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Abstract

In this paper, an expansion of the classical hyperbolic functions is presented and studied.
Also, many features of the k— Pell hyperbolic functions are given. Finally, some graph and
curved surfaces related to the k — Pell hyperbolic functions are introduced.
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1 Introduction

The simplest and most used sequences of numbers are Fibonacci sequences. It is a sequence
obtained by adding the last two terms consecutively with the initial terms 0 and 1, usually
denoted by F),. Thatis, {F,} = {0, 1, 1, 2, 3, 5, ... }. Fibonacci numbers and their general-
izations and polynomials have many exciting properties and applications in different branches
of science, art, nature [8-10, 15, 19, 20]. ¢ = (1 + ﬁ)/z, the convergence of the ratio of
two consecutive Fibonacci numbers, called the Golden Mean, or Golden Section appears in
many studies in many fields [4, 14]. Pell sequence are also studied by many researchers [1-3,
7, 11, 16, 18]. Many generalizations of the hyperbolic functions are given [5, 6, 17]. Also,
Golden Section and its applications in many areas are given [13]. One of the most recent
works in this area is [5] where new k-Fibonacci hyperbolic functions were presented and
studied. In this study, we want to show that k-Pell sequences form a very close relationship
between classical hyperbolic functions and k-Pell sequences by adapting many properties of
k-Pell sequences to k-Pell hyperbolic functions while this relationship is exactly the same in
some cases, in some cases also the coefficients are different, but still, they are similar.
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2 New k-Pell hyperbolic functions

Definition 1 For k > 1 the k— Pell sequence is defined by:
Pi n+1 = 2P,y + k Py, n—1 for with Py o = Oand Py | = 1.

The characteristic equation for k-Pell numbers is as follows:
rP—2r—k=0
Binet’s formula for the k—-Pell numbers is given by [2]:

n n
n—n

Pk,n:

where ry = 1 ++/k+1andr, =1 — +/k + 1 are the roots of Eq. 1 and r| > r;.
We know that, r{ +rp =2, r1.rp = —kand ri —rp = 2k + 1.

ey

The Pell hyperbolic functions like in [5], in analogy with the known classical hyperbolic

numbers, are defined as

o O[2x _ 0(72)(
sPhx = ————,
22
o a2 4 g @x+D)
cPhx = ——F——,
272

where s Ph and ¢ Ph are called, respectively, the Pell hyperbolic sine and cosine.
The k-Pell hyperbolic functions of above functions as follows:
2x 2x ,—2x
ot — kT a
sPrh(x) = k k

21 +k

—(2x+1
2x+1 +k2x+1ak( x+1)

3
2/T+k ’

cPih(x) =

where oy = 1+ /1 +k. If x = 2n then sPyh(x) = Pk 44, while if x = 2n + 1 then

c¢Prh(x) = Py, 2n+1. k-Pell hyperbolic sine and cosine functions are defined as follows:

X X X
oy — ko

sPh(x) = ,
o +koz,:l
o +kro*

cPrh(x) = E—"
ay + ko

since ay + k(o) ™' = 2v/1+k.
The graphics for new k-Pell hyperbolic functions are shown in Fig. 1a, b

From last definitions, it holds that s Pyh(2n) = Py 2, and cPrh(2n + 1) = Py 2p41, as it

can be easily confirmed by using oz,?z’l = (;—;)2” and ak_(z'”l) = —(;—;)2"“.

After that, we will substitute « for oy to simplify.

2.1 Properties of the s Phx and ¢ P hx functions

Proposition 1 The basic feature of these functions, which can be called a version of the

Pythagorean trigonometric identity, is

X

(¢ Pch(x))* — (s Pch(x))* = *
1+k
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(a) sine k-Pell hyperbolic functions sPh(x) (b) cosine k-Pell hyperbolic functions cPh(x)

Fig. 1 k-Pell hyperbolic functions

Proposition 2 We have the following sum and difference identity

cPrh(x +y) = Vk + 1(c Pth(x).c Pth(y) + s Pyh(x).s Prh(y),
cPrh(x —y) = vk + 1(cPrh(x).c Pch(y) — s Prh(x).s Ph(y),
SPrh(x +y) = Ak + 1(s Pth(x).c Pch(y) + c Prh(x).s Pch(y),

SPh(x — ) = VK2 4+ 8(s Peh(x).c Pth(y) — ¢ Peh(x).s Peh(y).

Proof We will now prove the first equality. The proof of the others is similar to the proof of
the first equality.

cPrh(x).c Prh(y) +s Pih(x).s Peh(y)
(o kT o ) o+ o (o =k o ) =k )
- (1k+k0(,:1

= —%H cPrh(x +y).

By making y = x in the previous first and third formulas, we get the following result. [

Corollary 3 Double variable formulas

cPeh(2x) = vk + 1[(c Ph(x))? + (s Peh(x))*] 3)
sPh(2x) = 27k + 1s Prh(x)c Prh(x) )

Corollary 4 Half variable formulas

1 k*
Poh(x))?* = Peh(2x) + ——— |,
(c Ph(x)) Nm[c ) (x)+m:|
1 k*
Poh(x))? = Pih(2x) — ——— |.
(s Fich()) Jm[c Kh(2%) m]
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2.2 The s Phx and ¢ P hx functions and the k— Pell numbers

Proposition 5 We have the recursive relation

sPh(x +1) =2cPrh(x) + ks Pth(x — 1).

Proof
. B (ax +kxa—x) (ax—l _ kx—]a—x+])
2cPrh(x) +ksPrh(x — 1) =2 +
o + ko] o + ko]
1 k
=— | (2+— )+ 2 - )
o+ka™! o
x+1 x+1, —x—1
- @™k
a+ka! (@ « )
Sincea =2+ £ and 2 — & = 2, we have @KL op(x 1 1)

Proposition 6 Catalan’s identity for the k— Pell hyperbolic functions
cPeh(x — $).cPeh(x +5) — (¢ Peh(x))? = k5 (s Peh(s))>.
Proof By definition ¢ Pyh(x),
cPch(x — $).cPch(x +5) — (¢ Peh(x))?

(axfs + k.x7Xa7.X+S)(a)C+S + k)C+Sa7X7S) — (O[x + anf)C)z

(o + ko=
kx+sa—23 +kx—sa2s _ kx+]
N (o + ka—1)?
B kx—S(OlZs +a—25k25 _ ZkS)
B (o + ka=1)?

= kK 75 (s Peh(s)).

Corollary 7 cPyh(x — s)cPrh(x +5) — (s Pth(x))* = k¥ ~5(c Prh(s))?,
sPeh(x — $)s Peh(x +s) — (s Peh(x))?> = —k* (s Pch(s))?,

sPh(x — $)s Peh(x +5) — (cPeh(x))? = —k* 5 (c Peh(s))>.

If we put s = 1 into classical Catalan’s identity, then we obtain the Cassini’s identity for

the k— Pell numbers [2]:
Pen—t Peoner — PL, = (—1'K" ' Py
The suitable identity for the k— Pell hyperbolic functions are given below.

Proposition 8 d’Ocagne’s identity for the k— Pell numbers [2] is
Pk,mPk,n+l - Pk,m+lPk,n = (_1)nknPk,m7n if m > n.

For the k— Pell hyperbolic functions, Cassini’s identity are given as follows:

cPh(x — DePeh(x + 1) — (s Peh(x))? = k71,

sPeh(x — DsPeh(x + 1) — (s Ph(x))? = =k L.
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Proposition 9 For the k— Pell hyperbolic functions, d’Ocagne’s identity is
cPrh(x)cPih(y + ) — s Peh(x + 5)s Pyh(y) = k¥ ¢ Peh(s)c Pch(x — ) 5)

cPirh(x)s Prh(y +5) — c Pyh(x + 5)s Prh(y) = k7s Pyh(s)c Prh(x — y) 6)

Proof From Eq. 5 we have:
cPrh(x)cPrh(y +s) — s Pth(x + s)s Pyh(y)
(le + kxafxxayiv + ky+sa7y7s) _ (ax+s _ kx+‘€a7x7S)(a)' _ k_vafy)
a (@ + ka=1)>?
IS XY =S X g TV L Y X TS L XS o Xy s
(o +ka=)?
af +ka™ et + koY

= . =kYcPih Prh(x —
o+ kol o+ kol cPeh($)cPeh(x = )

Equation 6 can be obtained as in Eq. 5. ]

3 The quasi-sine k-Pell functions and the k-Pell numbers

Binet’s formula for the k— Pell sequence has the form P , = % Also, we have
given the k— Pell hyperbolic sine function as s Pch(x) = % So, if x is an even integer

number we have s Pyh(x) = Py, ,. Therefore, we give the following definition.

Definition 2 The quasi-sine k— Pell function is denoted by P Pi(x) and

a* — k*cos(mx)a™*

PPex) = o+ kal

Notice that P Py(n) = Py, , for n € Z. So the points of the form (n, Py, ,) concern to the
graphics of these functions. For k = 1, 2, 3, 26.8 the graphics of P Px(x) are given in Fig. 2.
Here for k = 26.8 and x > 0 k— Pell hyperbolic function has the first extremum point.

While functions P Py (n) and Py, , are similar in many properties, they differ considerably
in the values taken by the relative extremum points and the number of these extremes. For
instance, if x takes positive values, then it is seen that P P»g g(x) present an only maximum at
x = 1.549695 ... and an only minimum at x = 1.649169 ... while for values of k < 26.8
function P Py(x) does not have relative extremes for x > 0. Also, for x > 0, the number
of maximum and minimum stay steady when k increases. For k = 0.01 in Fig. 3 shows the
graphic of P Py(x).

For x < 0, the number of maximum and minimum the infinite. For instance, the first
minimum for x < O and k = 1 is at x = —0.1531744... and for k = 3 isat x =
—0.10129103....

In Fig. 4, for k = 1.2 it is possible to see the tangent curves obtained along the values
taken by the P Pi(x) function. Attention that the tangent points have the form (n, Py, ) for
neZ.

For these quasi-sine k—Pell functions, there are several identities that are versions of the
analogues identities of k—Pell numbers [2]. Some of them are revealed here.

Theorem 10 (Recursive relation)

PPi(x+2) =2PPc(x + 1) + kP Pe(x).

@ Springer
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(@) y = PP (x)

b))y

sz(x)

(c) y =PP3(%)

Fig. 2 The quasi-sine k— Pell functions, P Pi(x) fork =1, 2, 3, 26.8

Fig. 3 The quasi-sine 0.01-Pell
function
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(@) y = PPy(x) (b) y = PP, (%)

Fig. 4 The quasi-sine k-Pell functions for k = 1, 2 with their improving tangent curves

Proof
2PP(x + 1)+ kP Pi(x)

ot — X leos(m(x + 1)L o — k*cos(mx)a™*
a+ko! Tk a+ko!
o Qo + k) + cos(mx)oa 2 Qo — o?)
a+ko!
oa*t2 — COS(T[)C)O[_X_2/€X+2
a+ka!
= PPi(x +2)

Because 2/a — 1 = —k/a?. (]
Theorem 11 (Catalan’s identity) If s € Z, then:
PPu(x +5).PPi(x — s) — (P Pe(x))? = kK (=1 cos(rx)(P Pi(s))>.

Proof

PPi(x +5) .PPu(x —s) — (P Pr(x))?
_ (a“s —k"”cos(n(xﬂ))ot‘"‘x)

atka~!
(O’X_S*kx_“'coS(Tr(JC73))0!_“‘y _ (o =kcos(mx)a™" 2
a+ka~! a+ka—!
— ks (=D cos(rx)a® +kX a2 (= 1) cos(rx)+kS cos( x)
- (a+ka—1)?

(L 1ys+] x—s (xz“'+k2“'o¢_2“'7k”'+lcos(7rs))
= (=D cos(mx)k ( (ka7

— (1 xms (@Ko costrsa™
= (=1l cos(rak— (LLcorpat )

= (=1)**Lcos(rx)k* S (P Py(s))?
O
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If x is an integer n in the previous result then Catalan’s identity for the k—-Pell numbers
appears. Moreover, if s = 1, then we get: P Py (x+1). P Pr(x—1)—(P P (N2 = cos(x)k*1L.
If we take x = n, then we find Cassini’s identity [?] for the k— Pell numbers:

Theorem 12 (Asymptotic quotient). We have

limy 00 & : ;Sz;)s ) — o where s is any integer.

Proof For ¢ > 1, then:

lim PPi(x+s) im o8 — K cos(w(x + s))a xS o
T PP(x) T 1 —k¥cos(m(x))a—2x
Specialy, if k = 1, then &« = r; and lim,_, PRG+D) r. O

P Py(x)

4 3D curved surfaces for the s Phx and ¢ P hx functions

Definition 3 The complex valued function given as follows is denoted by CPPy (x) and named
the three-dimensional k— Pell spirals:

—X X

ot — k*cos(mx)a CkFsin(rx)a”

o+ ka™! o +ka!

CPPi(x) =

R(C P Pr(x)) = P Pr(x) is the quasi-sine k— Pell function. The shape of the three-k—
Pell spiral recalls a three-dimensional spiral. Function C P Py (x) can be given as:

o + kxl-eirr(l/Z—x)a—x

CPP) = o +ka!

We give some of the properties for C P P(x) as follow:
e If k = 1, then we obtain the three-dimensional Pell spiral. CP Pi(x) = CP Py(x) =

rx+kxl-€i7z(l/27x)r7x

272
« If x is an integer then, the imaginery part of the three-dimensional k— Pell spiral is zero,
and hence C P Py(n) results in Binet’s formula for the general term of the k— Pell sequence

[2].
* Lastly, for every k, itis C P Px(0) = OandC P Pi(1) = 1.

Theorem 13 The three-dimensional k— Pell spiral confirm the following Pell-type recurrence
relation:

CPPi(x+2)=2CPP,(x+1)+kCPP;(x).
Proof Sincea > 1 and 20 +k =%, 500 —2 = k/a, we have:
2CPPr(x+1)+kCPPr(x)

le+l +kx+liein(l/27xfl)a7xfl o +kxiein(l/27x)a7x

=2
a+ka! a+ka!
_ le+2 + ie—iﬂxa—x—lkx+l(_k + Ol)l
- a+ka!
x+2 +‘kx+2l-eirr(1/2—x—2)a—x—2

e M = CPPy(x)
o+ ka1

@ Springer
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Since we have showed, we can give Catalan’s identity for the three-dimensional k— Pell
spiral in the next theorem.

Theorem 14 Catalan’s identity for the three-dimensional k— Pell spiral is as follows:
CPPi(x — 5).CPPy(x +5) — (CPP(x))* = (1) (C P Pe(s))*.
Proof Since e/™(1/2=%) — je=imX gapd oIS = (1), ¢//2E78) — j(—1)% and s is an integer.
Therefore,
CPPu(x —5).CPP(x +5) — (CPPu(x))*

& + kx+sl-eirr(l/2fxfs)a7x7s a~ 5 + kxfsiein(1/27x+s)a7x+x

N a+ka~! ' a+ka~!
o + kFieim(1/2=x) —x 2
_< a+ka~! >
a2skxfsieirr(l/27x+s) + a72skx+sl'eirr(l/27x7s) _ ks+liei7r(l/27x)
N (a + ka—1)2
kx—siein(l/Z—x+s)(a2s + a—25k2se—2isrr _ ks+le—isrr)
B (o + ka1

— kx—siein(l/Z—xﬂ)CPPk(s))Z — (_1)X+S+1kX—S(CPPk(S))2
where if s = 1, then we obtain Cassini’s identity:

CPPy(x — 1).CPP(x +1) — (CPP(x))? = (—k)* .

4.1 The shrinking incomplete metallic shofars

The three-dimensional k— Pell spiral has real and imaginary parts as follow,

ot —k¥cos(mx)a™*

R(CP Pr(x)) = o+ ka1 = yx),
J(CPP(x)) = M = z(x).
o+ ko

If we accept Y axis as real axis and Z axis as imaginary axis then we can give the following
equations:

) o —k*cos(mx)a™*
x) — = ,
Y a+ka! o+ ka™!
k*sin(mx)a™*
o) = R
o+ ka

By adding the squares of previous expressions and taking y and z as independent variables,
the following equation is obtained:

a* 2 2 Ko~ \?
% Y 7
<y ot+ka_1> = (a+ka_1> 0
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For k = 1 Eq. 7 corresponds to a surface called the Shrinking Incomplete Golden Shofar

with equation (y — %)2 +72 = (8 12X ). For k = 2, we find the Shrinking Incomplete Silver
Shofar with equation (y — )2 +72 = (1 T 2X) Finally, for k = 3, we get the Shrinking
Incomplete Bronze Shofar w1th equation (y — —)2 +72 = (3 Toas ~—).We show the Shrinking

Incomplete Metallic Shofar for k = 1, 2, 3 in Fig. 5 and the Shrinking incomplete Silver
Shofar and its reflections in the coordinate planes in Fig. 6.

@) k=1 7 ) k=2

(© k=3

Fig. 5 The Shrinking Incomplete Metallic shofars for k = 1, 2, 3

- -

(@ b)

(©

Fig. 6 The Shrinking Incomplete Bronze Shofar and its reflections on the coordinate planes

@ Springer
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5 Conclusions

In this paper, we have introduced the new k— Pell hyperbolic functions connected with the k—
Pell sequences. Various properties for these functions have been derived and associated with
similar identities for k— Pell numbers. Moreover, the k— Pell hyperbolic functions are used
to present the alleged Shrinking Incomplete Metallic Shofars which expand the Shrinking
Incomplete Silver Shofar.
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