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the golden ratio. The Fibonacci and Lucas sequences are 
well-known number sequences that have intrigued scien-
tists for centuries. These sequences have been applied in 
various fields such as algebraic coding theory [1], graph 
theory [2], biomathematics [3, 4], computer science [5], and 
more. Many generalizations of the Fibonacci sequence have 
also been introduced. Notable examples of such sequences 
include the Jacobsthal [6], Bronze Fibonacci [7], Padovan 
[8], Copper Fibonacci [9], k-Oresme [10], Pell [11], Naray-
ana [12], Vieta Fibonacci [13] sequences.

For n ∈ N, the Fibonacci numbers Fn and Lucas num-
bers Ln are defined by the recurrence relations, respectively,

Fn+2 = Fn+1 + Fn, and Ln+2 = Ln+1 + Ln

with the initial conditions F0 = 0, F1 = 1, an L0 = 2, 
L1 = 1.

For Fn and Ln, the Binet formulas are given by relations, 
respectively,

Fn = αn − βn

α − β
, and Ln = αn + βn

Introduction

Number sequences play a crucial role in understanding and 
solving problems that involve various patterns. A notable 
example of this is the Rabbit Problem in Leonardo Fibonac-
ci's famous book Liber Abaci. Inspired by the rabbit problem, 
the Fibonacci sequence was developed, and the relationship 
between the terms of this sequence led to the discovery of 
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where α = 1+
√

5
2  and β = 1−

√
5

2  are the roots of the charac-
teristic equation r2 − r − 1 = 0. Here, the number α is the 
known golden ratio.

The relationship between parastichy numbers and the 
Fibonacci sequence forms the mathematical basis for the 
spiral patterns observed in many plants in nature. This rela-
tionship is profound, both in terms of geometric order and 
optimal placement.

Douady et al., in a book [14] that comments on some of 
the Fibonacci historical myths and completes some of the 
Fibonacci biological gaps, introduce the term “Parastichy 
numbers” to describe sequences associated with plant spi-
rals which turn in two directions. The name seems to have 
its mathematical origin in the Bravais-Bravais theorem [14] 
where in a family containing n parastichies, on any para-
stichy, the numbers of each consecutive primordia differ 
by n. Numbers on each n-parastichy are congruent mod n. 
Each parastichy is considered a residue class. The word has 
lineage from the Greek para (against) and stichos (row).

Many applications of Fibonacci sequences have been 
made in different interdisciplinary fields, especially 
quaternions.

Quaternions were introduced by William Rowan Ham-
ilton in 1843. They are widely utilized to control rotational 
movements in various fields, including chemistry [18], 
mechanics [19], 3D gaming [20], Eulerian angles [21], and 
kinematics [22]. In [23], Horadam introduced the concept of 
Complex Fibonacci and Fibonacci quaternions, uncovering 
a range of interesting properties.

The algebra of hyperbolic quaternions is an algebra that 
doesn't correspond to elements of the form over the real 
numbers.

q = xi1 + yi2 + zi3 + ti4, x, y, z, t ∈ R

William Rowan Hamilton provided the characteristics of the 
q components outlined in Table 1.

Hyperbolic quaternions are a generalization of classical 
quaternions, used to better model certain physical and math-
ematical systems. They are especially useful in areas like 
special relativity and quantum mechanics, where classical 
quaternions may fall short. This structure arises by chang-
ing some basic assumptions about complex and quaterni-
onic numbers.

In [24], Macfarlane did a lot of research on hyperbolic 
quaternions and their properties. An expression of the gen-
eral form of hyperbolic quaternions is.

s = s1i1 + s2i2 + s3i3 + s4i4 = (s1, s2, s3, s4).
Here, s1, s2, s3, s4 are the terms of the defined number 

and i1, i2, i3, i4 are hyperbolic quaternions. For recent stud-
ies on quaternions in relation to number sequences, refer to 
sources [25–29].

As shown above, numerous generalizations of the Fibo-
nacci and Lucas sequences have been presented. In this 
study, we introduce new generalizations inspired by the 
Parastichy, Fibonacci, and Lucas sequences. We refer to 
these sequences as the Parastichy Fibonacci numbers and 
Parastichy Fibonacci-Lucas numbers, denoted as Pn and 
Rn, respectively.

Generalized Parastichy Fibonacci Numbers

In this section, we define the Parastichy Fibonacci numbers 
and Parastichy Fibonacci-Lucas numbers. Then we give 
some properties for these numbers.

We can define Parastichy Fibonacci numbers Pn, by 
Pn = FnFn+1, so that we can obtain Table 2. Sloane [17] 
refers to these as golden rectangle numbers, which suggests 
generalizations, though parastichy retains the Fibonacci 
biological links; see also Barry [14–16].

We notice immediately that if

Bn = Pn − Pn−1� (1)

then.
Bn = FnFn+1 − Fn−1Fn = Fn (Fn+1 − Fn−1) = F 2

n .
Now we define the recurrence relations of Paras-

tichy Fibonacci numbers and Parastichy Fibonacci-Lucas 
numbers.

Definition 2.1  For n ∈ N, the Parastichy Fibonacci num-
bers Pn and Parastichy Fibonacci-Lucas numbers Rn are 
defined by, respectively,

Pn+3 = 2Pn+2 + 2Pn+1 − Pn� (2)

Table 1  Hyperbolic quaternions units [24]
i1 i2 i3 i4

i1 i1 i2 i3 i4
i2 i2 i1 i4 -i3
i3 i3 -i4 i1 i2
i4 i4 i3 -i2 i1

Table 2  Parastichy Fibonacci numbers
n FnFn+1 Pn Fn

2

0 0 × 1 0 0
1 1 × 1 1 1
2 1 × 2 2 1
3 2 × 3 6 4
4 3 × 5 15 9
5 5 × 8 40 25
6 8 × 13 104 64
… … … …
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with P0 = 0, P1 = 1, and P2 = 2
,

Rn+3 = 2Rn+2 + 2Rn+1 − Rn,� (3)

with R0 = 3, R1 = 2, and R2 = 8.

Then let’s give some information about the equations of 
these numbers.

The characteristic equation of the Parastichy Fibonacci 
and Parastichy Fibonacci-Lucas numbers is

x3 − 2x2 − 2x + 1 = 0.� (4)

The roots of the characteristic equation are as follows;
λ = 3+

√
5

2 , ψ = 3−
√

5
2 , and δ = −1.

Here, the λ number is the square of the known golden 
ratio (α) number.

Next, we give the relationships between these roots 
below:

λ + ψ = 3, λψ = 2, λ + ψ + δ = 2, λψ + λδ +ψδ = −2, 
and λψδ = −1.

The first few values of Parastichy Fibonacci and Paras-
tichy Fibonacci-Lucas numbers are

0, 1, 2, 6, 15, 40, 104, 273, 714, 1870, . . .

3, 2, 8, 17, 48, 122, 323, 842, 2208, 5777, . . .

In the following theorem, we express the Binet formulas 
of the Parastichy Fibonacci Pn and Parastichy Fibonacci-
Lucas Rn numbers.

Theorem 2.1  Let n ∈ N. We obtain.

i. Pn = 1
(λ−ψ)(λ−δ) λn+1 + 1

(ψ−λ)(ψ−δ) ψn+1  
+ 1

(δ−λ)(δ−ψ) δn+1 ,

ii. Rn = λn + ψn + δn.

Proof i  The Binet form of a sequence is as follows.

Pn = xλn + yψn + zδn.� (5)

For these n values, we obtain;
P0 = x + y + z,
P1 = xλ + yψ + zδ,
P2 = xλ2 + yψ2 + zδ2.
We find.
x = λ

(λ−ψ)(λ−δ) , y = ψ
(ψ−λ)(ψ−δ) , and z = δ

(δ−λ)(δ−ψ) .
Thus, we obtain.
Pn = 1

(λ−ψ)(λ−δ) λn+1 + 1
(ψ−λ)(ψ−δ) ψn+1+ 

1
(δ−λ)(δ−ψ) δn+1.

The other proof is similar. □
In the following theorem, a study is made on the con-

vergence (ratio of the larger of two consecutive terms to 
the smaller one) of the Parastichy Fibonacci and Parastichy 
Fibonacci-Lucas numbers.

Theorem 2.2  Let n ∈ N. The following equations are 
satisfied:

i.	 lim
n→∞

Pn+1
Pn

= λ,

ii.	 lim
n→∞

Rn+1
Rn

= λ .

Proof. i.  If the Binet formula is used for proofs, we obtain.

lim
n→∞

Pn+1
Pn

= 

1
(λ − ψ) (λ − δ)

λn+2

+ 1
(ψ − λ) (ψ − δ)

ψn+2

+ 1
(δ − λ) (δ − ψ)

δn+2

1
(λ − ψ) (λ − δ)

λn+1

+ 1
(ψ − λ) (ψ − δ)

ψn+1

+ 1
(δ − λ) (δ − ψ)

δn+1

.

If we use the properties of the characteristic equation of 
limit and Parastichy Fibonacci numbers, we get

lim
n→∞

Pn+1

Pn
=

1
(λ−ψ)(λ−δ) λn+2

1
(λ−ψ)(λ−δ) λn+1

= λ.
The other proof is similar. □

Theorem 2.3  The special generating functions for Paras-
tichy Fibonacci and Parastichy Fibonacci-Lucas numbers 
are given as follows, respectively,

i. p (x) =
∞∑

n=0
Pnxn  = x

1−2x−2x2 +x3 ,

ii. r (x) =
∞∑

n=0
Rnxn  = 3−4x−2x2

1−2x−2x2 +x3 ,

iii. ℘ (x) =
∞∑

n=0

Pn
n! xn = λ

(λ−ψ)(λ−δ) eλx+ 
ψ

(ψ−λ)(ψ−δ) eψx+ δ
(δ−λ)(δ−ψ) eδx ,

iv. Re (x) =
∞∑

n=0

Rn
n! xn  = eλx + eψx + eδx .
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Theorem 2.5  Let n ∈ N. The following equations are true:

i. For the Parastichy Fibonacci numbers,

1. 

[
Pn+2
Pn+1
Pn

]
 = 

[ 2 2 −1
1 0 0
0 1 0

]n

 

[ 2
1
0

]
,

 2. 

[
Pn

Pn+1
Pn+2

]
 = 

[ 0 1 0
0 0 1
2 2 −1

]n

 

[ 0
1
2

]
,

3. 

[
Pn+2
Pn+1
Pn

]
 = 

[ 2 2 −1
1 0 0
0 1 0

]
 

[
Pn+1
Pn

Pn−1

]
.

ii. For the Parastichy Fibonacci-Lucas numbers,

1. 

[
Rn+2
Rn+1
Rn

]
= 

[ 2 2 −1
1 0 0
0 1 0

]n [ 8
2
3

]
,

 2. 

[
Rn

Rn+1
Rn+2

]
= 

[ 0 1 0
0 0 1
2 2 −1

]n [ 3
2
8

]
,

3. 

[
Rn+2
Rn+1
Rn

]
= 

[ 2 2 −1
1 0 0
0 1 0

] [
Rn+1
Rn

Rn−1

]
.

Proof. i. 1   Let us show the proof by induction over n. For 
n = 1, the equality is true. For n − 1, assume the equality 
is true. We obtain
[ 2 2 −1

1 0 0
0 1 0

]n [ 2
1
0

]
=

[ 2 2 −1
1 0 0
0 1 0

]

[ 2 2 −1
1 0 0
0 1 0

]n−1 [ 2
1
0

]

=

[ 2 2 −1
1 0 0
0 1 0

]

[
Pn+1
Pn

Pn−1

]

=

[
Pn+2
Pn+1
Pn

]
.

From the last equation, for n, it can be seen that the 
equality is true.

The other proofs are similar. □

Theorem 2.6  Let n ∈ N. The following equation is satisfied:

Proof. i  For the Parastichy Fibonacci numbers, we get. 

p (x) =
∞∑

n=0
Pnxn = x + 2x2 +

∞∑
n=3

Pnxn

= x + 2x2 + 2
∞∑

n=3
Pn−1xn + 2

∞∑
n=3

Pn−2xn −
∞∑

n=3
Pn−3xn

= x + 2x2 + 2x
∞∑

n=2
Pxn + 2x2

∞∑
n=1

Pnxn − x3
∞∑

n=0
Pnxn.

Thus, we obtain.

p (x) =
∞∑

n=0
Pnxn = x

1−2x−2x2+x3 .

The other proofs are similar. □
Next, we obtain special summation formulas of the Para-

stichy Fibonacci and Parastichy Fibonacci-Lucas numbers.

Theorem 2.4  Let n ∈ N. We obtain.

i. 
n∑

s=0
Ps = 3Pn+Pn−1 −Pn−2 −1

2 ,
ii. 

n∑
s=0

Rs = 3Rn+Rn−1 −Rn−2 +3
2 .

Proof. ii  From the definition of the Parastichy Fibonacci-
Lucas sequence, we obtain.

R3 = 2R2 + 2R1 − R0,
R4 = 2R3 + 2R2 − R1,

Rn = 2Rn−1 + 2Rn−2 − Rn−3.
So, we have.

−13 +
n∑

s=0
Rs = 2

n−1∑
s=2

Rs + 2
n−2∑
s=1

Rs −
n−3∑
s=0

Rs,

−13 +
n∑

s=0
Rs = 2

(
−Rn − 5 +

n∑
s=0

Rs

)
+ 2

(
−Rn − Rn−1 − 3 +

n∑
s=0

Rs

)

−

(
−Rn − Rn−1 − Rn−2 +

n∑
s=0

Rs

)

Thus, we obtain.
n∑

s=0
Rs = 3Rn+Rn−1−Rn−2+3

2 .

The other proof is similar. □
In the following theorem, we associate the terms of the 

Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers with matrices. In addition, we calculate the Simson for-
mulas of these numbers.
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= (−1)n.
From the last equation, for n, it can be seen that the 

equality is true.
The other proofs are similar. □

Special Relations

In this section, we examine the relationships between the 
Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers. In addition, we associate Parastichy Fibonacci num-
bers with special number sequences.

In the following theorem, we examine the relations 
between the Parastichy Fibonacci and Parastichy Fibonacci-
Lucas numbers.

Theorem 3.1  Let n ∈ N. The following equations are true:

i. Pn = 1
25 (Rn+2 + 2Rn+1 − 4Rn), ii. 

Rn = 2Pn+2 − Pn+1 − 8Pn .

Proof. i  The following relation is used for proofs;

Pn = a × Rn+2 + b × Rn+1 + c × Rn.� (6)

For these n values, we obtain;
P0 = a × R2 + b × R1 + c × R0,
P1 = a × R3 + b × R2 + c × R1,
P2 = a × R4 + b × R3 + c × R2.
We find.
a = 1

25 , b = 2
25 , and c = − 4

25 .
Thus, we obtain.
Pn = 1

25 (Rn+2 + 2Rn+1 − 4Rn).
The other proofs are similar. □

Theorem 3.2  Let n ∈ N. The following equation is satisfied:

PnRn = P2n − (−1 )n P−n .

Proof  Let Pn = λ
(λ−ψ)(λ−δ) λn + ψ

(ψ−λ)(ψ−δ) ψn+ 
δ

(δ−λ)(δ−ψ) δn = Xλn + Y ψn + Zδn.

If Binet formulas are used for proofs, we obtain

(−1)n
P−n = (λnψnδn)

(
Xλ−n + Y ψ−n + Zδ−n

)

= Xψnδn + Y λnδn + Zλnψn

and.

[ 2 2 −1
1 0 0
0 1 0

]n

 = 
[

Pn+1 2Pn − Pn−1 −Pn
Pn 2Pn−1 − Pn−2 −Pn−1

Pn−1 2Pn−2 − Pn−3 −Pn−2

]
.

Proof  Let us show the proof by induction over n. For n = 1, 
the equality is true. For n − 1, assume the equality is true. 
We obtain.

[ 2 2 −1
1 0 0
0 1 0

]n

=

[ 2 2 −1
1 0 0
0 1 0

]n−1 [ 2 2 −1
1 0 0
0 1 0

]

=

[
Pn 2Pn−1 − Pn−2 −Pn−1

Pn−1 2Pn−2 − Pn−3 −Pn−2
Pn−2 2Pn−3 − Pn−4 −Pn−3

] [ 2 2 −1
1 0 0
0 1 0

]

=

[
Pn+1 2Pn − Pn−1 −Pn
Pn 2Pn−1 − Pn−2 −Pn−1

Pn−1 2Pn−2 − Pn−3 −Pn−2

]
 .

From the last equation, for n, it can be seen that the 
equality is true. □

Theorem 2.7.   (Simson Formulas)

 Let n ∈ N. The following equations are satisfied:

i. det

[
Pn+2 Pn+1 Pn
Pn+1 Pn Pn−1
Pn Pn−1 Pn−2

]
 = (−1 )n , ii. 

det

[
Rn+2 Rn+1 Rn
Rn+1 Rn Rn−1
Rn Rn−1 Rn−2

]
 = (−1 )n 125 .

Proof. i  Let us show the proof by induction over n. For 
n = 1, the equality is true. For n − 1, assume the equality 
is true. We obtain.

det

[
Pn+2 Pn+1 Pn
Pn+1 Pn Pn−1
Pn Pn−1 Pn−2

]
= det

[ 2Pn+1 + 2Pn − Pn−1 Pn+1 Pn
2Pn + 2Pn−1 − Pn−2 Pn Pn−1

2Pn−1 + 2Pn−2 − Pn−3 Pn−1 Pn−2

]

= det

[ 2Pn+1 Pn+1 Pn
2Pn Pn Pn−1

2Pn−1 Pn−1 Pn−2

]
+

det

[ 2Pn Pn+1 Pn
2Pn−1 Pn Pn−1
2Pn−2 Pn−1 Pn−2

]
+

det

[ −Pn−1 Pn+1 Pn
−Pn−2 Pn Pn−1
−Pn−3 Pn−1 Pn−2

]

= (−1) det

[
Pn+1 Pn Pn−1
Pn Pn−1 Pn−2

Pn−1 Pn−2 Pn−3

]

1 3
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− (PnPk+1 + Pn+1 (2Pk − Pk−1) − Pn−2Pk)

= Pn (2Pk+3 + 2Pk+2 − Pk+1) + Pn+1 (4Pk+2 + 4Pk+1 − 2Pk − (2Pk+1 + 2Pk − Pk−1))

−Pn−2 (2Pk+2 + 2Pk+1 − Pk).

= PnPk+4 + Pn+1 (2Pk+3 − 2Pk+2) − Pn−2Pk+3

= Pn+k+3.
From the last equality, it is seen that the relation is also 

valid for n = k + 3, and the proof is finished.
The other proof is similar. □

Theorem 3.4  Let n ∈ N. Parastichy Fibonacci numbers 
are obtained with the help of Fibonacci and Lucas numbers 
with the following relations.

i. Pn = 1
5 (L2n+1 + (−1 )n) ,

 ii. Pn = 1
5 (F2n (2 − F2n) + F2n+1 (F2n−1 + 1 )).

Proof. i  The following equations can be written for the 
proof:

Pn = FnFn+1 = αn − βn

α − β

αn+1 − βn+1

α − β
=

α2n+1 + β2n+1 − αnβn+1 − αn+1βn

(α − β) (α − β)

=

α2n+1 + β2n+1

−αnβn (α + β)
(α−β)(α−β)  .

Since, α − β =
√

5, αβ = −1, α + β = 1, and 
Ln = αn + βn. We obtain.

Pn = 1
5 (L2n+1 + (−1)n).

The other proof is similar. □

Application

In this section, we present the application of generalized 
Parastichy Fibonacci numbers to hyperbolic quaternions. 
Then we define hyperbolic Parastichy Fibonacci, and Para-
stichy Fibonacci-Lucas quaternions. For these quaternions, 
we give many properties such as generating functions and 
Binet formulas. Finally, the terms of the Parastichy Fibo-
nacci and Parastichy Fibonacci-Lucas numbers are associ-
ated with their hyperbolic quaternion values.

Definition 4.1  For n ∈ N, the hyperbolic Paras-
tichy Fibonacci quaternions ȞPn, and hyperbolic 

1
2

(
R2

n − R2n

)
= 1

2  [
(λn + ψn + δn)2 −

(
λ2n + ψ2n + δ2n

)]
 

= λnψn + λnδn + ψnδn.
Thus,

PnRn = (Xλn + Y ψn + Zδn) (λn + ψn + δn)

= Xλ2n + Y ψ2n + Zδ2n + (X + Y + Z) λnψn

+ (X + Y + Z) λnδn + (X + Y + Z)

ψnδn − (Xλnδn + Y λnδn + Zλnψn)

= Xλ2n + Y ψ2n + Zδ2n+

(X + Y + Z) (λnψn + λnδn + ψnδn)

− (Xψnδn + Y λnδn + Zλnψn).
Since X + Y + Z = P0 = 0. So, we obtain.
PnRn = P2n − (−1)n

P−n. □

Theorem 3.3  Let m, n ∈ N. The following equations are 
satisfied:

i . 
Pn+m = PnPm+1 + Pn+1 (2Pm − Pm−1 ) − Pn−2 Pm ,

i i . 
Rn+m = RnPm+1 + Rn−1 (2Pm − Pm−1 ) − Rn−2 Pm .

Proof. i  Let us show the proof by induction over m. For 
m = 1, the following equations are obtained:

Pn+1 = PnP2+1 + Pn+1 (2P1 − P1−1) − Pn−2P1

= 2Pn + 2Pn−1 − Pn−2.
Then by assumption, for m = k, m = k + 1, and 

m = k + 2, we get, respectively,
Pn+k = PnPk+1 + Pn+1 (2Pk − Pk−1) − Pn−2Pk,
Pn+k+1 = PnPk+1+1 + Pn+1 

(2Pk+1 − Pk+1−1) − Pn−2Pk+1,
Pn+k+2 = PnPk+2+1 + Pn+1 

(2Pk+2 − Pk+2−1) − Pn−2Pk+2.
Now, after multiplying both sides of these three equa-

tions by 2; 2; −1; respectively, we get

2Pn+k+2 + 2Pn+k+1 − Pn+k

= 2 (PnPk+2+1 + Pn+1 (2Pk+2 − Pk+2−1) − Pn−2Pk+2)

+2 (PnPk+1+1 + Pn+1 (2Pk+1 − Pk+1−1) − Pn−2Pk+1)

1 3
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In the following theorem, the Binet formulas of the ȞPn, 
ȞP ∗

n , ȞRn, and ȞR∗
n quaternions are expressed.

Theorem 4.1  Let n ∈ N. We obtain.

i.

ȞPn = 1
(λ − ψ) (λ − δ)

λ̄λn+1

+ 1
(ψ − λ) (ψ − δ)

ψ̄ψn+1

+ 1
(δ − λ) (δ − ψ)

δ̄δn+1,

, 

ii.

ȞP ∗
n = 1

(λ − ψ) (λ − δ)
λ̄∗λn+1

+ 1
(ψ − λ) (ψ − δ)

ψ̄∗ψn+1

+ 1
(δ − λ) (δ − ψ)

δ̄∗δn+1,

,

iii. ȞRn = λ̄λn + ψ̄ψn + δδn ,
iv. ȞR∗

n = λ̄∗λn + ψ̄∗ψn + δ̄∗δn ,
where.
λ̄ = i1 + λi2 + λ2 i3 + λ3 i4 =

(
1 , α, α2 , α3 )

, 
λ̄∗ =

(
1 , −λ, −λ2 , −λ3 )

,
ψ̄ = i1 + ψi2 + ψ2 i3 + ψ3 i4 =

(
1 , ψ, ψ2 , ψ3 )

, 
ψ̄∗ =

(
1 , −ψ, −ψ2 , −ψ3 )

.

∆̄ = i1 + δi2 + δ2 i3 + δ3 i4 =
(
1 , δ, δ2 , δ3 )

, and 

δ̄∗ =
(
1 , −δ, −δ2 , −δ3 )

.

Proof. i  The Binet form of the hyperbolic Parastichy Fibo-
nacci quaternions is.

ȞPn = a 1
(λ−ψ)(λ−δ) λn+1 +b 1

(ψ−λ)(ψ−δ) ψn+1  
+c 1

(δ−λ)(δ−ψ) δn+1.

With the initial conditions, the following equations are 
obtained.

ȞP0 = i2 + 2i3 + 6i4 = a
1

(λ − ψ) (λ − δ)

λ + b
1

(ψ − λ) (ψ − δ)
ψ + c

1
(δ − λ) (δ − ψ)

δ

ȞP1 = i1 + 2i2 + 6i3 + 15i4 =
a 1

(λ−ψ)(λ−δ) λ2 + b 1
(ψ−λ)(ψ−δ) ψ2 + c 1

(δ−λ)(δ−ψ) δ2,

Thus, we have

a = i1 + λi2 + λ2i3 + λ3i4 = λ̄

b = i1 + ψi2 + ψ2i3 + ψ3i4 = ψ̄,

Parastichy Fibonacci-Lucas quaternions ȞRn are defined 
by, respectively,

ȞPn = Pni1 + Pn+1i2 + Pn+2i3

+ Pn+3i4 = (Pn, Pn+1, Pn+2, Pn+3) ,
� (7)

ȞRn = Rni1 + Rn+1i2 + Rn+2i3

+ Rn+3i4 = (Rn, Rn+1, Rn+2, Rn+3) .
� (8)

where Pn is nth Parastichy Fibonacci numbers, Rn is nth 
Parastichy Fibonacci-Lucas numbers, and i1, i2, i3, i4 are 
the hyperbolic quaternion units in Table 1.Let us now give 
the first four terms of the ȞPn and ȞRn, respectively,

	● ȞP0 = i2 + 2i3 + 6i4,
	● ȞP1 = i1 + 2i2 + 6i3 + 15i4,
	● ȞP2 = 2i1 + 6i2 + 15i3 + 40i4,
	● ȞP3 = 6i1 + 15i2 + 40i3 + 104i4,
	● ȞR0 = 3i1 + 2i2 + 8i3 + 17i4,
	● ȞR1 = 2i1 + 8i2 + 17i3 + 48i4,
	● ȞR2 = 8i1 + 17i2 + 48i3 + 122i4,
	● ȞR3 = 17i1 + 48i2 + 122i3 + 323i4.

Definition 4.2  For n ∈ N, the conjugate of hyperbolic Para-
stichy Fibonacci quaternions ȞP ∗

n , and conjugate hyper-
bolic Parastichy Fibonacci-Lucas quaternions ȞR∗

n are 
defined by, respectively,

ȞP ∗
n = Pni1 − Pn+1i2 − Pn+2i3

− Pn+3i4 = (Pn, −Pn+1, −Pn+2, −Pn+3) ,
� (9)

and

ȞR∗
n = Rni1 − Rn+1i2 − Rn+2i3

− Rn+3i4 = (Rn, −Rn+1, −Rn+2, −Rn+3) .
.� (10)

Definition 4.3  For n ∈ N, the norms of the hyperbolic 
Parastichy Fibonacci quaternions ȞPn, and norms of the 
hyperbolic Parastichy Fibonacci-Lucas quaternions ȞRn 
are defined by, respectively,

ȞPn =
√

P 2
n + P 2

n+1 + P 2
n+2 + P 2

n+3,� (11)

and

ȞRn =
√

R2
n + R2

n+1 + R2
n+2 + R2

n+3.� (12)
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ȞP2 = m × ȞR4 + n × ȞR3 + p × ȞR2.
We find.
m = 1

25 , n = 2
25 , and p = − 4

25 .
Thus, we obtain.
ȞPn = 1

25  
(

ȞRn+2 + 2ȞRn+1 − 4ȞRn

)
.

The other proofs are similar. □
In the following theorems, we associate the terms of the 

Parastichy Fibonacci and Parastichy Fibonacci-Lucas num-
bers with their hyperbolic quaternion values.

Theorem 4.4  We obtain.

i. ȞPn + ȞP∗
n = 2Pni1 ,

 ii. ȞPn − ȞP∗
n= 2Pn+1 i2 + 2Pn+2 i3 + 2Pn+3 i4 ,

iii. ȞP2
n = 2PnȞPn  +

(
ȞP2

n − 2P2
n

)
i1 , 

iv. ȞR2
n = 2RnȞRn  +

(
ȞR2

n − 2R2
n

)
i1 ,

v. ȞRn + ȞR∗
n = 2Rni1 ,

 vi. ȞRn − ȞR∗
n  = 2Rn+1 i2 + 2Rn+2 i3 + 2Rn+3 i4 .

Proof. ii  If the definition is used, we have.

ȞP 2
n = (Pni1 + Pn+1i2 + Pn+2i3 + Pn+3i3)

(Pni1 + Pn+1i2 + Pn+2i3 + Pn+3i4)

=
(
P 2

n + P 2
n+1 + P 2

n+2 + P 2
n+3

)
i1

+ (2PnPn+1) i2 + (2PnPn+2) i3 + (2PnPn+3) i4

= 2Pn (Pni1 + Pn+1i2 + Pn+2i3 + Pn+3i4)
+

(
−P 2

n + P 2
n+1 + P 2

n+2 + P 2
n+3

)
i1.

Thus, we obtain.
ȞP 2

n = 2Pn HPn +
(

ȞP 2
n − 2P 2

n

)
i1.

The other proofs are similar. □

Theorem 4.5  We obtain.

i. i1 ȞPn − i2 ȞPn+1 − i3 ȞPn+2 − i4  
ȞPn+3 = (Pn − Pn+2 − Pn+4 + Pn+6 ) i1 .

ii. i1 ȞRn − i2 ȞRn+1 − i3  ȞRn+2 − i4 ȞRn+3 = 
(Rn − Rn+2 − Rn+3 + Rn+4 + 2Rn+5 ) i1 .

Proof. i  If the definition is used, we have.

i1ȞPn − i2ȞPn+1 − i3ȞPn+2 − i4ȞPn+3 = (Pn − Pn+2 − Pn+4 + Pn+6) i1

+ (Pn+1 − Pn+1 − Pn+5 + Pn+5) i2 + (Pn+2 + Pn+4 − Pn+2 − Pn+4) i3

c = i1 + δi2 + δ2i3 + δ3i4 = δ̄.
So, we obtain.
H Pn = 1

(λ−ψ)(λ−δ) λ̄λn+1 + 1
(ψ−λ)(ψ−δ) ψ̄ψn+1

+ 1
(δ−λ)(δ−ψ) δ̄δn+1.

The other proofs are similar. □
In the following theorems, we examine the relations 

between the ȞPn, ȞP ∗
n , ȞRn, and ȞR∗

n quaternions.

Theorem 4.2  Let n ∈ N. The following equations are true:

i. ȞPn+3 = 2 ȞPn+2 + 2 ȞPn+1 − ȞPn,

ii. ȞP∗
n+3 = 2 ȞP∗

n+2 + 2 ȞP∗
n+1 − ȞP∗

n ,
iii. ȞRn+3 = 2 ȞRn+2 + 2 ȞRn+1 − ȞRn,

iv. ȞR∗
n+2 = 2 ȞR∗

n+2 + 2 ȞR∗
n+1 − ȞR∗

n.

Proof. i  If the definition is used, we have.

2ȞPn+2 + 2ȞPn+1 − ȞPn

= 2 (Pn+2i1 + Pn+3i2 + Pn+4i3 + Pn+5i4)

+2 (Pn+1i1 + Pn+2i2 + Pn+3i3 + Pn+4i4)

− (Pni1 + Pn+1i2 + Pn+2i3 + Pn+3i4)

= (2Pn+2 + 2Pn+1 − Pn) i1 + (2Pn+3 + 2Pn+2

−Pn+1)i2 + (2Pn+4 + 2Pn+3 − Pn+2) i3

+ (2Pn+5 + 2Pn+4 − Pn+3) i4.
Since Pn+3 = 2Pn+2 + 2Pn+1 − Pn. Thus, we obtain.
ȞPn+3 = 2ȞPn+2 + 2ȞPn+1 − ȞPn.
The other proofs are similar. □

Theorem 4.3  Let n ∈ N. The following equations are 
satisfied:

i. ȞPn = 1
25 (H Rn+2  +2 ȞRn+1 − 4 H Rn),

 ii. ȞRn = 2 ȞPn+2 − ȞPn+1 − 8 ȞPn ,
iii. ȞP∗

n = 1
25

(
ȞR∗

n+2 + 2 ȞR∗
n+1 − 4 ȞR∗

n

)
,

 iv. ȞR∗
n = 2 ȞP∗

n+2 − ȞP∗
n+1 − 8 ȞP∗

n .

Proof. i  The following relation is used for proofs;

ȞPn = m × ȞRn+2 + n × ȞRn+1 + p × ȞRn.� (13)

For these n values, we obtain;
ȞP0 = m × ȞR2 + n × ȞR1 + p × ȞR0,
ȞP1 = m × ȞR3 + n × ȞR2 + p × ȞR1,
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Proof. ii  From the definition of the hyperbolic Parastichy 
Fibonacci-Lucas quaternions, we obtain.

ȞR3 = 2ȞR2 + 2ȞR1 − ȞR0,
ȞR4 = 2ȞR3 + 2ȞR2 − ȞR1,

ȞRn = 2ȞRn−1 + 2ȞRn−2 − ȞRn−3.
So, we have.

−ȞR0 − ȞR1 − ȞR2 +
n∑

s=0
ȞRs 

= 2
n−1∑
s=2

ȞRs + 2
n−2∑
s=1

ȞRs −
n−3∑
s=0

ȞRs,

Thus, we obtain.
n∑

s=0
ȞRs = 3Rn+Rn−1−Rn−2+(3,−3,−7,−23)

2 .

The other proof is similar. □

Conclusion

In this study, we introduce the Parastichy Fibonacci and 
Parastichy Fibonacci-Lucas numbers and explore their 
fundamental properties, including their characteristic equa-
tions. We derive the Binet formulas, special generating func-
tions, and specific summation formulas for these numbers. 
Additionally, we establish a connection between the terms 
of these numbers and matrices. We also compute the Sim-
son formulas for these numbers. Furthermore, we investi-
gate the relationships between the Parastichy Fibonacci and 
Parastichy Fibonacci-Lucas numbers and their connections 
to other notable number sequences, such as the Lucas num-
bers. We highlight significant correlations between these 
numbers. We gave a presentation on the use of generalized 
Parastichy Fibonacci numbers in the context of hyperbolic 
quaternions. In this presentation, we outlined several prop-
erties of these hyperbolic quaternions. Finally, we explored 
the terms of the Parastichy Fibonacci and Parastichy Fibo-
nacci-Lucas numbers related to their corresponding hyper-
bolic quaternion values. With the results and applications 
of this study, the Parastichy Fibonacci numbers of different 
number sequences can be applied, such as Parastichy Jacob-
sthal numbers and Parastichy Pell numbers. Furthermore, 
interesting results can be obtained by using different poly-
nomial properties [30–32].
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+ (Pn+3 − Pn+3 + Pn+3 − Pn+3) i4

= (Pn − Pn+2 − Pn+4 + Pn+6) i1

The other proof is similar. □

Theorem 4.6  The special generating functions for hyper-
bolic Parastichy Fibonacci and Parastichy Fibonacci-
Lucas quaternions are given as follows, respectively,

i. P(x) = 
∞∑

n=0
ȞPnxn = 

1
1−2x−2x2 +x3

(
x, 1 , 2 + 2x + x2 , 6 + 3x + 2x2 )

,

ii. R (x) =
∞∑

n=0
Rnxn .

= 1
1−2x−2x2 +x3  (

3 − 4x − 2x2 , 2 + 4x − 3x2 , 8 + x − 2x2 , 17 + 4x − 8x2 )
.

Proof. i  For the hyperbolic Parastichy Fibonacci quaterni-
ons, we get.

P (x) =
∞∑

n=0
ȞPnxn

= ȞP0 + ȞP1x + ȞP2x2 +
∞∑

n=3
ȞPnxn

= ȞP0 + ȞP1x + ȞP2x2 + 2
∞∑

n=3
ȞPn−1xn + 2

∞∑
n=3

ȞPn−2xn −
∞∑

n=3
ȞPn−3xn

 
= ȞP0 + ȞP1x + ȞP2x2 

+2x
∞∑

n=2
ȞPxn + 2x2

∞∑
n=1

ȞPnxn − x3
∞∑

n=0
ȞPnxn.

Thus, we obtain.

P (x) =
∞∑

n=0
ȞPnxn 

= 1
1−2x−2x2+x3

(
x, 1, 2 + 2x + x2, 6 + 3x + 2x2)

.

The other proof is similar. □
In the following theorem, we obtain special summation 

formulas of the hyperbolic Parastichy Fibonacci and Paras-
tichy Fibonacci-Lucas quaternions.

Theorem 4.7  Let n ∈ N. We obtain.

i. 
n∑

s=0
ȞPs = 3ȞPn+ȞPn−1 −ȞPn−2 −(1 ,1 ,3 ,7)

2 ,

 ii. 
n∑

s=0
ȞRs = 3Rn+Rn−1 −Rn−2 +(3 ,−3 ,−7 ,−23)

2 .
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