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We present a new family of Gauss (k,t)-Horadam numbers and obtain Binet formula
of this family. We give the relationship between this family and the known Gauss t-
Horadam number. Then we prove the Cassini and Catalan identities for this family.
Furthermore, we investigate the sums, the recurrence relations and generating functions
of this family.
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1. Introduction

Many authors are interested in Fibonacci, Lucas, Pell, Jacobsthal, Pell-Lucas,
Jacobsthal-Lucas, generalized k-Fibonacci and k-Lucas numbers, etc. For interest-
ing application of these numbers in science and nature, one can see [TH3, [l 13}, [15].
Mikkawy presented a new family of k-Fibonacci numbers and gave several proper-
ties of this family [7]. Ocal et al. introduced some determinantal and the permanen-
tal representations of k-generalized Fibonacci and Lucas numbers [g]. Ozkan et al.
carried on Mikkawy work to Lucas numbers [9].

There are many works related to Horadam numbers and their applications [6]
[I8, 19]. Tan and Leung presented some matrix representations associated with the
Horadam quaternions [16].
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Some studies have also been done on the Gauss-Fibonacci and Lucas num-
bers [T0HI2, 14, I7]. One of the latest works is [I2] where they define a new family
of Gauss k-Lucas numbers and the generalized polynomials for these numbers.

Gokbag and Kose define the complex k-Horadam and Gaussian k-Horadam
sequences and find the distance between complex k-Horadam and Gaussian k-
Horadam numbers [4].

Now, we present the generalized t-Horadam H; ,, and Gauss t-Horadam numbers
GHy .

Let ¢ be any positive real number and f(t), g(¢t) be scaler-value polynomials. For
n € Nand f2(t) + 4g(t) > 0, Hy, is defined by

Hipto = f(t)H i1 + g(O)Hep, (1.1)
where Hy o = a, Hy1 = b [19].

e The Binet formula of Hy ,:

ca™ — dp"
H;, = , 1.2
¢ P (1.2)
e The Cassini identity of Hy ,:
Hyn1Hpnr1 — (Hen)? = (—9(1)" " (a®g(t) + abf(t) — b%), (1.3)

e The property of Hy p:

Ht,nHt,n—r—i-s - Ht,n—rHt,n+s
_ (_g(t))n_r(th,r - aHt,r+1)<th,m—n+r - aHt,m—n—i—r—i—l)
B — a2g(t) — abf (1) ’

where c=b—af,d=b—aa, o = FO Ty (1) H4g() f;(t)+4g(t) and = FO) =y F(t)H49() f;(t)+4g(t) [19].
For n € N and f2(t) +4g(t) > 0, GH;,, is defined by

(1.4)

GHt,n = Ht,n + th,nflv (15)
where GH; ;1 = b+ ai, GHy 2 = bf(t) + ag(t) + ib. So we have
GHt’n+2 = f(t)GHt,n+1 + g(t)GHt,n (16)

[4].

In this work, we define a new family of Gauss (k,t)-Horadam numbers and
obtain the Binet formula of this family. Then, we get the Cassini and Catalan
identities for the Gauss t-Horadam numbers. We give the relationships between
this family and the Gauss t-Horadam numbers. Also, we prove the Cassini identity
for this family. Finally, we find the sums, the recurrence relations and generating
functions for this family.
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2. Main Results
Lemma 1. Forn > 1, the Cassini identity for GH; ,, has the form
GH;,,-1GHy 1 — (GHy )2
= (—g(t)" 72 (b* — a®g(t) — abf (1)) (1 + g(t) — if (t)).

Proof. The proof can be seen using Eqs. (L3)—-(T3). m|

Definition 1. Let m(# 0), k(# 0),r be any natural numbers such that n = mk+r
and 0 < r < k. The family of Gauss (k, t)-Horadam numbers is defined by

G =3 () (F(O)GH )" (g(1)GHy 1 ). (2.1)

- 7
i=1

The Binet formula for GH% is

m _ m m—1 _ m—11k=T
GH§’2 _ [ca ds co ds ]

a—pf t a—pf
m—+1 m—+1 m o m1"
o | dg +icoz dg 7
a—p a—p
where ¢, d, @ and ( are as follows in Eq. ([C2)).

From Egs. (I2), (IA) and (Z2]), we can give this family via the Gauss t-Horadam
numbers. So we obtain

(2.2)

GH) = (GHy )" " (GHyy1)", 1= mk 41 (2.3)

Additionally, we can express the family of Gauss (k,t)-Horadam numbers by
matrix methods. Indeed, we have

k k
k—1 GHt(E,k)nqu GHt(E,k)n
GHen gl = (k k) |
GHt,kn GHt,knfl

Hen Hen
where gh’n« = [GGIfft,il G(I%It,:—l:| 1 = L

In all the conclusions of Sec. [2 to reveal the importance of this issue, we can
state specific and close relationships as follows:

o If f(t) = g(t) =1, a =0,b =1, then the family of Gauss Fibonacci numbers
GFflk) is obtained,

o If f(t) =2, g(t) =1, a=0,b=1, then the family of Gauss Pell numbers GP*)
is obtained,

o If f(t) =1, g(t) =2, a=0, b =1, then the family of Gauss Jacobsthal numbers
GJ™ is obtained,

o If f(t) =g(t) =1, a=2,b=1, then the family of Gauss Lucas numbers GL*)
is obtained,
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o If f(t) =2, g(t) =1, a =2, b =2, then the family of Gauss Pell-Lucas numbers
Glek) is obtained,

o If f(t) =1, g(t) =2, a=2,b=1, then the family of Gauss Jacobsthal-Lucas
numbers Gjy, ~ is obtained,

o If f(t) =p, g(t) = ¢, a =0, b =1, then the family of Gauss k-Fibonacci numbers
GU(k) is obtained,

o If f( ) =p, g(t) = q, a = 2, b = p, then the family of Gauss k-Lucas numbers
GV s obtained,

o If f(t) = s,9(t) =t,a =0,b =1, then the family of (s,t)-Gauss Fibonacci
numbers GF, 7 ,, is obtained,

o If f( )=s,9(t) =t, a=2,b=1, then the family of (s,¢)-Gauss Lucas numbers
GLS t)n is obtained.

Theorem 1. For k = 2, we have the following recurrence relation and the gener-

ating function for the family of Gauss (k,t)-Horadam numbers:

(i) GH?) = f()GHP)_, + f(t)g(t)GH)_; + ¢*(H)GHL) _,,

.. 22 b4ai)? (b+ai+bf(t)z+ag(t)ztbiz—aif t)m)
(i) GO (1,2) = S e e

Proof. (i) There are two cases of subscript n. If n is even integer, by using Eqs. (L)
and (23), we have

GHg,Qz)mH = (GHt,m+2)2

= GHym+2(f(£)GHemy1 + 9(t)GHe,m)

= [(t)GHt,m+1GHe iz + g(t) GHe o (f (8) GHemt1 + 9(6) GHe,m)

= f(OGH, s + f(Dg(GHE,, o, + g*()GH,.

If n is odd integer, then we have
GHg?z)mJF?, = GHy,im1GHy 2

= GHe, 1 (f (1) GHe g1 + 9(t)GHe,m)
= fOGH] 41 + 9(1)GHeg (f () GHen + 9(t) GH 1)

= f(OGHY, 1o + f(1)g()GHEY,, + > () GHS), .

(ii) Let G®(t,z) be generating function for the family of Gauss (2, t)-Horadam
numbers, where

Va) =Y GHZa". (2.4)
n=0
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If G®)(z) given in (ZF) is multiplied with f(t)x, f(t)g(t)z® and g*(t)z*, respec-
tively, then we get

F(6)2G® (x ZGHEn ",

F(t)g(t)a* G (x ZGH,En 52", (2.5)

P2 GP (z) = g*(t )ZGth 47"
n=4

Consequently, by subtracting ([2.5]) from (2.4]), we obtain the equation
22(b+ ai)?(b+ ai + bf (t)x + ag(t)x + biz — aif(t)x)
L= f(t)x — f(t)g(t)x® — g*(t)a* ’

as required. O

G (x) =

Theorem 2. We have the following recurrence relation and the generating function
for the family of Gauss (k,t)-Horadam numbers:

(i) GH{)yy = FOGH) + g()GH)

(i) > rri=o GHt 731/@—&- = %
Proof. The proof is done similarly to that of Theorem [l O
Theorem 3. For m, k(# 0), we have
(GHypn41)* — (GHy)* = GHY) L — GHYY
Proof. From Eq. (Z3]), we acquire

GHt (m41)k GHEkglk = (GHym)" ¥ (GHyms1)" — (GHym)" *(GHy pr41)"

= (GHy,m1)* — (GHy )R m
Let us suppose that GHEkln =0fork=1,2,....
Theorem 4. Forn,s >0, n+ s> 1, we have
GHit s GHinpomz = GHYY ) = (—g(8)" 7306 — a?g(t) — abf (1))
X (L+g(t) —if(2))-
Proof. From Eq. (23] and Lemma[Il we get
GHy g sGHynys 2 — GH 1) = GHy g oGHypyoo — GHZ oy,
= (=g(t))" (0 — a’g(t) — abf(t)
X (14 g(t) —if(t)). m|
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Theorem 5. Let s,n,k be integer numbers such that 1 < s < k,n,k > 2, the
Cassini Identity for GHgQ s as follows:

k k k

GH§,]3n+sGH§,lc)n+s—2 - (GHl(S,k)n-&-s—l)Q
[GHE P (—g(0)" 2 (0 — aPg(t) — abf () (1 + g(t) —if (), s =1,
a 0, s # 1.

Proof. For s =1, from (23) and Lemma/[Il we obtain

k
Gng,k)n-i-l

= (GH},,'GHyn41)(GHy,n—1 GHY 1) — (GHY,,)?

n

k k
GH[Y, ., — (GH},)?

= GH}% ?(GHy,n41GHy o1 — (GHy,n)?)
= GHY,, 2(—g(1)" 2 (0 — a?g(t) — abf (1) (1 + g(1)) — i f(1))-
For s # 1, we have

GH(k) (GH(k)

(k) 2
GH tkn4+s—2 t,kn+571)

t,kn+s

= (GH3,"GHy 1) (GHE, P GH ) — (GHEL T GHE L)

— GHE 5 (GHESE — GHE) = 0. s
Theorem 6. Let s,n,k be integer numbers such that 0 < 3s < k,n,k > 2, the
Catalan Identity for GH,EIQ is as follows:

(k) (k) (k) 2
GHt,kn+33GHt,kn+s - (GHt,kn+2s) =0.

Proof. By using Eq. (23], we obtain

(k) (k) (k) 2
GHt,kn+33GHt,kn+s - (GHt,kn+2s)
= (GH},»GH}, 1 )(GH,°GH] ) — GHGH/S,, =0. O

Proposition 1. For any n, we obtain the following properties for GH§2,)L :
(i) GH{S, 4 — FA(OCHY, 5 = 2 (1g(DGH, 1, +¢*(CH,,
(i) F(OGHD, 45 +9()CH, 5 = Hy, + (—g(1)" (a®g(t) + abf (1) — 7).
Proof. (i) By using Egs. (Z3) and (L), we obtain
2 2
GHi(E,Q)n+4 - f2 (t)GHt(E,Q)n+2
= GH?,nqLQ - (f(t)GHt,n+l)2
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= (GHy a2 — f(£)GHy ng1)(GHy pyo + f(8)GHe pg1)

= g(t)GHe,n (2f () GHe nt1 + g(t)GHe,n)

=2f(t)g(t)GHy ,GHt i1 + ¢° (t)GH?,n

= 2f()g()GH,, 1 + g*(1)CH,.

(ii) By using Eqs. 23)) and (L6]), we obtain
f(t)GH§?§n+3 + g(t)GHfgnH = f(t)GHy 11 GHe yo + g(t)(GHy ny1)?

= GHy i1 (f (£)GHe g2 + g(t)GHe g1
= GHypy1GHy st

Then, from Lemma [l and Eq. 23), we get
f(t)GHE,anH + g<t)GHi(5,22)n+2
= (GHinp2)® + (—g(1)" (b* — a?g(t) — abf(t))(1 + g(t) — if (¢))

= GHY), 4 + (—g(0))"(6® — ag(t) — abf()(1 +g(t) —if(1)). O

Theorem 7. Sums for the family of Gauss (k,t)-Horadam numbers are

) SEL ) —iGH® = GHem (GG () GH,
(i) > im0 (F(1)) GHy i = GHt,m71< ( +f2ck—1(t)g(t) =)

.. _ k—1 i(k— (k) (k—1
(ii) ¢" (1) >izo (%) ( il)GHt,mk+i - GHt»mGHt,(mv)L2)(k71)’
k— i —i— — k _ k—
(i) S50 (~1'(FO) (T GH = (9(#)FIGH, GHY Y

)

Proof. (i) By considering Eqgs. ([23) and (I6]), we can write

k—1 *) k—1 GH i
—i k _ t,m+1 k
> _(F0) ' GH s = D (f(t)GHt,m) GHy

i=0 =0

f(t)GHy,m
GHtmip1 1
F(t)GH,m

( GHt,m+1 )k -1
= GHy,,

B GH,.»
fE1 () g(t)GHe 1

~ GHgm GHz(s,k()mH)k - f’“(f)GHg?@k
GHy,m—1 fF=1(t)g(t)

(GHy i1 — f*(1)GHE )

The proofs (ii) and (iii) are similar to that of (i). |
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3. Conclusion

In this paper, we defined a new family of Gauss (k,t)-Horadam numbers. We gave
some relations among this family and the known Gauss ¢-Horadam numbers. Then
we proved Cassini and Catalan identities for the Gauss t-Horadam numbers and
this family. Furthermore, we found the recurrence relations, generating functions

and summations for this family.
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