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Abstract
We compute the cardinality of a set of Galois-invariant isomorphism classes of irreduc-
ible rank two ℚ

�
-smooth sheaves on X

1
− S

1
 , where X

1
 is a smooth projective abso-

lutely irreducible curve of genus g over a finite field �q and S
1
 is a reduced divisor, with 

pre-specified tamely ramified monodromy data at S, including precisely one point of 
principal unipotent monodromy, twisted by a tame character. Equivalently, we compute 
the number of the corresponding automorphic representations. The approach is based 
on using an explicit form of the trace formula for GL(2) , extending the work “Counting 
local systems with tame ramification” to include a Steinberg (= special) component, 
twisted by a tame character, by employing a pseudo-coefficient thereof.
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1  Introduction

Let X1 be a smooth projective absolutely irreducible curve over a finite field �q of 
cardinality q. Let F1 = k(X1) be the field of rational functions on X1 over �q , and � 
its ring of adèles. Let |X1| be the set of closed points of X1 . Denote by S1 a nonzero 
reduced divisor on X1 , namely a finite subset of |X1| , a disjoint union of three subsets 
S
(1,1)

1
 , S(2)

1
 , SD+

1
 , |SD+

1
| = 1 . Denote by � = ∪m>0�qm a separable closure of �q , by 

(Xm, Sm) = (X1, S1)⊗�q
�qm the base change to the extension �qm of �q of degree m in 

�  , and by (X, S) = (X1, S1)⊗�q
�  to the geometric case. Define analogously S∗ , S∗

m
 , 

∗= (1, 1), (2), D+ . The function field Fm = k(Xm) of Xm = X1 ⊗�q
�qm over �qm is 

Fm = F1 ⊗�q
�qm . Fix a rational prime � , � ̸ |q.

The geometric Frobenius Fr topologically generates Gal(�∕�q) . It acts on �  , 
hence on the scheme X − S = (X1 − S1)⊗�q

�  , and by transport of structures on the 
set of isomorphism classes of ℚ

�
-smooth sheaves on X − S . The latter coincides 

with the pullback Frob∗ by the Frobenius endomorphism Frob ∶ X − S → X − S (see 
[3, Lemma 1.3]). For s ∈ S let X(s) be the completion SpecÔ(s) of X at s, where Ô(s) is 
the completion of the local ring O(s) of X at s. Put X∗

(s)
= X(s) − {s} for the punctured 

space. Assume given for each s ∈ S a ℚ
�
-smooth sheaf R(s) of rank r ≥ 1 on X∗

(s)
 , up 

to isomorphism. The morphism Frob ∶ X → X defines a morphism again denoted 
Frob ∶ X∗

(s)
→ X∗

(Frob(s))
 . Assume the family R = (R(s); s ∈ S) is Frob-compatible: 

for each s ∈ S the sheaf R(s) is isomorphic to the inverse image of R(Frob(s)) by 
Frob , namely R(s) ≃ Frob∗(R(Frob(s))).

Let Er(X, S;R) be the set of isomorphism classes of irreducible rank r ℚ
�
-smooth 

sheaves F  on X − S satisfying: the inverse image F|X∗

(s)
 of F  on X∗

(s)
 is isomorphic to 

R(s) . Since R is Frob-compatible, the functor Frob∗ defines a permutation, denoted 
�  (see [2, section 2.2]), of the set Er(X, S;R) . The counting problem is to compute 
the cardinality |Er(X, S;R)�

m | of the points in Er(X, S;R) fixed by �m , m ≥ 1.
In this work we fix regular tame rank two Frob-compatible ( Gal(�∕�q)-stable) 

monodromy R = R
(1,1) ∪R

(2) ∪R
D+

 , Ri = (R(s); s ∈ Si) ( i = (1, 1), (2), D+ ) in 
general position (defined in [2, section 2], see also [9], and below), satisfying the 
compatibility assumption. Here the ℚ

�
-smooth sheaf R(s) on X∗

(s)
 is semisimple of 

principal series type at the s ∈ S(1,1) , semisimple of discrete series type at the 
s ∈ S(2) , and with principal unipotent monodromy twisted by an unramified charac-
ter at the s ∈ SD

+.
The case where S1 is empty in rank r = 2 is due to Drinfeld [5]. For a detailed proof 

see [7, section 3]. This is based on an explicit computation of the trace formula for 
G = GL(2) in [6]. Cases with local principal unipotent monodromy S1 = SD

+

1
 for gen-

eral rank r ≥ 2 when |S1| ≥ 2 , were studied with Deligne in [3] using masses of catego-
ries, in [7] also when |S1| = 1 in rank two, and again for general rank and |S1| ≥ 2 using 
the trace formula in [8].

The notion of general position was introduced in Deligne [2], where a geo-
metric approach – that Deligne attributes to Arinkin – to the counting problem is 



467

1 3

São Paulo Journal of Mathematical Sciences (2023) 17:465–482	

presented, in the context of general rank r ≥ 2 , and principal series local mono-
dromy. It is reminiscent of the general position notion of Deligne-Lusztig [4].

In all these works where the trace formula is applied, we use a simple form 
of the trace formula in higher rank, or the trace formula for the rank one group 
GL(2) . We do not employ the general rank Arthur trace formula, adapted by L. 
Lafforgue [12] to the positive characteristic case, due to its complexity.

The present work deals in rank two with the case where in addition to tame 
semisimple ramification at the sets S(1,1)

1
 , S(2)

1
 , there is principal unipotent mono-

dromy twisted by a tame character at the set SD+

1
 , taken here to consists of a 

single place. In [9] we dealt with the case where SD+

1
 is empty, using the explicit 

trace formula for GL(2) of [6]. We use the same technology here, except that we 
make use of a pseudo-coefficient of the Steinberg (= special) representation at 
the place of SD+

1
 , as in [7], where S(1,1)

1
 , S(2)

1
 are empty (and |SD+

1
| = 1 ). The advan-

tage of the present work is in its brevity, and thus we hope clarity.
We also deal with the case where |SD+

1
| ≥ 2 in [10] on using a simple form of the 

trace formula (which we find to be less computational, hence more satisfactory: we 
could use the technique of the present work with the pseudo-coefficient of Steinberg 
at each place of SD+

1
 also when |SD+

1
| > 1 ). It can be shown that [10] generalizes to 

any rank r ≥ 2.
We develop here then the approach based on automorphic forms and the use 

of the trace formula to deal with tame ramification, in rank two. The translation 
between ℚ

�
-smooth sheaves and automorphic representations is via the well-

known Galois-automorphic dictionary of L. Lafforgue [12]. The pseudo-coeffi-
cients for (families of) tamely ramified principal series and discrete series (cus-
pidal, monomial) local components of [9], and of Steinberg components as in 
[7], are used to compute the number of automorphic representations of GL(2,�) 
unramified outside S1 , with tame ramification specified by the regular tame Frob
-compatible data R in general position and satisfying compatibility, at the places 
of S1 ( = Gal(�∕�q)-orbits in S), via the local Langlands correspondence. This is 
the technical heart of the work, as in [3, 5, 7–11].

As noted in [9], the labels “principal series" and “discrete series" for the rank two 
ℚ

�
-smooth sheaves R(s) are transferred from the representation theoretic to the geo-

metric realms; the superscripts (1, 1) and (2) allude to partitions. In rank r partitions 
𝜆 ⊢ r determined by Deligne-Lusztig theory [4] would occur.

In contrast to [3, 5, 7, 8], here and in [9] we do not deal with the question of 
geometrization of the number |E2(X, S;R)�

m | , namely showing it has the form of 
the number of �qm-points on some variety over �q , thus given by a linear combi-
nation with integral coefficients of Weil-numbers. What we do is give an explicit 
computation of |Er(X, S;R)� | . We use the result of the present work to establish this 
geometrization in [10], for |SD+

1
| ≥ 1 , not only when |SD+

1
| ≥ 2 as the computational 

result of [10] would permit. See the paragraph following Theorem  2.1 below for 
elaboration.

General rank cases with wild ramification are studied in [11]. The present work 
replaces our preliminary notes “Automorphic forms with tame components".
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2 � Counting local systems

We start with stating our arithmetic result. Our tale concerns then X1∕�q and 
F1 = k(X1) as above, and a set S1 = SD

+

1
⊔ S

(1,1)

1
⊔ S

(2)

1
 , where SD+

1
= {u} is a singleton. 

Put S�
1
= SD

+

1
⊔ S

(2)

1
 and S��

1
= S

(1,1)

1
⊔ S

(2)

1
 . The notation (1, 1) and (2) indicates parti-

tions of 2. As explained in [9], an extension of [9] and the work here to general rank r 
will use Deligne-Lusztig [4] and be stated in terms of partitions 𝜆 ⊢ r.

Let N∗
1
= |S∗

1
| be the cardinality of S∗

1
 . We consider here the case: ND+

1
= 1 , N′′

1
≥ 1.

For s1 ∈ |X1| , the set of closed points in X1 , denote by k(s1) = ks1 the residue field of 
the completion F1s1

 of the function field F1 = k(X1) at s1 . It is Os1
∕�s1

 , where Os1
 is the 

ring of integers of F1s1
 and �s1

 is its maximal ideal. This k(s1) is �qs1 , qs1 = qd(s1) , d(s1) 
is the degree deg(s1) of s1 , namely the number of points in the Frob-orbit s1 ⊗�1

�  in S.
We consider tame ramification data R(s) on X∗

(s)
 , s ∈ S , of the following types.

The principal series type consists of pairs (�1s1 , �2s1) , for s1 ∈ S
(1,1)

1
 ; here 

�is1 ∶ k×
s1
= O

×

s1
∕(1 +�s1

Os1
) → ℚ

×

�
 are characters. Put qs1 = |ks1 | = qds1 and 

�s1
= �1s1�2s1 . The discrete series type consists of (�s1 , �s1 = �

qs1
s1
) , for s1 ∈ S

(2)

1
 , where 

�s1 ∶ k×
2s1

= O
×

Es1

∕(1 +�s1
Os1

) → ℚ
×

�
 is a character. Here k2s1 ≃ �q2

s1

 is a quadratic field 
extension of ks1 = �qs1

 , the residue field of the ring of integers of a quadratic unramified 
field extension Es1

 of the local field Fs1
 of F at s1.

We also fix a tame character �s1 ∶ k(s1)
×
→ ℚ

×

�
 at s1 ∈ SD

+

1
 . The monodromy 

R(s) at s ∈ SD
+ is taken to be principal unipotent twisted by the character �s.

In addition to being regular: �1s1 ≠ �2s1 , �s1 ≠ �s1 , they are assumed to satisfy 
compatibility:

 on � ×
q

 ( �2
s1
 is the central character �v of Sts1 ⊗ 𝜀s1◦ det ), and be in general position:

on ℤ̂(1) , see below, where �(j)s ∈ {�
j

1s
, �

j

2s
} and �(j)s ∈ {�

j
s, �

j

s
} . The last notion is 

a slight variant to include s ∈ SD
+ of that introduced by Deligne [2, section  2] to 

force the local systems we count to be irreducible, not only indecomposable as is 

�2
s1
⋅

∏

s1∈S
(1,1)

1

�s1
⋅

∏

s1∈S
(2)

1

�s1 = 1

∏

s∈SD
+

𝜀s ⋅
∏

s∈S(1,1)

∏

0≤j<ds1
𝜀(j)
s
⋅

∏

s∈S(2)

∏

0≤j<ds1
𝜂(j)
s

≠ 1
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implied by taking the local data to have unipotent monodromy at least at one place: 
|SD+ | ≥ 1 . It is used in the computation of the elliptic contribution to the geometric 
side of the trace via the example at the end of section 2 of [10] or [9] (the former 
extends the latter to the case where there is unipotent monodromy).

We compute the cardinality

of the set of equivalence classes of ℚ
�
-smooth sheaves R , fixed by the Frobenius, 

thus by �  , such that the pullback of R to X∗

(s)
 is R(s) up to isomorphism.

The zeta function of X1 over �q is

Here

ai ∈ ℤ , is a polynomial of degree 2g over ℤ satisfying the functional equation 
h1(1∕qt) = q−gt−2gh1(t) , or a2g−i = qg−iai , where g = genus(X1) . The Picard number 
of X1 over �q is h1 = h1(1) . Write h′

1
 for h�

1
(1) . Note that a0 = h1(0) = det(1;H1(X)) 

is 1. The complex absolute values of the 2g algebraic numbers � are q1∕2 . These � 
can be labeled so that �g+i = �i = q�−1

i
 . Assume (�, q) = 1

Theorem 2.1  Let X1 be a geometrically irreducible projective smooth curve over �q 
of genus g, S1 a reduced divisor on X1 , X = X1 ⊗�q

�  , S = S1 ⊗�q
�  . Suppose S1 is 

the disjoint sum of SD+

1
 , S(1,1)

1
 and S(2)

1
 . Assume S′′

1
≠ ∅ , |SD+

1
| = 1 . For s1 ∈ S1 choose 

s ∈ S above s1.

For each s1 ∈ S
(1,1)

1
 choose a pair of characters �1,s1 , �2,s1 ∶ k(s1)

×
→ ℚ

×

�
 . Here 

k(s1) is the residue field of X1 at s1 . Its cardinality is qs1 = qds1 where ds1 = d(s1) is 
deg(s1).

For each s1 ∈ S
(2)

1
 choose characters �s1 , �s1 ∶ k2(s1)

×
→ ℚ

×

�
 , where �s = �

qdeg(s1)

s  , 
and k2(s1) is a quadratic extension of k(s1) , so x ↦ xq

deg(s1 ) generates Gal(k2(s1)∕k(s1)).

Assume the data {�1,s1 , �2,s1 ; s1 ∈ S
(1,1)

1
} and {�s1 , �s1 ; s1 ∈ S

(2)

1
} are regular  :   

�1,s1 ≠ �2,s1 for all s1 ∈ S
(1,1)

1
 and �s1 ≠ �s1 for all s1 ∈ S

(2)

1
.

T = T(S1;{(�1s1 , �2s1); s1 ∈ S
(1,1)

1
}; {(�s1 , �s1); s1 ∈ S

(2)

1
}; {�s1 ; s1 ∈ SD

+

1
})

�(X1, t) =
∏

i

det(1 − t ⋅ Frob;Hi(X))(−1)
i+1

=
h1(t)

(1 − t)(1 − qt)
.

h1(t) =
∑

0≤i≤2 g
ait

i = det(1 − t ⋅ Frob;H1(X)) =
∏

�

(1 − �t),
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View s ∈ S above s1 ∈ S
(1,1)

1
 (thus s ∈ s1 ⊗�q

� ) as an embedding s ∶ k(s1)
×
↪ � × , 

to define the projection prs ∶ ℤ̂(1) → ℤ̂(1)∕⟨xqs1 − x⟩ ≃ k(s1)
× , and the character 

�is = �is1◦prs ∶ ℤ̂(1) → k(s1)
×
→ ℚ

×

𝓁
 . See [2, section 2] or [9, section 2].

Also we fix a tame character �s1 ∶ k(s1)
×
↪ � × , and put 

�s = �s1◦prs ∶ ℤ̂(1) → k(s1)
×
→ ℚ

×

𝓁
 , s ∈ SD

+ above s1.

For s ∈ S above s1 ∈ S
(2)

1
 denote by s also an embedding k2(s1)× ↪ � × whose 

restriction to k(s1)× is s, so that �s1 defines �s = �s1◦prs ∶ ℤ̂(1) → k2(s1)
×
→ ℚ

×

𝓁
.

Then �is , �s and �s are characters of ℤ̂(1) , �is1 , �s1 and �s1 are characters of k(s1)× 
and k2(s1)×.

For each s ∈ S(1,1) = S
(1,1)

1
⊗�q

�  , resp. s ∈ S(2) = S
(2)

1
⊗�q

�  , let R(s) be the rank 
two ℚ

�
-smooth sheaf corresponding to the representation �s of the inertia group Is 

that factorizes via ℤ̂(1) = Is∕Ps and is given on ℤ̂(1) by 𝜀1s ⊕ 𝜀2s , resp. �s , 
𝜂s ⊕ 𝜂

qdeg(s1)

s .

Denote by E(R) = E2(X, S;R) the set of isomorphism classes of irreducible rank 
two ℚ

�
-smooth sheaves F  on X − S such that the inverse image F|X∗

(s)
 of F  on 

X∗

(s)
= X(s) − {s} , X(s) the completion of X at s, is isomorphic to R(s) for s ∈ S . In 

particular it has principal unipotent monodromy twisted by �s at s ∈ SD
+ . Assume 

this data is regular, Frob-compatible, in general position and the compatibility 
assumption is satisfied. Then the number of elements of E2(R) fixed by Gal(�∕�q) 
(thus by � ) , is the product of h1 and the sum s1 + s2 + s4 . Here

where

Write (1) if S(1,1)
1

 contains a place s1 with odd deg(s1) or S�
1
= S

(2)

1
⊔ SD

+

1
 contains a 

place s1 with even degree. Write (2) if ds1 = deg(s1) is even for all s1 ∈ S
(1,1)

1
 and odd 

for all s1 ∈ S�
1
.

If (1) then s2 = 0 . If (2) then s2 = h1(−1)
(−1)

|S(2)
1

|
2|S1 |−2

q+1
.

s4 is 0 if S(2)
1

 is not empty. If S(2)
1

= � then s4 is −h1 ⋅ deg(s1) ⋅ 2|S
(1,1)

1
|−1∕(q − 1).

The case |S��
1
| = 0 is discussed in [3] when |SD+

1
| ≥ 2 (in fact for general rank 

r ≥ 2 ), and also in [8]. In [7] when |SD+

1
| is 0 or 1, in rank 2. The new case here is 

|S′′
1
| ≠ 0.

s1 =
h1(q)X(q)

(q + 1)(q − 1)
, s2 =

h1(−1)X(−1)

2(q + 1)
, s4 = −

h1(1)X(1)

2(q − 1)
.

X(t) = X(t;SD
+

1
, S

(1,1)

1
, S

(2)

1
) =

∏

s1∈S
(1,1)

1

(tds1 + 1)
∏

s1∈S
(2)

1
⊔SD

+

1

(tds1 − 1) ⋅ (t − 1)−1.
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The behavior of the number obtained in the theorem is geometric in the sense that 
when (X1, S1)∕�q is replaced by (Xm, Sm)∕�qm , m ≥ 1 in ℤ , it has the form 

∑
j nj�

m
j

 , 
nj ∈ ℤ , �j Weil numbers, that is numbers of the form a product of a root of unity and 
a monomial in q and the inverse eigenvalues � of the action of Frob on H1(X,ℚ

�
) . 

When |S��
1
| = 0 this is shown in [3, Corollary 6.8] if |SD+

1
| ≥ 2 (general rank), and in 

[7] if |SD+

1
| ≤ 1 (rank 2). In the case considered here, as we base change from �q to 

�qm the place s1 in SD+

1
 , viewed as a Frob-orbit s = s1 ⊗�q

�  , may split into several 
Frobm-orbits, namely the singleton SD+

1
 would become SD+

m
= SD

+

1
⊗�q

�qm , a set of 
possibly larger cardinality. Then geometrization of the number in the theorem here 
has to be studied together with the case of |SD+

1
| ≥ 2 , studied in [10]. We separate the 

two works as the technique employed here, using the full trace formula for GL(2) as 
in [9], is different than the one in [10], that uses the trace formula for an anisotropic 
inner form of GL(2) . The result here, for |SD+

1
| = 1 , permits giving a more complete 

geometrization result in [10], for |SD+

1
| ≥ 1 , not only for |SD+

1
| ≥ 2 . The geometriza-

tion in the case |SD+

1
| = 0 , |S′′

1
| ≥ 1 , is also discussed in [10], based on the computa-

tions of [9].
Example 2.1  Suppose X1 = ℙ1 , so g = 0 and h1(t) = 1 . Assume S(2)

1
= {w} and 

SD
+

1
= {u} consist of one place each, of degrees dw and du , and S(1,1)

1
 is empty. Then 

s1 =
(qdw−1)(qdu−1)

(q+1)(q−1)2
 , and s4 = 0 . If dw or du is even then s2 = 0 , and s1 is an integer. If 

{dw, du} = {1, 2} , then s1 = 1 . If dw = 2 = du then s1 = q + 1 . If both dw and du are 
odd, then s2 = −1∕(q + 1) . Then s1 + s2 is an integer. For example, if dw = 1 = du 
then s1 + s2 = 0 . If {dw, du} = {1, 3} then s1 + s2 = q(q − 1).

Example 2.2  Suppose again that X1 = ℙ1 , so g = 0 and h1(t) = 1 . Assume S(1,1)
1

= {w} 
and SD+

1
= {u} consist of one place each, of degrees dw and du , and S(2)

1
 is empty. Then 

s1 =
(qdw+1)(qdu−1)

(q+1)(q−1)2
 , and s4 = −deg(u)∕(q − 1) . Suppose du is even or dw is odd. Then 

s2 = 0 . Then s1 + s2 + s4 = (
(qdw+1)(qdu−1)

q2−1
− deg(u))∕(q − 1) . For example when 

du = 2 and dw = 1 , we get 1. If du = 1 = dw we get 0. If du = 2 = dw we get q + 1.
If du is odd and dw is even, s2 = 1∕(q + 1) , and

This is an integer. When du = 1 , dw = 2 we get 1. When du = 3 , dw = 2 we get 
q2 + q + 3 . When du = 1 , dw = 4 we get q2 + 1.

Corollary 2.2  The number #E(R)Gal(�∕�q) = #E2(X, S;R)� computed in the theorem is 
independent of the prime � , (�, q) = 1 . It depends on q, on X1 (via h1) , on SD+

1
 , S(1,1)

1
 , 

S
(2)

1
 , qs1 = qds1 and |S1| , but not on the relative position of SD+

1
 , S(1,1)

1
 , S(2)

1
 in X1 , that 

is, if SD+

1
 , S(1,1)

1
 , S(2)

1
 are replaced by ŜD+

1
 , Ŝ(1,1)

1
 , Ŝ(2)

1
 with (qs1 ; s1 ∈ S1) = (q̂s1 ; s1 ∈ Ŝ1) , 

the result does not change, nor on the choice of tame data R = (R(s); s ∈ S) , that is, 

s1 + s2 + s4 =
(qdw + 1)(qdu − 1)

(q − 1)(q2 − 1)
+

1

q + 1
−

deg(u)

q − 1
.
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of {�1,s, �2,s; s1 ∈ S
(1,1)

1
} , {�s; s1 ∈ SD

+

1
} and {�s, �s; s1 ∈ S

(2)

1
} , as long as R is regu-

lar, in general position, and satisfies the compatibility assumption.

In particular, if the data (�is1 , �s1 , �s1 ) is multiplied by a tame character �s1 at one 
place s1 ∈ S1 , the counting result does not change. In fact the last sentence already 
implies that multiplying the data anywhere else in S1 by a tame character will not 
change the result, as long as compatibility holds. Indeed, if �s1 ∶ k(s1)

×
→ ℚ

×

�
 are 

characters of the residue fields for all s1 ∈ S1 , with 
∏

s1∈S1
�s1 equals 1 on � ×

q
 (com-

patibility), then there exists a character � of the idèle class group, unramified outside 
S1 , tamely ramified at each s1 ∈ S1 , thus of A = (�×∕OS1,×

∏
s1∈S1

(1 +�s1
))∕F× , 

with component �s1
 satisfying �s1

|O×

s1
= �s1 ( s1 ∈ S1 ). This is since 

∏
s1∈S1

k(s1)
×∕� ×

q
 

embeds in A, as O×

A
∩ F× = � ×

q
.

However the proof is no more difficult if we twist by a tame character at one place 
s1 ∈ S1 , or at several such places, in or out of S1.

When �1s1 = �2s1 is a tame character, of k(s1)× , twisting by it at a place s1 ∉ S1 
does not change the counting formula. This corresponds to a factor “1” (as opposed 
to qd(s1) ± 1 at s1 ∈ S1 ) for all s1 ∉ S1 , or the factor �−1

1v
◦ det ⋅1Kv

∕|Kv| of the test func-
tion, instead of 1Kv

∕|Kv| , in the evaluation of the trace formula. The automorphic 
representations whose trace is nonzero in the trace formula for such test functions 
have component 𝜀1v ⊗ I(𝜇1v,𝜇2v) with �iv|O×

v
= 1 . In particular Task 1.2 of [9] is 

already done (e.g. in [9]): the local factor in the sentece following that Task 1.2 is 1, 
not qs1 as expected there.

In the situation of Theorem 2.1 we then have, as anticipated by [2, 1.2(B) and 
2.15(iii)]:

Corollary 2.3  As q → ∞ , the number #E(R)Gal(�∕�q) computed in the theorem is 
qD∕2 + O(q(D−1)∕2) , where D∕2 = g + 3(g − 1) + deg(S1) , if D ≥ 0 , namely g ≥ 1 , or 
g = 0 and deg(S1) ≥ 3 . The dominant term qD∕2 occurs with coefficient 1.

This D is the same as that occurring in [3, Corollary 6.19(ii)] for GL(n) , where

dimSL(n) = n2 − 1 , dim(SL(n)∕T) = n2 − n , provided D ≥ 0 , where T is a maximal 
torus. In our case n = 2 . See [2, sections 2.14−2.16, 1.2(B)], [3, section 6.16], for a 
characteristic zero analogue, over ℂ.

The term h1s1 of the trace formula, corresponding to the central elements:

contains the leading term. Here �(s1) = 1 if s1 ∈ S
(1,1)

1
 , �(s1) = −1 if 

s1 ∈ S�
1
= SD

+

1
⊔ S

(2)

1
 . Note that (−1)�S�1� =

∏
s1∈S1

�(s1).

D = 2g + dimSL(n) ⋅ (2g − 2) + dim(SL(n)∕T) ⋅ deg(S1),

h
1
h
1
(q)

∏
s1∈S1

(qs1 + �(s
1
))

(1 − q)2(1 + q)
=

∏
�(1 − �)(1 − �q) ⋅

∏
s1∈S

(1,1)

1

(q
ds1 + 1) ⋅

∏
s1∈S

�
1

(q
ds1 − 1)

(q + 1)(q − 1)2



473

1 3

São Paulo Journal of Mathematical Sciences (2023) 17:465–482	

The proof of the theorem is based on its translation to the realm of automorphic 
representations by the Galois-Automorphic dictionary of L. Lafforgue [12]. In our 
case we have: 

	 (i)	 There is a bijective correspondence between 

	 (A1)	 isomorphism classes of rank r = 2 irreducible ℚ
�
-smooth sheaves on 

X1 − S1 , fixed by the Frobenius, with principal unipotent monodromy at 
s1 ∈ SD

+

1
 twisted by a tame character �s1◦ det , �s1 ∶ k(s1)

×
→ ℚ

×

�
 , and 

monodromy determined by the rank two ℚ
�
-smooth sheaf R(s) 

( s ∈ S(1,1) = S
(1,1)

1
⊗�q

�  , s ∈ SD
+

= SD
+

1
⊗�q

�  or s ∈ S(2) = S
(2)

1
⊗�q

�  ) 
corresponding to the representation �s of the inertia group Is that factorizes 
via ℤ̂(1) = Is∕Ps (is tame), given on ℤ̂(1) by 𝜀1s ⊕ 𝜀2s if s1 ∈ S

(1,1)

1
 , �s if 

s1 ∈ SD
+

1
 , and by 𝜂s ⊕ 𝜂

qdeg(s1)

s  if s1 ∈ S
(2)

1
 , and

	 (B1)	 classes modulo �q-twisting (introduced in [3, section 1.10], see below) of 
irreducible cuspidal automorphic representations � of GL(2,�) over ℚ

�
 , 

that are unramified outside S1 , are Steinberg twisted by a tamely ramified 
character at s1 ∈ SD

+

1
 , are Iwahori tamely ramified parabolically induced 

I(�1s1
,�2s1

) , {�1,s1
|O×

s1
, �2,u|O×

s1
} = {�1s1 , �2s1} , for all s1 ∈ S

(1,1)

1
 , and are 

tamely cuspidal �(�̃s1) = �(WEs1

, WFs1

; �̃s1 ) , �̃s1 |O
×

Es1

= �s1 for all s1 ∈ S
(2)

1
.

	 (ii)	 The �q-twists of any � as in (B1) are all distinct.

Let a ∈ �× be an idèle of F of positive degree deg(a) > 0 . View �× as the 
center of GL(2,�) . Then deg(det(a)) = deg(a2) = 2deg(a) . If � is a character 
of the quotient ℤ of GL(2,𝔸)

det
−−→𝔸×

deg
−−→ℤ then the central character ��� of �� is 

��� (a) = ��(a)�(2deg(a)) at a , so any � has an �q-twist �′ with ��� (a) = 1 . The �′ is 
not unique; we may twist it by a character of ℤ∕2deg(a) . Hence the number investi-
gated in Theorem 2.1:

is the number of automorphic representations of GL(2,�) as in (B1): unramified 
outside S1 ; Steinberg twisted by a tamely ramified character at s1 ∈ SD

+

1
 ; Iwahori 

tamely ramified I(�1s1
,�2s1

) , {�1,s1
|O×

s1
, �2,s1

|O×

s1
} = {�1s1 , �2s1} for all s1 ∈ S

(1,1)

1
 ; 

and tamely cuspidal �(�̃s1) , �̃s1 |O
×

Es1

= �s1 for all s1 ∈ S
(2)

1
 , with central character 

��(a) = 1 , taken modulo �q-twists by a character of ℤ∕2deg(a) . These twists are dis-
tinct. Hence T(X1,…) is 1∕2deg(a) times the number of these automorphic repre-
sentations of GL(2,�) . We may and will take a with degree 1. Note that we identi-
fied cuspidal irreducible automorphic representations of GL(2,�) with their 
equivalence classes, by multiplicity one theorem for GL(r) , r ≥ 2.

|E2(X, S;R)� | = T(X1; (𝜀s; s1 ∈ SD
+

1
); (𝜀1s ⊕ 𝜀2s; s1 ∈ S

(1,1)

1
); (𝜂s ⊕ 𝜂q

deg(s1)

s
; s1 ∈ S

(2)

1
)),
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3 � Automorphic representations

We now state our representation theoretic result. Here we drop the subscript 1, as we 
do not change the base field. So we denote X1 , S1 , F1 , etc. by X, S, F. Also we denote 
the point s ∈ S by u or v. Our story concerns then X∕�q and F = k(X) as above, and 
a set S = SD

+

⊔ S(1,1) ⊔ S(2) , where SD+

= {u} is a singleton. Put S� = SD
+

⊔ S(2) and 
S�� = S(1,1) ⊔ S(2) . S′ is the set of square-integrable components, S◻ could have been 
better notation, but it is long. S′′ is the set of decorated components. The notation 
(1, 1) and (2) indicates partition of 2. As explained in [9], an extension of [9] and 
the work here to general rank r will use [4] and be stated in terms of partitions 𝜆 ⊢ r.

Let N∗ = |S∗| be the cardinality of S∗ . We consider the case where ND+

= 1 and 
N′′ ≥ 1.

We consider tame ramification data of three types. The principal series type 
consists of (�1v, �2v) , for v ∈ S(1,1) , where �iv are characters 
k×
v
= O

×

v
∕(1 +�vOv) → ℚ

×

�
 . Put qv = |kv| = qdv and �v = �1v�2v . The discrete 

series type consists of (�v, �v = �
qv
v ) , for v ∈ S(2) , where �v is a character of 

k×
2v
= O

×

Ev
∕(1 +�vOv) → ℚ

×

�
 . Here k2v ≃ �q2

v
 is a quadratic field extension of 

kv = �qv
 , the residue field of the ring of integers of a quadratic unramified field 

extension Ev of the local field Fv of F at v. At u ∈ SD
+ the tame ramification is uni-

potent monodromy twisted by a tame character �u ∶ k×
u
→ ℚ

×

�
.

In addition to being regular: �1v ≠ �2v , �v ≠ �v , they are assumed to satisfy compat-
ibility: �+

v

∏
v∈S(1,1) �v ⋅

∏
v∈S(2) �v = 1 on � ×

q
 , where �+

u
= �2

u
 at u ∈ SD

+ , and be in gen-
eral position: 𝜀v

∏
v∈S(1,1)

∏
0≤j<dv 𝜀

(j)
v ⋅

∏
v∈S(2)

∏
0≤j<dv 𝜂

(j)
v ≠ 1 on ℤ̂(1) , for all choices 

�
(j)
v ∈ {�

j

1v
, �

j

2v
} and �(j)v ∈ {�

j
v, �

j

v
} . The last notion was introduced by Deligne [2, sec-

tion 2] to force the local systems we count to be irreducible. It is used in our Proposition 
4.2 to compute the term S2(f ) of elliptic non-scalar elements, as it relies on [9, Proposition 
7.4] (see 3rd line before the end of its proof).

We compute the cardinality

of the set of automorphic representations 𝜋 = ⊗v𝜋v (irreducible admissible com-
ponents �v , see [1]) in L2(aℤ ⋅ G(F)�G(𝔸)) , � = �F , G = GL(2) , of GL(2,�) , such 
that the central character � = �� takes the value �(a) = 1 at a fixed a ∈ �× of degree 
1, up to multiplication by �◦val◦ det , where � is a character of ℤ∕2 , such that: 

(1)	 �v is unramified for all v outside S;
(2)	 for all v ∈ S(1,1) , �v = I(�1v,�2v) where {�1v|O×

v
,�2v|O×

v
} = {�1v, �2v};

(3)	 for all v ∈ S(2) , �v = �(�̃v) is monomial: corresponds to the two dimensional 
representation of the Weil group W(Ev∕Fv) of the unramified quadratic field 
extension Ev∕Fv , induced from the character �̃v of W(Ev∕Ev) = E×

v
 , where 

�̃v|O×

Ev
= �v;

T = T(X, S;{(�v); v ∈ SD
+

}; (�1v, �2v); v ∈ S(1,1)}; {(�v, �v); v ∈ S(2)})
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(4)	 at u ∈ SD
+ , �u is Stu ⊗ �𝜀u◦ det , where �̃u is a tamely ramifield character of F×

u
 with 

restriction �u on O×

u
 , and Stu denotes the Steinberg (= special) representation of 

G(Fu).

Recall that the zeta function of the curve X over �q has the form �(X, t) = h1(t)

(1−t)(1−qt)
 . 

Here h1(t) = det(1 − t ⋅ Frob|H1(X)) is a polynomial 
∑

0≤i≤2 g aiti of degree 2g with 
integral coefficients ai , satisfying the functional equation h1(1∕qt) = q−gt−2gh1(t) . 
The Picard number of X is h1 = h1(1) . When g = 0 we have h1(t) = 1 , so h1 = 1.

Theorem  3.1  Let F be the function field of a geometrically irreducible projective 
smooth curve X over �q of genus g, S a finite set of valuations on X that is the disjoint 
union of SD+ , S(1,1) and S(2) . Assume |SD+ | = 1 , |S′′| ≥ 1 , and � a prime with (�, q) = 1.

For each v ∈ S(1,1) choose a pair of characters �1,v, �2,v ∶ k×
v
→ ℚ

×

�
 . Here kv is the 

residue field Ov∕�v of the ring of integers Ov of the local field Fv . Its cardinality is 
qv = qdv.

For u ∈ SD
+ choose a character �u ∶ k(u)× → ℚ

×

�
.

For each v ∈ S(2) choose characters �v, �v ∶ k×
2v
→ ℚ

×

�
 , where �v = �

qv
v  , and k2v is 

a quadratic extension of kv , so x ↦ xqv generates Gal(k2v∕kv).

Assume the data {�1,v, �2,v; v ∈ S(1,1)} and {�v, �v; v ∈ S(2)} are regular :  �1,v ≠ �2,v 
for all v ∈ S(1,1) and �v ≠ �v for all v ∈ S(2) , in general position and the compatibility 
assumption is satisfied.

Then the number of irreducible cuspidal representations � of GL(2,�) that are 
unramified outside S, are Steinberg twisted by a tamely ramified character �̃u with 
restriction �u on O

×

u
 at u ∈ SD

+ , are Iwahori tamely ramified I(�1u,�2u) , 
{�1,u|O×

u
, �2,u|O×

u
} = {�1u, �2u} , for all u ∈ S(1,1) , and are tamely monomial �(�̃u) , 

�̃u|O×

Eu
= �u for all u ∈ S(2) , is the product of 2h1 and the sum s1 + s2 + s4 . Put 

X(q;SD
+

, S(1,1), S(2)) =
∏

v∈S(1,1) (q
dv + 1)

∏
v∈S(2)⊔SD+ (q

dv − 1) . Here

Write (1) if S(1,1) contains a place u with odd deg(u) or S(2) contains a place u with 
even degree. Write (2) if du = deg(u) is even for all u ∈ S(1,1) and odd for all u ∈ S(2).

Suppose u ∈ SD
+ has even degree. Then s2 = 0.

Suppose u ∈ SD
+ has odd degree. If (1) then s2 = 0 . If (2) then 

s2 = −h1(−1)
(−1)|S

(2) |2|S|−2

q+1
.

s4 is 0 if S(2) is not empty. If S(2) = � then s4 is −h1 ⋅ deg(u) ⋅ 2|S
(1,1)|−1∕(q − 1).

s1 =
h1(q)

(q2 − 1)(q − 1)
X(q;SD

+

, S(1,1), S(2)),
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The space L = L2(aℤ ⋅ G(F)�G(𝔸)) of automorphic forms is a left G(�)-mod-
ule, g ∈ G(�) maps � ∈ L to (r(g)�)(h) = �(hg) . It decomposes as the direct sum 
L0 ⊕ Lc.

Here L0 is the space of cusp forms. It decomposes as a direct sum of irre-
ducible representations � named cuspidal, which, in the context of any reductive 
algebraic group, each occurs with finite multiplicity m(�) ; it is 1 for all cuspidal � 
in the case of G = GL(n).

The continuous spectrum Lc in our case of GL(2) decomposes as the discrete 
part L1 of one-dimensional representations, and the direct integral Lc of Eisen-
stein series.

The trace formula gives an expression for the trace of the convolution operator 
r(f dg) , (r(f dg)�)(g) = ∫

G(�)
f (h)�(gh)dh , restricted to the cuspidal spectrum.

We fix the Haar measure dg = ⊗vdgv , v ∈ |X| , by vol(Kv) = 1 for all v ∈ |X| . 
Then we can identify the measure fdg with a function f ∈ C∞

c
(G(�)).

On the spectral side, tr r(f )|L0 is the sum of m(�)tr�(f ) = tr�(f ) over all equiv-
alence classes of cuspidal automorphic representations of G(�).

We take the test function f = ⊗vfv , v ∈ |X| , such that 

(1)	 fv is the characteristic function f 0
v
= �Kv

 of the maximal compact subgroup 
Kv = GL(2,Ov) for each v ∉ S.

(2)	 It is fu

(
a b

�uc d

)
= |Iu|−1�−11u (a)�

−1
2u
(d) , supp fu = Iu , for all places u in S(1,1) . Here 

�iu are characters O×

u
→ ℚ

×

�
 trivial on 1 +�uOu , with �1u∕�2u nontrivial on 

� ×
qu
≃ k×

u
= O

×

u
∕(1 +�uOu) , for all u in S(1,1) . The Iwahori subgroup Iu consists 

of all 
(

a b

�uc d

)
 , a, d ∈ O

×

v
 , b, c ∈ Ov.

(3)	 For each u ∈ S(2) it is the almost pseudo-coefficient fu = f
�u
u  of the monomial 

cuspidal representations �u(�̃u) associated to any character �̃u ∶ E×

1u
→ ℚ

×

�
 whose 

restr iction to O×

E1u
 is tr ivial on 1 +�uOE1u

 , and �̃u restr icted to 
k×
2u

= O
×

E1u
∕(1 +�uOE1u

) ≃ �
×

q2
u

 is �u , as constructed in [9, subsection 6.4], for 
each u ∈ S(2) . Here the character �u ∶ 𝔽

×

q2
u

→ ℚ
×

�
 satisfies �u ≠ �

qu
u .

(4)	 At u ∈ SD
+ the component fu will be �−1

u
◦ det times the quotient �Iu

∕|Iu| 
of the characteristic function �Iu

 by the volume |Iu| of Iu . We have 
Ku∕Iu = GL(2, �qu )∕B(�qu ) , of cardinality (q2

u
− 1)(q2

u
− qu)∕qu(qu − 1)2 = qu + 1 , 

so |Iu| = 1∕(qu + 1).

We shall then take fu at u ∈ SD
+ to be f �

u
= �−1

u
◦ det ⋅(�Iu

∕|Iu| − 2�Ku
) , the difference 

times �−1
u
◦ det . This is an almost pseudo-coefficient of the family of the Steinberg 

representation Stu twisted by a tamely ramified character. Namely it has the property 
that tr�u(f �u) is 0 unless (1) �u is Stu ⊗ �𝜀u◦ det , where �̃u is a character of F×

u
 with 

restriction �u on O×

u
 , where tr�u(f �u) = 1 , or (2) �u = �̃u◦ det , where tr�u(f �u) = −1 . 

We write f ′ for f where fu is replaced by f ′
u
 , and f K for f where fu is replaced by 

�̃−1
u
�Ku

 , u ∈ SD
+.
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Then we shall compute the terms S∗(f �) = S∗(f ) − 2S∗(f
K).

Thus fu = f
�u
u  is supported on Ku = GL(2,Ou) , and fu(g) ( g ∈ Ku ) depends only 

on pru(g) = g ∈ GL(2, �qu ) and equals (qu − 1)�−1
u
(a) at g = diag(a, a) , a ∈ � ×

qu
 ; 

−�−1
u
(a) at g equals to a principal unipotent times a ∈ � ×

qu
 ; −�−1

u
(�) − �−1

u
(�q) at g 

with eigenvalues � , � = �q ∈ �q2
u
− �qu

 ; 0 at g with eigenvalues a ≠ b in � ×
qu

.
By [9, section  6.2] tr�u(fu) is 0 unless �u = I(�1u,�2u) , 

{�1,u|O×

u
, �2,u|O×

u
} = {�1u, �2u} , when it is 1, for all u ∈ S(1,1) . Hence we call such 

fu = f
�iu
u  an almost pseudo-coefficient of the family I(�1u,�2u).

By [9, section 6.4] tr�u(fu) is 0 unless �u = �(�̃u) is monomial, where it is 1, for 
all u ∈ S(2) . Hence we call such fu = f

�u
u  an almost pseudo-coefficient of the cuspidal 

family �u(�̃u).
For all v ∉ S we have tr�v(fv) is 0 unless �v is unramified, where it is 1. We call fv 

an almost pseudo-coefficient of the family of unramified representations �v.
At u ∈ SD

+ , tr�u(fu) is 2 if �u is induced I(�1u,�2u) from unramified characters 
�̃u�1u , �̃u�2u ; 1 if �u is a tamely ramified character �̃u◦ det , or Stu ⊗ �𝜀u◦ det for such 
�̃u ; zero if not.

Thus for this f, tr r(f )|L0 is the number of irreducible cuspidal representations � of 
GL(2,�) that are unramified outside S, are tamely monomial �(�̃u) , �̃u|O×

Eu
= �u for 

all u ∈ S(2) , are Iwahori tamely ramified I(�1u,�2u) , {�1,u|O×

u
, �2,u|O×

u
} = {�1u, �2u} , 

for all u ∈ S(1,1) , and a representation that has an Iwahori fixed vector at u ∈ SD
+ , 

multiplied by �u◦ det . This is the number we wish to compute first.
It is easy to see (see [9, Proposition 7.2]):

Proposition 3.2  If there is a cuspidal irreducible automorphic representation � 
with tr�(f ) ≠ 0 for a test function f as above then the compatibility assumption is 
satisfied.

4 � Trace formula

The trace formula is an analytic, or geometric, expression for the spectral side: 
tr r(f )|L0 . In our case of GL(2) (see [6, 7, 9]) it is the sum of eight terms Si(f ) , 
1 ≤ i ≤ 8 , that we proceed to compute for our test function f. Our computations are 
based on those of [7] and [9]. We use this computation and those of [7] to compute 
the trace formula at f ′.

Proposition 4.1  The term in the geometric side of the trace formula corresponding 
to the central elements is S1 = 2h1S1 where

Hence

S1(f ) =
h1(q)

(1 − q)(1 − q2)

∏

u∈S(1,1)⊔SD+

(qdu + 1) ⋅
∏

u∈S(2)

(qdu − 1).
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Proof  The only change from the proof of [9, Proposition 7.3] is that the value of fu , 
u ∈ SD

+ , at the identity e, is qdu + 1 , and not 1 as there. This gives S1(f ) . S1(f K) is 
given in [9, Proposition 7.3] by the same formula, but the first product ranges only 
over S(1,1) . Then we take f � = f − 2f K to get S1(f �) . 	�  ◻

Remark 4.1  S1(f �) is an integer when S(2) is nonempty and there is a u ∈ S(2) ⊔ SD
+ 

with even degree or u ∈ S(1,1) with odd degree. When S(2) is empty S1(f �) is not an 
integer.

Proposition 4.2  The term S2(f ) in the geometric side of the trace formula of f cor-
responding to the elliptic elements is 0 if S(1,1) ⊔ SD

+ contains a place u with odd 
deg(u) , or if S(2) contains a place u with even degree. Suppose du = deg(u) is even 
for all u ∈ S(1,1) ⊔ SD

+ and odd for all u ∈ S(2) . Then S2 = 2h1S2 where

S2(f
K) is given by the same formula with SD+ replaced by the empty set, thus S (in the 

exponent) is replaced by S�� = S(1,1) ⊔ S(2).

Proof  Our S2(f K) is computed in [9, Proposition 7.4]; it is then given by the last sen-
tence of the proposition. To compute S2(f ) note that for u ∈ SD

+ , the orbital integral 
∫ fu(x�x

−1)dx is 2 (see [7, Lemma 4.3]). The proof of [9, Proposition 7.4] shows we 
get 2|S′′| products for the u ∈ S�� , each is −(q − 1) . No other changes in the proof of 
[9, Proposition 7.4]. However S here is S�� ⊔ SD

+ , and there it is S�� = S(1,1) ⊔ S(2) . 	
� ◻

To compute S2(f �) = S2(f ) − 2S2(f
K) consider u ∈ SD

+ with even and odd 
degree.
Corollary 4.3  Write (1) if S(1,1) contains a place u with odd deg(u) or S(2) contains a 
place u with even degree;  (2) if du = deg(u) is even for all u ∈ S(1,1) and odd for all 
u ∈ S(2).

Suppose u ∈ SD
+ has odd degree. Then S2(f ) = 0 . If (1) then S2(f K) = 0 , so 

S2(f
�) = 0 , and S1(f �) + S2(f

�) is an integer precisely when S(2) ≠ � . If (2) then 
2S2(f

K) is equal to the expression displayed in Proposition 4.2. Then S1(f �) + S2(f
�) 

has the form (A(q) + B)∕(q + 1) , where

The limit of the rational function A(q) + B in q as q → −1 is zero. So it is divisible 
by q + 1.

S1(f
�) =

h1(q)

(1 − q)(1 − q2)

∏

u∈S(1,1)

(qdu + 1) ⋅
∏

u∈S(2)⊔SD+

(qdu − 1).

S2(f ) = −h1(−1)
(−1)|S

(2)|2|S|−2

q + 1
.

A(q) =
h1(q)

(q − 1)2

∏

u∈S(1,1)

(qdu + 1) ⋅
∏

u∈S(2)⊔SD+

(qdu − 1), B = h1(−1)(−1)
|S(2)|2|S|−2.
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Suppose u ∈ SD
+ has even degree. If (1) then S2(f ) = 0 and S2(f K) = 0 , so 

S2(f
�) = 0 , and S1(f �) + S2(f

�) = S1(f
�) is an integer precisely when S(2) is non-

empty. If (2) then S2(f ) is as displayed in the proposition, and 2S2(f K) = S2(f ) , so 
S2(f

�) = 0 , and again S1(f �) + S2(f
�) = S1(f

�) is an integer precisely when S(2) is 
nonempty.

We then need to study the case where S(2) is empty. First we compute the 
remaining terms Si(f �).

The term S3(f ) of the weighted orbital integrals in the trace formula, is 0, the 
proof is as in [7, Lemma 3.5], based on the fact that our test function f is sup-
ported on the maximal compact subgroup K =

∏
v∈�X� Kv . The same holds for 

S3(f
�).

Proposition 4.4  The term S4(f �) = 2h1S4(f
�) is zero if S(2) is not empty. If 

S = S(1,1) ⊔ SD
+ then S4(f �) = −h12

|S(1,1)|−1d+
u
∕(q − 1).

Proof  We follow closely the first four paragraphs in the proof of [9, Proposition 7.5] 
and observe that if SD+

= {u} then

In other words, the local factor �1,f ′
u
 ( u ∈ SD

+ ) makes the same contribution as �1,f �uu  at 
u ∈ S(2) . By the computation of [9, Proposition 7.5] we conclude that S4(f �) is 0 if 
S(2) is not empty, and it is as asserted when S(2) is empty. 	�  ◻

Proposition 4.5  The term S5(f ) is zero.

Proof  The only change from the proof of [9, Proposition 7.6] are that line 1 of the 
2nd paragraph has to start with: “Assume S = S(1,1) ⊔ SD

+ ”; at the end of the next 
sentence, after “otherwise”, we add: “where for u ∈ D+ by �1u , �2u we mean 1”. 	�  ◻

Proposition 4.6  The term S6(f �) of weighted traces is zero.

Proof  It is shown in [9, Proposition 7.7] that S6(f K) = 0 when |S(2)| ≠ 1.
The term S6(f ) is −1

4�i
= −

1

2
⋅

1

2�i
 times the sum over all characters �1 , �2 of 

𝔸×∕F×
⋅ a

ℤ of

Write R(�1,�2;t) as a product ⊗vR(𝜇1v,𝜇2v;tv) , tv = tdeg(v) . Applying d
dt

 we obtain a 
sum over u of

�1,f �
u
(tu) = �1,(qu+1)�Iu

(tu) − 2�1,�Ku
(tu) =

1 + tu

1 − tu∕qu
−

2

1 − tu∕qu
=

tu − 1

1 − tu∕qu
= �1,f �uu (tu).

∫|t|=1
tr I(�1�t,�2�t−1 ;f )R(�1,�2;t)

−1 d

dt
R(�1,�2;t)dt.
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times 
∏

v≠u tr I(�1v,�2v;tv) in the integral. For all u ∈ |X| − S , fu is the characteristic 
function of Ku , so the operator I(�1u�tu ,�2u�t−1

u
;fu) acts as the projection to the space 

of GL(2,Ou)-fixed vectors in I(�1u�tu ,�2u�t−1
u
) , a one-dimensional space independent 

of t. Hence R(�1u,�2u;tu) is independent of t (as in [7, Lemma 3.8]); its derivative is 
0.

There remain in the integrand then only the summands indexed by u ∈ S . If 
|S(2)| ≥ 2 then for w ∈ S(2) the components fw are almost pseudo-coefficients of cus-
pidal representations so the integrand vanishes by [9, Proposition 6.4].

If S(2) = {w} consists of a single element w, and if we take the component f ′
u
 to 

be fu − 2�Ku
 multiplied by �−1

u
◦ det , which is an almost pseudo-coefficient of the 

square-integrable Steinberg representation times �u◦ det , the summands indexed by 
w and u vanish. We do not compute S6(�−1u ◦ det ⋅f ) here when S(2) = {w} consists of 
a single element w, and the component of f at u ∈ SD

+ is our fu . We also do not com-
pute S6(�−1u ◦ det ⋅f K) in [9] in this case where |S(2)| = 1 . However, we do compute 
here S6(f �) = S6(f ) − 2S6(�

−1
u
◦ det ⋅f K) , which is what matters.

We next deal with the case where S(2) is empty. The proof of [9, Proposition 7.7] 
shows that the summands indexed by u ∈ S(1,1) are zero. So we are left with the sin-
gle summand indexed by u ∈ SD

+ . The factor tr I(�1v�t,�2v�t−1 ;fv) is 1 for v ∉ S . It is 
2 for v ∈ S(1,1).

The local factor Ju(fu) = tr I(�1u�t,�2u�t−1 ;fu) ⋅ R
−1
u

⋅
d

dt
Ru , Ru = Ru(�1u,�2u, t) , 

u ∈ SD
+ , is computed in the proof of [7, Lemma 4.7]. The line before last in that 

proof asserts that the global integral is 2deg(u) . Had S(1,1) been empty, we would 
have had a sum over the characters �1 , �2 of 𝔸×∕F×O

×
a
ℤ , a set of volume h1 (see, 

e.g., [7, p. 747, l. 3], in the proof of [7, Lemma 3.3]). Noting that there is the factor 
−

1

2
 from the first line of this proof, [7, Lemma 4.7] concludes that S6(f ) is −duh21 . 

This is the case of empty S(1,1) . Noting that Ju(fu) is 0 if fu is replaced by f 0
u
 , we 

would have gotten Ju(fu) = Ju(f
�
u
) . In our case S(1,1) would have contributed a factor 

of 2 for each u ∈ S(1,1) , namely 2|S(1,1)| . However, there are no �1 , �2 for which the 
summands are nonzero when S(1,1) ≠ � . Hence S6(f ) = 0 = S6(f

�) . 	�  ◻

Proposition 4.7  The Eisenstein terms S7(f ) and S8(f ) are zero.

Proof  We have S7(f ) =
1

2

∑
�1,�2

tr I(�1,�2; f ) , � = �1 = �2 ranges over the charac-
ters of 𝔸×∕F×

⋅ a
2ℤ . If f has a component which is an almost pseudo coefficient of 

a cuspidal representation, each trace is zero. If S = S(1,1) ⊔ SD
+ then the character � 

contributes 0 unless �1|O×

u
= �1u , �2|O×

u
= �2u for all u ∈ S , where �1u = �u = �2u 

for u ∈ SD
+ . But �1u ≠ �2u for u ∈ S(1,1) , and S(1,1) is nonempty. Hence there are no 

such characters � and S7(f ) is 0.
We have S8(f ) = −

∑
� ∫GL(2,�) f (x)�(det x)dx , where � ranges over the set of charac-

ters of 𝔸×∕F×
⋅ a

2ℤ . If f has a component which is an almost pseudo coefficient of a cus-
pidal representation, each integral is zero. Assume then that S = S(1,1) ⊔ SD

+ . If the local 

tr I(�1u�t,�2u�t−1 ;fu)R(�1u,�2u;tu)
−1 d

dt
R(�1u,�2u;tu)
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factor ∫ fu

[(
a b

�uc d

)]
�u(ad) = ∫ �−1

1u
(a)�−1

2u
(d)�u(ad)d

×ad×d ( a, d ∈ O
×

u
 ) is 

nonzero, then �u = �1u and also �u = �2u . But �1u ≠ �2u for u ∈ S(1,1) , and S(1,1) is non-
empty. Hence the local, and so the global, integral, is 0. 	�  ◻

We can now continue Corollary 4.3 when the set S(2) is empty. 

a.	 Suppose, for the u ∈ SD
+ , deg(u) , denoted d+

u
 , is even. Then S2(f �) = 0 . Then 

(q − 1)S1(f
�) = h1(q) ⋅

∏
S(1,1) (q

du + 1) ⋅
qd

+
u −1

q2−1
 . Its limit at q → 1 is h1 ⋅ 2|S

(1,1)|−1
⋅ d+

u
 . 

It is canceled by S4(f �) = −h12
|S(1,1)|−1d+

u
∕(q − 1) , when S(2) is empty and 2|deg(u) , 

u ∈ SD
+.

b.	 Suppose d+
u
= deg(u) is odd for the u ∈ SD

+ . Suppose (1) holds. Then S2(f �) = 0 . 
Then (q − 1)S1(f

�) =
h1(q)

q+1

∏
S(1,1) (q

du + 1) ⋅
qd

+
u −1

q−1
 . Its limit at q → 1 is h12|S

(1,1)|−1d+
u
 . 

This is canceled by S4(f �) = −h12
|S(1,1)|−1d+

u
∕(q − 1) when S(2) is empty and deg(u) 

is odd, u ∈ SD
+.

c.	 Suppose d+
u
= deg(u) is odd for the u ∈ SD

+ . Suppose (2) holds: deg(u) is even for 

all u ∈ S(1,1) . Then (q − 1)S1(f
�) = (q + 1)−1h1(q)

∏
S(1,1) (q

du + 1) ⋅
qd

+
u −1

q−1
 . Its limit 

as q → 1 is again h12|S
(1,1)|−1d+

u
 . Again this is canceled by S4(f �).

As we saw that Si(f �) = 0 for i = 3, 5, 6, 7, 8 , the theorem follows.
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