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Abstract: In this study, the k-Oresme and k-Oresme-Lucas sequences are defined, and some terms of
these sequence are given. Then, the relations between the terms of the k-Oresme and k-Oresme-Lucas
sequences are presented. In addition, we give these sequences the Binet formulas, generating func-
tions, Cassini identity, Catalan identity etc. Moreover, the k-Oresme and k-Oresme-Lucas sequences
are associated with Fibonacci, Pell numbers and Lucas, and Pell- Lucas numbers, respectively. Finally,
the Catalan transforms of these sequences are given and Hankel transforms are applied to these
Catalan sequences and associated with the terms of the sequence.
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1. Introduction

The Fibonacci, Jacobsthal, Pell, and Lucas sequences are famous sequences of numbers.
These sequences have intrigued scientists for a long time. Fibonacci and Lucas sequences
have been applied in various fields, such as Algebraic Coding Theory, Phylotaxis, Biomath-
ematics, Computer Science, and so on. New sequences were obtained by changing the
recurrence relation and initial conditions of the generalized Fibonacci sequence. The known
examples of such sequences are the Horadam sequence, k-Pell sequence, Oresme Numbers,
k-Jacobsthal-Lucas, Padovan sequences, and so on (see, for details, [1-5]).

The Lucas numbers L, and Fibonacci numbers F, are defined by the recurrence
relations, respectively,

Lyyp =Lyy1+ Ly, forn >0and Fyp = Fyy1 + Fy, forn >0

with the initial conditions Lo =2, L1 =land Fy =0, F; = 1.
Binet formula for Lucas numbers L, and Fibonacci numbers F, are given by the
following relations, respectively:

At — B
Ln:oc”—l—,B”aman:lx_‘[‘B3

where a = # and § = 1_7‘/5 are the roots of the characteristic equation 7> —r — 1 = 0.
Here the number « is the known golden ratio.

In addition, the Pell numbers R, and the Pell-Lucas numbers Q) are defined by the
recurrence relations, respectively,

Ryi2 =2R,41+ Ry, forn > 0and Qyyp = 2Q,41 + Qp, forn >0

with the initial conditions Rg =0, R; =1land Qg =2, Q1 = 2.
The Binet formula for Pell numbers R, and Pell-Lucas numbers Q, are given by
relations, respectively:

at — g
R":a—ga“dQn=a”+ﬁ"
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whereax = 1+ v/2 and B=1- /2 are the roots of the characteristic equation r2—2r—1=0.
Here, the number « is the known silver ratio.

The Oresme numbers were introduced by Nicole Oresme. Soykan in [6] defined
generalized Oresme sequence {O,}, ., Oresme-Lucas sequence {H,}, -, and Modified
Oresme sequence {G,}, ., by the recurrence relations, respectively:

Ony2 =0py1 — %Onl Hyy2 = Hyy1 — %Hn and Gy42 = Gyy1 — iGn/
with the initial conditions Oy = 0, O; = %, Hy=2,Hy=1and Gy =0,G; = 1.

In [7], studies were carried out on the properties of the sum of Oresme numbers. In
addition, Horadam [8] obtained many properties of Oresme numbers.

With the help of the recurrence relation of the Fibonacci sequence, k-sequences were
introduced and these sequences had an important place in number theory. Falcon [9]
introduced the k-Fibonacci sequence, and he obtained many properties related to this
sequence. In addition, Falcon applied Hankel transform to the k-Fibonacci sequence, and
he obtained the terms of Fibonacci sequences in a different way.

After reviewing these studies, we define the k-Oresme and k-Oresme-Lucas sequences.

We separate the article into three parts. In Section 2, we define the k-Oresme and
k-Oresme-Lucas sequence, and we then give the characteristic equation, the Binet formulas,
and some properties for these sequences. Then, we examine the relationship between the
k-Oresme and k-Oresme-Lucas sequences. In addition, we show the relationship of the
k-Oresme and k-Oresme-Lucas sequences for Catalan identity, Cassini identity, Vajda’s
identity, etc. Moreover, the k-Oresme and k-Oresme-Lucas sequences are associated with
Fibonacci, Pell numbers and Lucas, and Pell-Lucas numbers, respectively.

In Section 3, the Catalan transformations of the k-Oresme and k-Oresme-Lucas se-
quences are defined, and some properties are given. In addition, the Catalan generating
functions of these sequences are obtained. Moreover, Hankel transformations are applied
to the Catalan transformations of the k-Oresme and k-Oresme-Lucas sequences and the
results are associated with the terms of the sequences.

2. Materials and Methods
k-Oresme and k-Oresme-Lucas Sequence

For the k positive real number, the k-Oresme and k-Oresme-Lucas sequences Oy ,,, Py ,
for n > 0 are defined by, respectively:

1
Oknt2 = Okng1 — kjok,n n=>0 1)

with Oxg = 0and Oy = %,

1
Pinv2 = Peni1 — 13 Penn 20 2)

with Pk,O =2 and Pk,l =1
Then, let us give some information about the equations of these sequences. The
characteristic equation of the k-Oresme and k-Oresme-Lucas sequences is:

rP—r+ 5 =0. 3)

The roots of the characteristic equation are as follows:

k++Vk?—4
n= 4)
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and
. k—Vk*—4 5)
ST
The relationship between these roots is given below:
K2—4 , 5, kK-2
rl+r2:ll r —ry= k /r1+72:k723ndrl.72:k7.

The Oy, and Py ,, values for the first seven n natural numbers are given below:

o Oro=0Pp=2,

5= (K -5k +5),
(k6 — 6k* +9k% — 2).

Theorem 1. Let n € N. Then, the Binet formulas of the k-Oresme and k-Oresme-Lucas sequences
are as follows:

I
_ 1 2
Okn_

, mandpk’n:r¥+r£z.
1

Proof. The Binet form of a sequence is as follows
Ok = mr" + nry".

Here, the scalars m and n can be obtained by substituting the initial conditions. It is
obtained by solving the given system of equations. For n = 0, Oy = 0, and forn = 1,

n__n
Or1 = % Thus, m = \/k%j and n = \/;:217,4 are obtained. From here, Oy, = (:11_:22)](.

Similarly, we have P, = 1} +r}. O

Theorem 2. Let n > 2. Then the terms of sequences k-Oresme and k-Oresme-Lucas sequences with
the help of the following relations are obtained.

i O — Ln%lJ n=1=jy_ 1yip—2j-1
L Ukn Z]:(] ( j )( ) ’

. nyo o 1] . o o
i, Py = kD) (") (— 1)k 2 = T (R (ke 2,
Proof. i. Let us show the proof by induction over #.

Forn = 2, Oy = % For n = s and n = s — 1, let us assume the equality is true.
We have:

=1 (s —1—j i 52| (s —=2—j i _2i_
Ops =Y 5 ( ; ])(—1)Jk 1 and Oge 1 = Y1 3 ( ; 7)(-1)% 21,

For n = s + 1, let us show that the equality is true. If the definition of the k -Oresme
sequence is used, we obtain:
Okst1 = Oy — 2O0ks1
s—1 —1—i e 52 o .
ap SR IC NS v e C W

= S () (kL
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Thus, the equality is trueinn = s 4- 1.
ii. If the relation Py, = kOy ;41 — %Ok,n—l is used, we have:

nl (n—7j i
kOy 11 = kZ]L:Z(J) ( ; ])(—1)]]( 2j-1
and . .
_ [3]-1 (n—2—
201 = 7275 ( '

Thus, we obtain P, = kz}%g (n].*j)(—l)jk’zj’1 - %ZL

=N

— ~.

RS
OI

~—

=

=

»

[y

Lemma 1. We have:
i. 712i =r1Vk* —40;2; + klzkaz %
ii. 1% = —r2Vk2 — 405 + 5 Proi-1,
iii. r1 241 = k12 VK2 — 40y 9 + 11 P i 11,
iv. 1211 = *kiz\/mokgi +12P i 41-

Proof. i. r1Vk? — 40y + kZPkZl 1 = rvk? gnton k2( o2y = gy 2L

(71 r2)k
2i 2i—1 2i-1 _ ,. 2 2
1’11’21+k711 +k721 —711(V1+W)+1’21(—7’1+%).
Thus, we can write:

1
=1 VK2 — 40y + 2 De2i-1-

The proofs are shown in the same way as i. [J
Theorem 3. Let us consider k € R,k > 2 and m,n € Z*. The following equations are satisfied.

i Pk,n = kok,n+1 1Ok n— 1/
ii. P2 — (k2 )O%n an ,

Prn—
iii. 7Okn—Pkn+l knz ’

iv. OpnPrn = Ok2ns

V. kO Py = 2kOp 41,

vi. VK2 — 40y, + Py = 217,
vii. Vk? — 40y, — P, = —21%.

Proof. i. If the Binet formula is used, we have:
_ kr;l+17r£t+1 _ 17;1171775171
(r1—r2)k k(r1—r2)k

)3

1
kok,n+1 - Eok,n—l

' r—
1\ kzrz

r—r

Thus, we obtain Py, = kOy ;411 — %Ok,n—r The proof of the others are shown in the same
way as i. using the Binet formulas and Lemma 1. [J

Theorem 4. Let us consider k € R,k > 2, m,n € Z and m > n. We have

i 2Pk m+n — kpkmokn (kz )Ok mok,nr
ii. 2kok m+n — kok mPkn + kOk nPk nrs

iii anPkm n—Pkakn_(k _4)Okmokn/
iv. k2n—1 Ok,mfn - kok,mPk,n - kok,npk,mr

2
V. 2P i1 =

kn
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Proof. iv. If the Binet formulas are used for proof, we obtain:

m m 1n 1n
S n-r

kok,mpk,n - kok,npk,m = km (7? + I’g) - k(rl—rz)k (77111 + r72n)

m-+n Mo 1o m+n n+m N __ L n+n
ry +ry ) —1{1y — Ty n +ri1y) =111y —Ty

r—r Lt}

Thus, we have

2
Wok,m—n = kok,mpk,n - kok,npk,m'

The proofs of the others are shown in the same way as iv. using the Binet formulas and
Lemma 1. O

Theorem 5. Let us consider k € R,k > 2, m,n € ZTand m > n. We obtain:

. _ 1
L Pk,mPk,n - Pk,m+n + kWPk,m—n/

. O

11 kok,mpk,n = kok,m+n + ﬁr

ess )

iii. KOy yin1 =k Ok,m+1ok,n+ll_ Ok,mOk,ns
iV Pmyni1 = kO mi1Prnt1 — £OkmPrn-

Proof. The proofs are shown in the same way as Theorem 3 using the Binet formulas and
Lemma 1. [

Theorem 6. Let us consider k € R,k > 2, m,n € Z and m > n. We have:

i kPk,ZnOk,m+2n = kok,m+4n + W%Ok,mr

ii. Pk,ZnPk,m+2n = Pk,m+4n + H%Pk,m/

iii. kok,npk,m+2n = kok,m+3n - ](Zn%lok,m+n/
iv. kPk,nOk,m+2n = kok,m+3n + kzr}iflok,ern/

V. (k2 - 4) Ok,nok,m+2n = Pk,m+3n - k%Pk,m—&-n/
vi. Pk,nPk,m-l-Zn = Pk,m+3n + ](%Pk,m-i-n-

Proof. The proofs are shown in the same way as Theorem 3 using the Binet formulas and
Lemma 1. O

Theorem 7. The following relations are satisfied. We obtain:

2n+2 2 2n+4 2
< 1202 22 _ KB, 2k | kT Pion 02k
1. k Ok,n + k Ok,}’l+1 T k2n+2_gj2n k2n+4 _gqp2n+2 7
sr D2 2 _ 2 2

11. Pk,n + Pk,n+1 = Pk,Zn + Pk,2n+2 + w2 + =Y

242 m—2
K" 2P 0n9=2 K" Py —2

222 1202 202 —
iii. k Ok,n+1 —k ok,n—l = T gan T janZ_gpan—i s
s 2 2 _ 2 2
1v. Pk/nJrl - Pk,n—l = Pront2 — Dron2+ 2z T jan—2s
kP -1
k,2n+1

V. OknOkn1 = Jms g

. 1
V1. Pk,nPk,n—H = Pk,2n+1 + an
vii. Oy _, = —k*"Oy ,,,
viii. P, = k2P .

Proof. The proofs are shown in the same way as Theorem 3 using the Binet formulas. [

Theorem 8 (Cassini Identity). For natural number n, we have:

s 2 _ 1
L Ok,n—i—lok,n—l'ok,n_ T2
i 2 _ k-4
11. Pk,nJrlPk,nfl’Pk/n_ K2
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Proof. i. If the Binet formula is used, we obtain

»1+17;,2n+1 rln—lfrzn—l 7’1”71’2" 7’1”77’2"

2 _r
Ok,n—l - Ok,n =-1

(ri—ra)k ~ (rn—rak  (ri—ra)k (n-r2)k . .
n— n -
o 7‘12"—71"+172”71—1‘2”+11/1n71+722” 712’1—2}‘1”72"—{-}‘22" - (Vlrz) Tzl (1’172) TZ 2(717’2)”
7 - 7 = 7 7 75"
(ri—12)°K2 (r1—12)°K2 (r1—12)°K2 (ri—12)°k2 (ry—r2)°k?

Thus, we obtain

2 _ 1
Ok,n-i—lok,n—l_okln— T ent

ii. It is shown in the same way as i. [
Theorem 9 (Catalan Identity). For n,r natural numbers and r < n, we have:

. 2 _ 1 2
1. Ok,nJrrOk,nfr - Ok,n — T g2n—zr Ok,rr
i 2 _ K—4 2

ii. PepyrPron—r — Pk,n = Wok,r'

Theorem 10 (D’ocagne’s Identity). For n, r natural numbers and v < n, we have:

. _ 1

1. Ok,n+l Ok,r - Ok,nok,r+l = T 1 Ok,nfrr
.s _ k>4

11. Pk,n+lpk,r - Pk,nPk,r+1 = Ok,nfr-

Theorem 11 (Vajda’s Identity). For n,i and j natural numbers, we have:

: _ 1

i. Ok utiOkntj — OknOkntivj = 27 OkiOk s
.e _ 4K

iie Penyilin+j — PinPinvivj = S Ok,iOk -

Theorem 12 (Melham'’s Identity). For natural number n, we have:

. 1 30y, Okn-3 _ O Okni7
L Ok,n+1ok,n+20k,n+6 - O}%/,, =~ K2 (Ok,3n+9 - Ok,Sn + kz»«n - ann+12 - anMJ:;S - k2r1”++2 ’

s 3 _ 3P, Pen-3 | Ponts | Ponsr
11. Pk,n+lpk,n+2Pk,n+6 - Pk,n = Pk,3n+9 - kznn + k2nn+12 + k2:+4 + k2r7+2 - Pk,3n-

Theorem 13 (Gelin-Cesaro’s Identity). For natural number n, we have:

- 1{2;1%4 Pronsa— kzy,%zpk,ZnJrz*‘ ﬁpk,ﬁ
(k2—4)*
1 1 1 4 5
— 2tz Pean—2— m=2 P2~ mra Pron—a i Poon— 1w
(k2—4)* '
i 4 _ 1 1 1 1
ii. PenyoPens1Pon—1Pon—2 — Py = s Peanta + @iz Poant2 + mis Pz Peon—2
1 1 4 5
+ =2 Pa + K2nta Pron—4 — kﬂpk,Zn T

The proofs of Theorems 9-13 are shown using the Binet formulas in a similar way to

Theorem 8.

. 4
L. Okn120kn410k0-10kn—2 — Of ,, =

+

Theorem 14. Let k > 2 and |ry| < ry. Then, the ratio of the bigger to the smallest of the two
consecutive terms of the k-Oresme and k-Oresme-Lucas sequences are as follows:

. O . P
lim —& L r1 and lim kntl 1.
n—o0 k,}’l n—oo k,l’l
o % r1"+1(]_(2)n+1)
Proof. If the Binet formula is used, we have lim %=+ = (2 fim —_—
n—oo Ykn " n—0o pn(1—(2 )
(n-r)k B 2

. . O, .. . P,
Thus, we obtain lim =5 = ry. Similarly, we have lim —5** =r;. O
n—oo n—oo

N k,n
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Theorem 15 (Summation Formulas). The sum of the first n terms of the k-Oresme and k-Oresme-
Lucas sequences are as follows:

i ZZ:O Ok,s :Ok,nfl + (1 - k2)ok,nr
il Y0 Prs =2k% + P o1+ (1 — k%) Py .

Proof. i. From the definition of the k-Oresme sequence, we get: Oxr = Oy — k%Ok,O,

Ok,3 = Ok,2 - ]37Ok,1/ Ok,n = Ok,nfl - klzok,nfz- So, we have _% + 2151:0 Ok,s 222';11 Ok,s
~#Li Ok~ + L0Oks = (=Oku— Okt + Eiz0Oks) — f2(=Oku = Oga
+Y"_Oks), Thus, we obtain Y0 O s =k + O ,—1 + (1 — k?) O .-

ii. The proof is shown in the same way as i. [J

Theorem 16 (Generating Functions). The generating functions for k-Oresme and k-Oresme-
Lucas sequences are given as follows, respectively:

kx 2k? — k2x
Q) = k? — k2x — x? and P(x) = k2 — k2x — x?

Proof. By the definition of the k-Oresme numbers, we obtain:

1
Q(X) = 220:0 Ok,nx” :1 %X + 220:2 Okrnx” .
= £X+ 1500 O n—1x" — iz lpzo Ok n—2x"
1 1.2
= X+ x5 Op px" — X Yoo Ok nx™.

Thus, we have:
kx
k2 — k2x — x?

By the definition of the k-Oresme-Lucas numbers, we obtain:

Q) =

P(X) = ZEO:O Pk,nxn =2+x+ Z;OZZ Pk,nxn
=2+x+ 21010:2 Pn1x" — 13721010:2 Pynox"
=24+ X+ X(=2+ Lo PinX") — 2X° Lo PionX™.

So, we obtain:
2k% — k2x

Plx) = k2 — k2x — x?

O

Corollary 1. For the k = 3 value, the following relation can be written between the k-Oresme
sequence and the Fibonacci sequence:

F
O3y = %

Proof. The Binet formula of the k-Oresme sequence is:

<k+\§llfj)n _ (kf\éﬁzﬁ)”

Ok,n: -
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For k = 3, the following relation can be written:

) (=)

Ok = 75
e
315
Thus, we obtain:

O

Corollary 2. For the k = 3 value, the following relation can be written between the k-Oresme-Lucas
sequence and the Lucas sequence:

Proof. The Binet formula of the k-Oresme-Lucas sequence is:

k+vie—4"  k-vkE-4'"
Bon= () v )

For k = 3, the following relation can be written:

= (5)"+ ()
NEORIC

Thus, we obtain:

O

Corollary 3. For the k = 6 value, the following relations can be written between the k-Oresme and
k-Oresme-Lucas sequences and the Pell sequence R, and Pell-Lucas sequence Qy, respectively,

— QZn.

Proof. For k = 6, the following relation can be written:

(02 (22)" _ (e2va)"(12v2)” Ry

. Thus, we obtain O¢ ,, = 4.

i. Og, =

42 B 26"2\/52 ,
n n 1+2v2) "+ (1-2v2)™"
ii. Py = (S502) 4+ (02) = (1+2v2) +(122V2)" 1y,15, we have Py, = %+, O
3. Catalan Number
For n € N, the n'" Catalan numbers are C, = ij:’l") , and the generating function is

obtained as C(x) = 1= Vzif“ . The Catalan numbers C, values were obtained as follows

(see for details in [10]): {Cn}neN =1,1,2,5,14,132,429,1430,...
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3.1. Catalan Transformation of the k-Oresme and k-Oresme-Lucas Sequences

Using the Catalan transform, we defined the Catalan transform of the k-Oresme and
k-Oresme-Lucas sequences as follows, respectively:

i 2n —i .
Cok,'rl: Z?:O m ( n_i >Ok’1‘, n Z 1 with COk,O =0

and

i 2n—i .
CPeu=Y ", T ( o ) Pyj,n > 1 with CPy =0

Now we can provide the Catalan transformation of the first elements of the k-Oresme
and the k-Oresme-Lucas sequences. The COy ,, and CPy,, values for the first four n natural
numbers are given below:

L4 COk,O =0 CPk,O =0,

o CO=3CPy=1,

o COu=2CP,=1 (2k2 - 2),

© Oy =& (5K —1) CPy = 1 (5K -8),

o COpy = 5(14k> —5) CPy = L (14k* — 23K 1 2),

o COys5= 5 (42k* — 20k +1) CPys5 = & (42k* — 76k2 +13).

We can write COy , and CP ,, as the product of nx1 type O , and Py ,’s of the lower
triangular Catalan matrix C:

COx1 1 Ok 1 CPy1 1 P4
COx 11 Ok CPyo 11 Pro
COws| — (221 ... | |Osland [CPrs| = (221 ... | | Pes
COp4 5531... | |04 CPyy 5531... | |Py
So,
1 1
1 =
: T i
L5k —1)| =221 . 5k —1)
1 (12
%(14](2_5) 5531 k—3(k 72)
and -~
1 1 1
kl—2<2—2k2) 11 %(ki—z)
1 (5 8k2) _|221 .. g (K =3)

3.2. The Generating Functions of the Catalan Transform k-Oresme and k-Oresme-Lucas Sequences

Let O(x) and c(x) be generating functions of the k-Oresme and Catalan sequences, re-
spectively. Oy , (x * c¢(x)) shows the generating function of the Catalan k-Oresme sequence.
The following equations are written for the generating function of the Catalan transform of
the k-Oresme sequence:

2
4 —4x -3k + (3k—2)y/1—4x

0(x) = COku(x) = O (x % c(x))
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Similarly, the generating function of the Catalan k-Oresme-Lucas sequence is:

212k +12ky/1—4x
4 —4x — 3k + (3k — 2)v/1—4x

3.3. Hankel Transform of the Catalan k-Oresme and the k-Oresme-Lucas Sequences

Let the terms of a sequence be A = {v1,v,v3,...}. In[11], the Hankel transform Hy,
of the terms of this sequence was defined as follows:

p(x) = CPk,n(x) = P p(xxc(x))

01 Up U3 U4 ...
Uy U3 U4 U5 ...
Hn:?J3 U4 U5 0Og ...
U4 U5 Vg U7 ...

Let us apply Hankel’s work to the Catalan k-Oresme and Catalan k-Oresme-Lucas se-
quences, respectively. Its results are associated with the terms of the sequences. We obtain:

HCO, = det[COk’1]=det[ﬂ = 1= Ok,

HCO;, —det{ ’

3

=~

1
f i 1)1
2 L(se-1)] =@ (k2 = 1) = £Ox3,

COx1 COkn COggs
HCO3 = det |CO, COys COpy| = %(k‘* 32 1) = L0y,
COs3 COrs COxs
HCP, = det[CPkrl] =1= Py,
HCP, = det [gg’;; g?]zj = k4kz4 = Py — P o+Pi,
CP1 CPp CPys
HCP3 =det |CPp CPrs CPry| = 4Prg+ 48P 7 — 234D ¢ + 324P; 5 — 141P; 4.
CPs CPa CPys

=~

4. Discussion

Based on this study, other number sequences can be associated with Oresme num-bers
as an application of these numbers.

5. Conclusions

In this article, we first defined the k-Oresme and the k-Oresme-Lucas. We then defined
the main features of these sequences. We also examined the relationships between the terms
of these sequences. Moreover, we associated the k-Oresme and k-Oresme-Lucas sequences
with Fibonacci, Pell numbers and Lucas, and Pell-Lucas numbers, respectively. Finally, we
defined the Catalan transformation of these sequences. Moreover, Hankel transformations
were applied to the Catalan transformations of the k-Oresme and k-Oresme-Lucas sequences
and the results associated with the terms of the sequences. If this study is examined, such
features can be found in other sequences, such as Horadam and Mersenne sequences.
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