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Abstract
Unlike other fuzzy set theories, the theory of Linear Diophantine fuzzy set (LDFS) aims to overcome
uncertainties via the reference parameters. The Parameters provide flexibility and efficiency to LDFS
in handling the uncertain data. In this study, we introduce new distance measure for linear Diophantine
fuzzy sets. Then, we studied the properties of proposed distance measure. Finally, we established a new
similarity measure for LDFSs based on distance measure.
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INTRODUCTION

Since the theory of fuzzy set (FS) was established by Zadeh [1], many researcher proposed new
approaches and theories to overcome the uncertainties and vagueness. Firstly, Atanassov [2] introduced
intuitionistic fuzzy set (IFS) as an extension of FS with the concept of membership degree and non-
membership degree with the sum of them between 0 and 1. Yager [3] introduced Pythagorean fuzzy set
(PyFS) by using the condition that the sum of the squares of the membership and non-member degrees
is equal or less than 1. Yager [4] proposed g-rung orthopair fuzzy set (q-ROFS) as an extension of PyFS
with the condition of sum of q*"* (where g > 1) power of membership and non-membership degrees
between 0 and 1. This means that if ¢ = 1, then q-ROFS is reduced to IFS and if g = 2, then g-ROFS
is induced to PFS. Recently, Riaz and Hashmi [5] proposed the concept of linear Diophantine fuzzy set
(LDFS) with the addition of reference parameters to remove the limitations on membership and non-
membership degrees of fuzzy sets.

As is well known, distance measure is an important mathematical tool in fuzzy set theory, which is
used to distinguish between two fuzzy sets. Many researchers have established distance measures
between fuzzy sets. For example, Atanassov [6] introduced distance measures between the IFSs. Burillo
and Bustince [7] proposed the normalized Hamming distance and normalized Euclidean distance
between the IFSs. Grzegorzewski [8] gave new
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Minkowski-type distance measures for q-ROFSs. Peng and Liu [16] proposed several distance measures
for PyFSs. In LDFS, Mohammad et al. [17] and Giil and Aydogdu [18] introduced Euclidean and
Hamming distance measures, simultaneously and unknowingly. Also, Mohammad et al. [17] gave the
generalization of Euclidean and Hamming distance measures for LDFS.

The rest of this paper is organized as follows. Section 2 explains the preliminaries of LDFS. In
Section 3, new distance measure for LDFS is given and its properties are exhibited. Then, a new
similarity measure based on proposed distance measure for LDFSs. In section 4, the conclusion of this
work is given.

PRELIMINARIES
In this section, we give fundamental definitions and some properties of LDFSs.

Linear Diophantine Fuzzy Sets

Riaz and Hashmi [5] proposed the concept of linear Diophantine fuzzy set (LDFS) with the addition
of reference parameters to remove the limitations on membership and non-membership grades of IFSs,
PFSs, and q-ROFSs and gave fundamental properties of LDFS as follow:

Definition 2.1: Let U be the universal set. An LDFS © on U is defined as

D = {(u, {up (W), vp(W)), (ap (), bp (1))): u € U} )

where ug(u), vp(u), ag(u), bp(u) € [0,1] are membership grade, non-membership grade, and
reference parameters, respectively. These grades and reference parameters satisfy the following
conditions: 0 < ap(u) + bp(u) < 1land 0 < ap(u)up(u) + bp(u)vy(u) < 1 forallu € UL

The indeterminacy degree, ny, is evaluated as cp()n (1) = 1 — (ap(W)up ) + by (W) vy (u))
where ¢ (1) is the reference parameter of indeterminacy degree.

The absolute LDFS and null LDFS on U are defined as follow, respectively:

A = {(1,(1,0),(1,0)):u € U} )

9N = {(11,(0,1),(0,1)):u € U} 3)

Definition 2.2: A linear Diophantine fuzzy number (LDFN) is a collection of & = ({ug, ve), (ag, be))
with the following conditions:

1. Ue, Vg, dgq, bg (S [0,1],

2. 0< ag + bg <1,

3. 0 < doUe + bQVQ <1

We denote by LDFN (W) all LDFNs on U.

Definition 2.3: Let D {(u, (up (1), vp(u)), (ap (), bp(1))): u € U} and €=
{(u, (ug(w), ve(u)), (ag (1), bg(u))): u € U} be two LDFSs on U, then

1 D¢ = {(w (vp(u), up (), (bp(1), ap(w))):u € U}

2. D=Cifand Only if ,ng(ll) = ,Ll(g(ll),Vg(ll) = v@(u),ag(u) = a@(ll),bg(ll) = b@(ll)
3. DcEifandonlyif up(u) < pe(), vpu) = ve(u),ap(u) < ag(u), by) = be(u)
4 DUGE = {(u, (maX(,ng(ll), ‘UQ’;(U)) ’ m%n(v;b(u), V@(ll))),) ‘€ u}

(max(ap (), ag(w)), min(bp (1), be(w)))

5. DNE = {(u, (min(#g(U), ,Ll(g(ll)) ’ max(vgb(u), V@(ll))),) ‘€ u}
(min(ap (1), agw)), max(bp (1), be(w)))
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Definition 2.4: Let € = ({ug,, ve,) (ag,, be,)) and €, = ({ug,, ve,), (ag,, be,)) be two LDFNs on
Uand n > 0 then

1. 8 @ 8, = ((ue, + He, — He,He, Ve, Ve,), (ag, +ag, — ag ag,,be be,))
2. & ® 2, = ((ug,te, Ve, + Vg, — Vo,Ve,) (ag,ag,,bg, +bg, —bg be,))
3. 1€ =((1—(1—pe,) vE)(1—(1—ag)",bl))

4. 8= (uh,1-(1-vg,) )@l ,1—(1—bg,)")

Definition 2.5: Let & = ((ug, ve),{(ag, bg)) be an LDFN. The mapping s: LDFNQ) —» [-1,1] is
called score function on LDFN £ defined by

5(2) =5 [(ug = vg) + (ag — by)]

Definition 2.6: Let & = ((ug, vg), (ag, b)) be an LDFN. The mapping a: LDFN () — [0,1] defined
by

a(®) = 3[(H222) + (ag + by)]

is called accuracy function on £.

Mohammad et al. [17] introduced generalized distance measure between two LDFSs D and € as
follow:

C1en [ lan@) — pe@DIP + o) — ve@)IP T\7
u(®.€) = <E =1 [+|:D(ui) —ag(u)|? + Ilf)D@(ui) - g@(ui)lpD

For p = 1,2 we get normalized Hamming distance and normalized Euclidean distance between two
LDFSs £ and M as follow, respectively:
lup () — peu)| + lvp (uy) — ve(uy)|
+lap () —ag(y)| + [bp () —be)ll’ .
lup (1) — pe(u)|? + v (1) — ve(uy)]? DE
+lap ;) — ag(wy)]? + [bp (1) — be(u)|?

4n i=1

an(D,6) = 30 |

dE(D,(S)=<1 n

an &~i=1

MAIN RESULTS
In this section, we introduce a new distance measure for LDFSs and give its properties. Then, we
obtained a new similarity measure for LDFSs based on distance measure.

Definition 3.1: Let © and € be two LDFSs. If the mapping d: LDFS(U) x LDFS(U) — [0,1] satisfies
the following properties, then d is called a distance measure between LDFSs D and €.

D1)0<d(®C) <1,

D2) d(®D,€) = 0ifand only if D = €,

D3) d(D,€) = d(€, D),

DAHYNDcSECF thend(D,F) =d(D,€)and d(D,F) = d(E, ) forall D,E, & € LDFS(U).

Let D and € be two LDFSs on universal set 1. We define a mapping on LDF () as follows
L[ max(lap(Wpp () — agWuc (W)
ueyu

Y00 =2+ max(lba (e () ~ be(ve(w))
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Theorem 3.2: Let D and € be two LDFSs, then d (D, €) is a distance measure.

Proof
D1) By the definition of LDFS, we get 0 <ap()up) <1, 0<agw)pus(u) <1, 0<
bp (1)vp (1) and 0 < bg(u)vg (1) < 1. Then,

max(lap (Wpp (W) — ag(wue (W)
+ r;rllea&((lbb (Wvp () — be(w)ve(w)|)

It is obviously that d(D, €) = 0.

<

[\SH

d(D,CE)=% [1+1]=1

D2) If D = G, then upu) = ue(u), vp(u) = ve(u),agy) = ag(), by(u) = bg(u) for all u € U.
So,

1
2

mag(lag(u)llfg(u) —ag(Wuc))) ]
d(®,€) == *€

+ max(|bp (Wvp (1) — bg(1Wve ()])

1

max(Jap (Wi W) — apuo (W) ]
T2

+max(|bp (1vp (1) — b (Wvp W)

=0.
Conversely, if d(D, €) = 0, then

max(lap (Witp () — ag (e )]) + max(Ibp Wy () — be (W) = 0
lag (o () — ag@gD] = 0 A 1bpve() = be()ve@)] = 0

Thus, ag(Wup (1) = ag()ue(u) and by (W) vy (1) = bg(u)vg(w). This implies that D = €.
D3)

1
2

max(lap (Wip W) — ag(Wre W) ]
d(®,€) =-| "€

+max(|by (W (1) —beWvew)))

1

max(lag(We) — apWrp (W) ]
T2

+ rlrlleaux(lb(g(u)v@(u) — by (Wvp(W)])

=d(€,D)

D4) For any LDFS § = {(u, (ug (1), v (1)), (ag(w), by(w))):u € U} if D € € € §, then pp(w) <
pe() < pug(u), vp(u) = ve(u) = vg(u),ap(u) < ag(u) < ag(u),bp(u) = bg(u) = bg(u) for all
u € U. So, we have ap()up(u) < ag(uc(n) < ag(ug(u) and by (Wvp(u) = be(Wve(u) =
bg (W) vg (11). Thus, we have
max(|ap (Wi W) — agWps) ]

+ I;Illeali((Ibg) (wWvp () = bg(w)veg(w)l)

1
2

d(®,€) =

1
< =

Te%f((lab(u)ﬂg(u) - ag(u)#g(u)D ]
=2

+max(|bp (Wvyp(u) — by (v (w)|)

=d(D,%)
It can be shown d(D, &) = d(E, ) in the same way, which completes the proof.

The following propositions give the various features of the proposed distance measure under the
complement of LDFS.
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Proposition 3.3. Let D and € be two LDFSs, then we get
1. d(®,€) =d(D,E);
2. d(D,€) =d(D°E°).

Proof.
1. If

D= {(11, <.uD (11), Vo (11) )) (ab(u); be (u))) ue u}

and
€ = {(u, (ue(w), vg(W)), {ag(1), bg(w))): u € U}

be two LDFSs on universal set U, then
D¢ = {(u, (vp (), up (), (bp (1), ap(w))): u € U}

and
€ = {(u, {(vg(u), pe (), (bg(1),ac(1))): u € U}.

So, we get

1 m"’}f‘(lag(u)u@(u) — age(Wuge (W) ‘
d(D,€) =-| *€

2|+ max(Ibo (w)vo () — bee(W)ves (W)])

N

[ max(lap (Wpp () = be(ve ()
+ Il?eaﬁ((lbg(u)% (W) —ag(Wuc)])

. [ Illgi((lagc(u)ubf(u) —ag(Wuc)]) ]

= 2|+ max(1boc ()voe (1) — be (e ()

=d(D°,€)

1
2

d(®D, ) =

rileaﬁ((lab(u)ﬂb(u) —ag(Wug()))
+ Teaﬁ((lbb (wWvp () — bg(w)veg(w)l)
Ilrlleag((leC(u)V:oC(u) — bee (Wvge (W) ]

+ max(ape (1)pine () — age (W ptee)])

1
T2

=d (D E°).
Proposition 3.4. Let D be an LDFSs, then d(D, ©¢) = 1 if and only if D is crisp set.

Proof.
If D is a crisp set, then up(u) = 1, vp(u) = 0, ag(u) = 1 and by(u) = 0 or pup(u) = 0, vo(u) =
1, ap(u) = 0 and by (u) = 1. In both cases

Ill;leal%((lag(Il)Hg(Il) — agpe (W) ppe (W) ]

+ Ill'lleal%((lbg (Wvp () — byec(W)vpe(w)])

1
2

d(®,D°) =

1
T2

max(Jap (Wip ) — bpWvp W)
+ Teaﬁ(( |bg (W) vy (1) — ap(u)up)|)
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= max(|lap(Wpp ) — by (Wvp()|)
x€EX

=1.

Otherwise, if d(D, D¢) = 1, then we have

[ max(lap (Do) — ape (DHge @) ] )

_+ Teaﬁ((lb@(u)vb (1) — bye (W vpe(w)|)

N |-

N |-

[ Tealfiﬂai)(u)#b(u) = bp(Wvp (W) _
|+ rlrlleag(lbg(u)vb (w) —ap(Wup (u)Dl B

gleggiﬂam(u)ﬂdu) —bp(Wvps(W) =1
lap (Wup () — by (Wvp)| = 1.

In this case, either ap)up) —bpyW)vpu) =1 = apg)up(m) =1+ by(w)vey(u), or
apWup ) — bp(Wvp () = -1 = by(Wve(w) = 1+ apup(). Since 0 < apup(u) +
bg (W) vy(u) < 1, we get D is a crisp set.

Proposition 3.5. Let D be an LDFSs, then d(D,D¢) = 0 if and only if ag (1) ugp () = by () vy (n)
forallu € U.

Proof.
If ag()ugp(u) = bp(u)vy(u) for allu € U, then
max(|an (1p () — age(Wioe()]) ]

+ IBeaﬁ((lbD Wy (1) — bye()vpe(u)|)

1
2

d(®,D°) =

1
T2

rlr11€a£<( lap (1) pp (1) — bWV W)))
+max(|bp (Wvp ) — apWrp W)

= 0.
Conversely, if d(D, D) = 0, then it follows that

rgeaux( lap () up 1) — by ()vy(w)|) B
+ r{leauX(lbg(u)V:D () —ap(Wup |

1
2

which implies that
lap (Wup () — bp(Wvp(u)| =0

lap (Wpp (1) = by (Wve(W)l.

This completes the proof.
Definition 3.6: Let D and € be two LDFSs. If the mapping s: LDFS(W) x LDFS(U) — [0,1] satisfies
the following properties, then s is called a similarity measure between LDFSs D and €.

S1) 0<s(D,6) <1,
S2) s(®,€) =1ifandonlyif ® = €,
S3) s(®,€) =s(€,D),
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S4) s(D,D¢) = 0ifandonly if D is crisp set,
S5) IfLS G CF thens(D,F) <s(D,E)ands(D,F) < s(C,F) forall D, E,F € LDFS(W).

Theorem 3.7. Let d be a distance measure for LDFSs D and €, then s(D,€) =1—-d(D,€) is a
similarity measure between D and €.

Proof.
S1) By the Definition of distance 0 < d(D, €) < 1. Thus, we get 0 < s(D,€) < 1.

S2) If D =¢, then d(D,€) = 0. Hence s(D,€) =1 —d(D, €) = 1. Otherwise, s(D,€) =1=
1-d(D,6)=12d(D,6) =0=>D=G.

S3) Since d(D,€) =d(€,D),wegets(D,€)=1—-d(D,€) =1-d(C,D) =s(ED).

S4) If D is crisp set, then s(D,D¢) =1-d(D, D) =0, by Proposition 3.4. Conversely,
s(D,9)=0=21-d(D,D°%) =0=d(D,D =1, 50 Dis crisp set.

S5) DS ECFthend(®D,F) =d(D,E)andd(D,F) = d(E F) forall D, € F € LDFSQ), by
the definition of distance measure. Hence s(D,%) =1—-d(D, &) <1—-d(D,€) =s(D,E) and
SO, =1-dD,F <1-d(CF = s(CF) forall D,E,F € LDFSQU).

For ®,€ € LDFS(U), we have
. [ max(lap(Wup (1) —ag(Wuc(w)
ueyu

5O =1=dDO =134 max(lba()ve () ~ b(ve(D) |
CONCLUSION

Linear Diophantine fuzzy theory was developed with the aim of overcoming the uncertainty due to
the use of reference parameters in [5]. It also appears that the LDFS concept with reference parameters
has a wider variety of fuzzy data then the theories of IFS, PyFS and g-ROFS. In this work, we proposed
new distance measure for linear Diophantine fuzzy sets and gave its properties. Moreover, we shown
the relationship between the distance and similarity measures for LDFSs. Also, we introduced new
similarity measure for LDFSs based on proposed distance measure.
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