne-w

iii. HR,, = A\"™ + Y™ + 66™,

iv. HR: = N\ + %™ 4 57,

where.

A=i; + Xig + Ny + Aiy = (1,0,0%,07%) ,
o= (1,-X, =A%, =)9),
=iy A+ Pip + s + Ty = (1,9,9%,97%) ,
'(/J* = (17 _wa —¢27 _wg)-

A =iy +8ip + 6%is + 6%y = (1,6,6°,6%), and
o = (1,-0,-6%,—6%).
Proof. i The Binet form of the hyperbolic Parastichy Fibo-
nacci quaternions is.

¥ _ 1 n+1

APy = am=po—A o

1 n+1

RV

1 n+1
TG Y

With the initial conditions, the following equations are
obtained.

> . . . 1
HPO :’LQ+223+614:(LW
1 1
"N T Ne 9

HPy =iy + 2ia + 6i5 + 154 =
1 2 1 2 1 2
oy Torer s Al e vy 7y K e ) RS

Thus, we have
a:i1+)\i2+)\2i3+)\3i4 = A

b= i1 + iz + 2iz + p3ia = 1h,

@ Springer
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c =11 + dig + 0%i3 + 6%iy = J.
So, we obtain.

/\n+1

N S\ 1 ntl
HP = e to e Y

1 n+1
R eESyIcE LA

The other proofs are similar. o
In the following theorems, we examine the relations
between the H P, H Pr, H R,,, and H R} quaternions.

Theorem 4.2 Let n € N. The following equations are true:
i. HP,, 3 =2HP, o+ 2HP, , — HP,,
ii. HP: 4= 2HP:, , +2HP:, , — HP;,
iii. HRyy5 = 2HRy o+ 2HR,y; — HR,,,
i HR , = 2HR:, , + 2HR, , — HR;

ne

Proof. i If the definition is used, we have.

9HP, s +2HP, , — HP,

= 2 (Pyy2i1 + Prysia + Pryais + Ppisia)

+2 (Pry1i1 + Poyois + Puysiz + Puyais)

— (Ppiy + Ppyriz + Pryois + Pugig)

= (2Py42 4+ 2P,41 — P) i1+ (2Pn13 + 2P, 10

—Poi1)io + (2Py4q + 2Py y3 — Pyyo)is

+ (2Pp15 + 2Py14 — Pyy3)ig.
Svince Pphis = 2P, 40+ %Pn+1 — PZL' Thus, we obtain.
HP,.5=2HP, s+ 2HP,., — HP,.

The other proofs are similar. O

Theorem 4.3 Let n € N. The following equations are
satisfied:

i HP, = L (H Rnso +2HR, i — J HR,),

ii. HR,, = 2HP, .5 — HP, ., — 8HP,,

jii. HP: = L (ﬁR;+2 +2HR:, , — 4ﬁRiL) :

iv. HR:, = 2HP: , — HP:, , — S8HP;.
Proof.i The following relation is used for proofs;

HP, =mx HRy o +nx HRyi1 +p x HR,.  (13)

For these n values, we obtain;
HPy=mx HRs +n x HRy1 + p x HRy,
HPy,=mx HRs+nx HRy +p x HR;,

@ Springer

HPy=mx HRy +nx HR3 +p x HR>.
We find.

1, _ 2
m = 55> n = 955
Thus, we obtain.

4

andp = — 5.

The other proofs are similar. O

In the following theorems, we associate the terms of the
Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers with their hyperbolic quaternion values.

Theorem 4.4 We obtain.

i. HP, + HP}; = 2P,

ii. HP, — HP%= 2P, iy + 2P, 25 + 2Pny 37,
iii. HP? = 2P, 1P, + (HPZ = 2P2) iy,

iv [IR? = 2R, [ R, + (ﬁRﬁ - 2R§) ir

v. HR, + HR* = 2R, i;,

vi. HR, — HR, = 2R, 1is + 2R,y 203 + 2Ry 5.

Proof. i If the definition is used, we have.
HP2 = (Pyi1 + Pry1iz + Pui2iz + Poyais)
(Pniy + Pry1is + Pryois + Prygia)

= (PY+ Pl + Pl +Pls)i

+ (2P, Ppy1) iz + (2P, Poy2) i3 + (2P, Pyy3) g

= 2P, (Ppi1 + Pyi1is + Pyiois + Poysis)
(=PI + Pl + P+ Prig)in

Thus, we obtain.

[P? = 2P, HP, + (FIPg - 2P3) i1

The other proofs are similar. O
Theorem 4.5 We obtain.

i iyHP, — isHPpy g —isHPpyo — i,
H-Pn+5’ = (Pn - Pn+2 - Pn+4 +Pn+6)i1'

ii. tHR,—i2HR,{; —1i3 HRpy9—iyHRy 3=
(Rn —Ryto — Ryys+ Rpyy + QRn+5) iq.
Proof. i If the definition is used, we have.

iII:IPn - i2f{PH+1 - iSHPnHrQ - i4HPn+3 = (Pn - Pn+2 - Pw,+4 + Pn+6> i1

+ (Pnt1 = Poy1 — Pags + Puys) iz + (Paga + Puya — Py — Poya) iz
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+ (P7L+3 - P7L+3 + P7L+3 - P7L+3) Z'4

:(Pn_Pn+2_Pn+4+Pn+6)i1

The other proof is similar. 0
Theorem 4.6 The special generating functions for hyper-

bolic Parastichy Fibonacci and Parastichy Fibonacci-
Lucas quaternions are given as follows, respectively,

ﬁan” =

118

i P(x) =

n=0

[ee]
ii. R(z)= S Rpa™

1 n=0
T 1—2x—22°% 429

(3 — 4o — 22%, 2 + fu — 0%, 8 + & — 22%, 17 + fu — &) E_joﬁRs=3R“+R”‘l‘R :

Proof. i For the hyperbolic Parastichy Fibonacci quaterni-
ons, we get.

= HPy+ HPyz + HPy2® + Z HP,z"

n=3

=HPy+ HPiw+ HPya® +2) HPy 12" +2)  HP, 02" — > HP, 52"

n=3 n=3 n=3

ngo—FIV{Pll‘—FFIPQI‘Q
+22 3 HPz" +222 Y HP,a" —2* 5. HP,2".
n=2 n=1 n=0
Thus, we obtain.
P(z)= Y HP,z"
n=0

= m($,1,2+2x+x2,6+3x+2x2).

The other proof is similar. O

In the following theorem, we obtain special summation
formulas of the hyperbolic Parastichy Fibonacci and Paras-
tichy Fibonacci-Lucas quaternions.

Theorem 4.7 Let n € N. We obtain.

n
iy
=l o SR+ Ru_ 1 — R o+(3,—8,—7,— 23
i S0 HR, = Satfiuci =P ot ),

s=0

Tp. — SHPut+HPy i —HPy 5—(1,1,3,7)
s — 2 bl

Proof. ii From the definition of the hyperbolic Parastichy
Fibonacci-Lucas quaternions, we obtain.

HR3 = 2HR; + 2HR, — HR,,
HR,=2HR3+2HR>, — HR;,

HR, =2HR,_ 1 +2HR,_»— HR,_3.

So, we have.
—HRy— HR, — HRy + Y. HR,
s=0
n—1 n—2 n—3

=2 HR,+2 Y HR,— Y HR,,
s=2 s=1 s=0

Thus, we obtain.
- n—2+(3,—3,—7,—23)

The other proof is similar. O

Conclusion

In this study, we introduce the Parastichy Fibonacci and
Parastichy Fibonacci-Lucas numbers and explore their
fundamental properties, including their characteristic equa-
tions. We derive the Binet formulas, special generating func-
tions, and specific summation formulas for these numbers.
Additionally, we establish a connection between the terms
of these numbers and matrices. We also compute the Sim-
son formulas for these numbers. Furthermore, we investi-
gate the relationships between the Parastichy Fibonacci and
Parastichy Fibonacci-Lucas numbers and their connections
to other notable number sequences, such as the Lucas num-
bers. We highlight significant correlations between these
numbers. We gave a presentation on the use of generalized
Parastichy Fibonacci numbers in the context of hyperbolic
quaternions. In this presentation, we outlined several prop-
erties of these hyperbolic quaternions. Finally, we explored
the terms of the Parastichy Fibonacci and Parastichy Fibo-
nacci-Lucas numbers related to their corresponding hyper-
bolic quaternion values. With the results and applications
of this study, the Parastichy Fibonacci numbers of different
number sequences can be applied, such as Parastichy Jacob-
sthal numbers and Parastichy Pell numbers. Furthermore,
interesting results can be obtained by using different poly-
nomial properties [30-32].
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