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Abstract

We have proved two original theorem concerning Wall number of the the three-step
Fibonacci sequences constructed by three elements of any finite p-group of exponent p
and nilpotency class 4.
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1. Introduction

Let s = (s;) denote the ordinary three-step Fibonacci sequence in GF(p)
defined by the recurrence s;.3 =s; + 5;11 + 5,2 and the initial data s =0,
sy = 0 and s, = 1. This is a bi-infinite periodic sequence or loop indexed by the
integers. This sequence or loop must be periodic and we use the letter k£ to
denote the fundamental period of (s;) that is the shortest period of that se-
quence. Obviously k& depends on p.

In the recent years, there has been much interest in applications of Fibonacci
numbers and sequences. Takahashi gives a fast algorithm which is based on the
product of Lucas number to compute large Fibonacci numbers [1]. Fibonacci
sequences have been an interesting subject in applied mathematics. West has
shown using transfer matrices that the number |S,(123,3214)| of permutations
avoiding the patterns 123 and 3214 is the Fibonacci number £, [2].
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The study of Fibonacci sequences in groups began with the earlier work of
Wall [3] where the ordinary Fibonacci sequences in cyclic groups were inves-
tigated and then Winson was particularly interested in ranks of apparition in
ordinary Fibonacci sequences [4]. In the mid 80s, Wilcox extended the problem
to abelian groups [5]. Prolific co-operation of Campbell, Doostiec and Rob-
ertson expanded the theory to some finite simple groups [6]. Ryba constructed
and analysed a pair of sequences of representation of the symmetric groups [7].
Aydm and Smith proved in [8] that the lengths of ordinary two-step Fibonacci
sequences are equal to the lengths of the two-step Fibonacci recurrences in
finite nilpotent groups of nilpotency class 4 and exponent a prime number p.
Furthermore, Aydin and Dikici proved in [9] that the length of the two-step
general Fibonacci sequences are equal to the length of the two-step general
Fibonacci recurrences constructed by two generating elements of finite nil-
potent groups of nilpotency class 2 and exponent a prime number p.

One of the latest works in this area is [10] where it is shown that for the
three-step general Fibonacci recurrence and any finite p-group of exponent p
and nilpotency class 2, the length of a fundamental period of any loop satis-
fying the recurrence must divide the period of the ordinary three-step general
Fibonacci sequence in the field GF(p).

We shall be interested in the shortest period of the three-step Fibonacci
sequence the entries of which are taken in any finite group p-group of exponent
p and nilpotency class 4.

Definition 1.1. Let A and K be normal in G and K < H. If H/K is contained in
the centre of G/K, then H /K is called a central factor of G. A group G is called
nilpotent if it has finite series of normal subgroups

G=G=2G = =2G =1

such that G;_;/G;, is a central factor of G for each i = 1,2,...,r. The smallest
possible r is called the nilpotency class of G.
Further details about nilpotent groups and related topics can be found in

[11].

2. The main theorem

The fundamental period of a sequence satisfying a linear recurrence is
sometimes called the Wall number of that sequence. The Wall number with
respect to a particular linear recurrence k(G) = k of a group G is the lowest
common multiple of the fundamental period of all sequence satisfying the re-
currence in the group G. As a different perspective of what it usually used to be,
k denotes the fundamental period of the three-step general Fibonacci sequences
taken modulo a distinguished prime p. We consider a three-step Fibonacci



E. Ozkan et al. | Appl. Math. Comput. 141 (2003) 565-578 567

sequence r = (7;) in a finite p-group G, given some initial data ro, 7, and r,. Such
a sequence or loop must be periodic and we denote the shortest period of this
sequence sometimes called the fundamental period by k,. From now on k de-
notes the fundamental period of the standard three-step Fibonacci sequence
0,0,1,1,2,... taken modulo a distinguished prime p.

Theorem 2.1. Let p >3 be a prime number, then if G is a non-trivial finite
p-group of exponent p and nilpotency class 4 then k(G) = k, except for finitely
bad primes. Of course if G is the trivial group then k(G) = 1.

Theorem 2.2. Let p >3 be a prime number, then if G is a non-trivial finite
p-group of exponent p and nilpotency class 4 then k(G) = kp for all primes.

3. Some lemmas concerning three-step Fibonacci sequence

Although the proofs of all the following lemmas are not intricate they are
omitted here and can be found in [12]. The notation ), ; indicates that we are
dealing with a double sum taken over all i and j subject to the constraint that
0<i<j<k—1.

Lemma 3.1. For all integers o and f we have

Z SjtaSivp = 0.

i<j

Lemma 3.2. For all integers o, f and ¢ we have

E Sj-itaSitpSive = 0.

i<j

Lemma 3.3. For all integers o, [ and y we have

k—1

> 8jeaSjepS—jiss) = 0.

=0

Lemma 3.4. For all integers o, f, ¢, d and e we have
E S_j4oSjtpSj—i-aSiteSite = 0.
i<j

Furthermore, we have proved following lemma using MAPLE. Computer
codes and their results available on a request. Moreover, we have lots of data
for various values of p for which indeed is proved the following lemmas. That
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is, we know whether or not the following lemmas are provided for which
primes. The notation ), _,_; indicates that we are dealing with a trio sum taken
over all n, i and j subject to the constraint that 0<n <i < j<k—1.

Lemma 3.5. For all integers a, b, ¢, d, e, f and g we have

E S_jt+aSj+bSj—i—cSi+dSi—n—eSn+fSn+g = 0.
n<i<j

Lemma 3.6. For all integers a, b, ¢, d and e we have

E S_jvaSj+bSj—i-cSivaSiteSi = 0.
i<j

Lemma 3.7. For all integers a, b, ¢, d, e and f we have

E S—jraSjsbSjteSj-i-aSiveSivf = 0.
i<j

Lemma 3.8. For all integers a, b, ¢ and d we have

k—1

E SjtaSitbSjteS—jras; = 0.
J=0

4. The proofs of Theorem 2.1 and Theorem 2.2

Let G be a nilpotent group with nilpotency class 4 and exponent p for a
prime number p > 3. G has two generators x and y. A presentation of G is

G= <x>y72717u : (%x) =2z (Z7x) =1, (tvx) = U>,

where pairs of generators with unspecified commutator are implicitly deemed
to commute. The subgroup (y,z,¢,u) is abelian and u is in the centre of G.
Every element of G has a unique representation as

Xabecthe,
where the exponents are elements of GF(p). Having distinguished this way of
writing elements we can even think of groups elements as vectors of dimension
5 over GF(p), i.e. as (a,b,c,d,e). So triple multiplication is determined by
the following rules:
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(xﬂoyhozfo tdo U0 ) (xalybl €1 tdl ue! ) (xtlzyszCz tdz u® )

— (xa3yb3ZL'3 td} ueg ) — (xa()yb()ZCUxalybl ZC] tdu+d1 ueo+€1 +dya; ) (xazybzzcz tdz ue‘z )

ajy

eg+e+dyay+co ( P

— (xa()yboxabeI ZC(‘|+L‘| td0+d| +coay u

) ) (xazybzzcz tdz u® )

do-+dy +coa; +by ( 1121 ) eo+ey +dyar +co ( 1121 )+bo ( ‘131 )
— xa0+a1ybq+blzcn+cl+b0a] ¢ u

X (x® Yzt u)

ag-+ai+ay ) bo+bi+by seoterteatboar+(botbi)ay

=X y

do-+dy +dy+coar +bo ( 9 )+a2 (cotc1+boar)+(bo+b1) ( 5 )

Xt

ept+ey+e3+doar+co ( ‘121 >+b0 ( az‘ )+a2 (d0+d| +coar+by ( az‘ >)+(c0+c] +hoar) ( azz )+(ho+b1 ) ( a; )
X u

That is, (610»bo,Co,d07eo)(al,bl7Cl,dh@s)(a27b27027dz,€3) = (03,b3,03,d37€3)
where

as =ao+a; +a,
by = by + by + by,
ez =co+c1 + ¢+ boar + (by + by)as,

a a
d3 :d0+d1 —|—d2—|—C0a1 +b0(21> +a2(Co+C] +b0a1)—|— ( ;)(b0+b1)
and finally

a a
63:eo+61+€2+d0611+00(21> +b0(31> +a2<d0+d1+00a1

+b0(azl>) + <a;>(co+c1 + boay) + <C;z>(bo+bl).

We must consider two types of initial data for loops in G. We have a loop v of
type I with initial data

Vo = (070707070)7
vy = (1,0,0,0,0),
Uy = (07 1707070)

and another w of type II with initial data



570 E. Ozkan et al. | Appl. Math. Comput. 141 (2003) 565-578

= (1,0,0,0,0),
wp = (07 1,0,0,0),
= (0,0,0,0,0).

The analysis of the type II loop is entirely similar to that of type I. Thus the
type I loop begins

= (10;50707070)7
= (t],S],0,0,0),
Uy = (t2552707070)'

We focus on the type I loop v; = (¢, s:, ¢;, d;, e;) where
(S0,51,82) = (0,0,1)

and
(to,t1,12) = (0,1,0).

It can be easily seen that the sequence # can be written in terms of s; as
t; = siy1 — si. Now, it follows from [12] that ¢; = ¢;y1 = ¢;.» = 0 which corre-
spondes to prove the similar theorem where the nilpotency class of the group
reduces to 2 and [13] that d;, = d;| = di,» = 0 which corresponds to prove the
similar theorem where the nilpotency class of the group reduces to 3. In order
to prove Theorem 2.1, we are faced with the task of showing that
er = err1 = e = 0 and we begin with ¢, = 0, that is, these individual sums
actually vanish for all but a finite number of what we call are bad primes for
which we do not know whether e, = 0 or not.

We shall need two formulas for ¢, and d, to work out the formula for ¢,. By
induction it is

a—1

Cy = Zsac—i—l(siti+l + tiya (s + 8i41))

i=0
and
o

—1 o—1 o—1
liv1
da So—i— ltz+lcz+zsoc i— 1( 15 )S, +st i— ltz+2(ct+cz+1 +t,+1S,)
0

i=

- .
+) s ( 5 > (s: + 5i1)

i=0

for o > 0. These enables us, via a similar process, to describe e, for o > 0 as
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zsa itind, +zsa . ( ) zsa . ( )
- lit
+ ;Swiqmz di +dip +citi + 5 )

a—1 a—1
tin tit2
+ Sy—i-1 ( ) )(Ci + cip1 + S + E Sui—1(si + Si+1)< 3 )

i=0 i=0

We can break up the expression for e, as e, = A + Ay + A3 + Aq + As + 4.
1 1
4, = Zsk—i—ltHldia Ay = Zsk—i—lci< gl ), 43 = Zsk—i—lsi< gl >,
lit1
A4 = Zsk—i—lti+2 (di +diy +citig + Si( ; )>7
tit2
As = Zsk—i—l(ci + ¢+ Siti+1)< ; )

and

t
Ads = Zskfifl(si + 5i41) ( gz)

and we shall attempt to show that each of these six expressions 4; actually
vanishes. To this end, we break these expressions up still further.
Now we have

o— k—1

Sk—i— 1t7+1d Zsk —j— ltj+1d

j=0

i+1
Sk—j— lt/+1 Zs] i— ltl+lcl+zsj i— 1( )si
L & tiy2
+ Zsj—i—lti+2(ci +cip1 + tisi) + Zsj—i—l ( ) ) (si +5i41) |

4,

Il
i

»

-1

\ I}
o

J

i=0 i=0

k-1 j—1

4y = E Sk—j—1j+1 E Sj—i—1tiy1Ci = E E Sk—j—187418j—i-11i+1C;

Jj=0 Jj=0 =0
k-1 j-1 i1 i1
Sk—j—18j+18j—i-1ti+1 E Si—n—18ntnt1 + E Sicn—1tar2(Sn + Sps1) |
j=0 =0 n=0 n=0
k-1 j—-1 i1
A = E Sk—j—1Lj118j—i—1it1Si—n—1SnInt1,
j=0 i=0 n=0
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k=1 j-1 i-1
Aip = Z Sk—j12j418j—i— 151 Si—n—1bny 20,
j=0 i=0 n=0
=1 j—1 i1
Az = St—j1418j—i- 1L 1Si—n—18n418n 125
j=0 i=0 n=0

k=1 j—1 ;
i1
A = Skjltj+15jilsi< b >
Jj=0 =0
k-1 j-1
2
= Sk—jo1tip1Sj—ia18i((tie1)” — (ti01)) /2,
=0 =0
k—1 j—1
A3 = E Sk—j-1tj11 g Sj—icitipa (i + ¢t + Sitinr)
=0 i=0
k-1 j-1
= g Sk—j1tiv18j—imti2(¢i + cip1 + Sitisn),
=0 =0
k=1 j—I
Az = Sk—j-18i418j-i- 1842,
j=1Lj+18;
=0 =0
k-1 j-1
Az = E Sk—j—18j+18j-i-11i+2Cit 1,
j=0 i=0
k-1 j—1
A3z = E E Sk—j—1tjr18j—i—1tiv2Sitivi,
=0 =0
k-1 j—1 i1
Az = E Sk—j—1tj+18j—i-1ti+2 E Si—n—1Snlnt1
=0 =0 =0

i—1

+ Zsi—n—ltn+2(sn + Sn+l) 9

k—1

n=0

j-1

i

i
Zsl—nsntn+l + Zsi—nthrZ(sn + Sn+1) )

n=0 n=0

A132:E g Sk—j-1bi418j-i-1lip2
=0 =0

Az = Az + Aizp + Ai33
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and
k-1 '
Ay = Sk—j—1 +1ZS, i- 1( 2 )(Si+si+1)
J=0
k-1 j—1 5
= Sk—jortip1Sj—ic1 ((tie2)” — i) /2(si + 8i41),
j=0 i=0

Ay = Ay + A+ A3 + A
Moving to 4,, we find that

k-1
ti1
Ay = Z‘W{jl( 15 )Cj;
=0
= )
Ay = 3 Zsk—_/—l(f,m) Cjs
=0
1 &
Ay = 3 Zsk—j—lmlcja
=0

Jj-1 Jj-1
Azl— E Sk—j-1( ,+1 Sj—i—lti+lsi+g Sicicitipa(si +8i41) |

i=0 i=0
1 j-1
Ay = — 5 Zsk —j-11; Zosj—i—ltH»ISi + ;ijiflliJrZ(Si +5i1) |
Ay = Ay + Ay.

Next we tackle 4;. We have

ZE *ZS" a lS’( ﬁl) Zsk 18 ((t) = 3(t1) + 241),

k—1

t.
A“:ZSk —j-14; (d +d'+1+cj’j+l+sf<j;>>’

j=0
k=1

Ay = Z Sk—j—1tj42d;,

J=0

k-1
Ap = E Sk—j—1tjr2dii1,

Jj=0

k—1

Ay = E Sk—j—1tj+2Ct 41,
=
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k-1
11
A44—ZS1< . 1lj+2s;< 5 ),

Jj=0

Ay 18 similar to 4.

k-1
Ap =) Si_joitiadi
Jj=0
k-1 j
= Sk—j— 1t1+2 E S ilir1Ci + E Sj— l( )Si+ E Sj—iti-%—Z(cz
j=0 i=0
J t
i+2
+cipt + tip1si) + E Sj—i( ) )(si+si+l) )
i=0
-1
Agpy = E g Sk—j—18+28j—ili+1Ci,
=0 =0
1 i1 i1
Agpr = E E Sk—j—1tj+28j-itit1 E Si—n—1Tn+18n + E Sicn—ttar2(Sn 4 Sut1)
j=0 i=0 n=0 n=0
1
2
Agpy = E Si—j1tj28,-i8i(ti1)” — 1) /2,
=0 i=0
-1
Agpz = E E Sk—j1tj28-itira (i + Civ1 + Sitis1 ),
=0 =0
-1
Agp31 = E E St—j—1tj428j—iliy2Ci,
=0 =0
1 il
Agpz = g Sk—j—11j4+28 j—iti128i—n—1tn+1Sn,
j=0 i=0 n=0
=1 il
Agpzn = Sk—j—12j428j—ili12Si—n—1bn425n,
7=0 =0 n=0

>~

1M

-1

A423l3 Z

j=0

i1
Sk—j—18j+28j—ili+28i—n—12n+28n+1,
n=0

Agz1 = Agziy + Aapziz + Aapzis,

k=1 J

Az = E g Sk—j—1tj428j-itiz2Cit1,

Jj=0 =0
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J

i
A42321:§ E g Sk—j—11j1+28 j—ili+2Si—nln+1n,

E.
k-1
=0
k-1
Agpzn = E
Jj=0
k-1
Agpz3 = g
Jj=0
k-1
Agpzz =
Jj=0

i=0 n=0

1
Sk—j—18j+28j—ili+2Si—nln+2Sn,
—0 n=0
i
Sk—j—18j+28j—ilit2Si—nln+2Sn+1,
n=0

M- -

-

Il
=3

Sk—j—1tj+28j—iliv2Siliv1,
1

Agzo = Agpzor + Aapzon + Aaps,

A423 = A4231

kp—1

+ Az + Aszz,

J
t;
Ay = Z Zsk—_i—ltj+2sj—i< 52 ) (si 4 si41),

J=0

i=0

Ay = Aupy + Aazp + Aoz + A,

f—1
Ayz = E Sk—j1tjr2tj41C)y

~.
=]

=~

—1

A431

Agzr = Z

Ayz3

j—1

Sk,j,ltj+2tj+lsj—i—lti+lsia
i=0
j—1

Sk,j,ltj+2tj+lsj—i—lti+25ia
0

i=!

j-1

E Sk—j—1tj12tip18j—i-1ti12Siv1,

i=0

Auz = Auzy + Agzp + Ayzs,

k—1

ti
Ay = ZSkjlfj+2Sj< j; )7

Jj=0

575
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k—1 P
j+2
A5y = Zskjl( /5 )C/+17
J=0
As3 = Zsk—/ 1( )S;f;+1,

s =5 E Sk—j—1( ,+2 — ti12)c),

j=0
| k=t )
Asip == Sk—jm1((t42)” = tjs2)sjim1tinSi,
2
Jj=0 =0
| k=t it )
Asip = 3 Si—jo1((tj42)” = tj42)8j—i1tiva (8 + Si41),
=0 i=0

Asy = Asy + dsio,

|k
Asy = B Zsk—j—l((tjﬂ)z — j12)Cje1,
j=0

1 k—1 J 5
Asy = 3 Z > Sk—jo1((tj42)” = tj42)8)—itis18is
Jj=0 =0
= ,
Asy = 3 Zskfjfl((t/ﬂd) — tiy2)Si itipa (S + Si1),
=0 i=0

Asy = Asyy + Asyp,  As = Asy + Asy + Ass,

k—1
t:
A6 = Zsk./ls.z( ’;2)

k— =
2
E Sk—j18;(tj42) —5 E :Sk—j—lsj(tj+2) +§ Sk—j—185tj+2,
=0 =0 =0
k-1
2
Sk—j—15j+1
Jj=0
k-1 k-1 k-1
1 5 1 , 1
Sk—j-18j+1(tj+2) 3 Sk—j-157+1(842) +§ Sk—j-187+18425
J:0 Jj=0 Jj=0

ds = A1 + Ag;.
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Thus,
ek:Al +A2—|—A3—|—A4—|—A5—|—A6

We must show all sums of type 4 actually vanish. Some sums of type A are
given in Lemmas 3.1-3.4 which was proved in [12]. These sums given in Lem-
mas 3.1-3.4 are sums in the case of nilpotency class 2 and 3.

In case of nilpotency class 4, remaining sums of different type from sums in
Lemmas 3.1-3.4 are given in Lemmas 3.5-3.8. These sums are shown to be
vanish by using MAPLE, for some primes. For example p = 5, 11. These sums
do not vanish for finitely primes. For example, for p =19, 29, 37. In fact, Thus
we have shown ¢; = 0 for the type I sequence. It is a matter of algebraic ma-
nipulation to show that ¢, = e;,», = 0. The analysis of the type II sequence is
extremely similar to that of the type I sequence.

To prove Theorem 2.2, we consider following equality

k-1 k=1 2%—1 kp—1
= + 4+ 4
Jj=0 =0 j=k j=(p—1)k
We write
k=1 2k—1 kp—1

~.
Il
f=}

= =Dk

Because the sequence is periodic, its Wall number is k£ and s; = s;,; for i = 0.
Hence,

k—1

T

=P

Il
)

j =0

Thus, if we take the latest sum according to modulo p, it vanishes. Similarly, we
have shown ey, = 0 for the type I sequence. It is a matter of algebraic ma-
nipulation to show that ey,,; = e,» = 0. The analysis of the type II sequence

is extremely similar to that of the type I sequence. So the proof is completed.

Conjecture. The class number can be increased to five. It seems that more
complex sums than those of this document are needed to be vanished. Thus, it is
likely to put more restrictions on prime numbers in question.
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