On Relationship Among a New Family of k-Fibonacci,
k-Lucas Numbers, Fibonacci and Lucas Numbers

Engin Ozkan*, ipek Altun and Ali Aykut Géger

Department of Mathematics, Faculty of Sciences and Arts, Erzincan University, Erzincan 24000, Turkey.
*Author for correspondence; e-mail: eozkan@erzincan.edu.tr

ABSTRACT

Received 4 May 2015
Accepted 18 October 2016

We prove some theorems concerning a family of Fibonacci numbers defined in [11].

We give some relationship between the family of Fibonacci and Lucas numbers. Then we define

a new family of k-Lucas numbers and prove some properties of it related to the Lucas numbers

and the family of Lucas numbers.
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1. INTRODUCTION

In the recent years, there has been much
interest in applications of Fibonacci numbers
and sequences. They appear in many branches
of mathematics. These include group theory,
calculus, applied mathematics, linear algebra,
etc. Also, these numbers have many important
applications to diverse fields such as computer
science, physics, biology and statistics. We can
see applications of Fibonacci sequences in
group theory in [2,3,7,13] and also see some
generalized Fibonacci and Lucas sequences
in [4,6,8,12,16,17,18]. Ozkan has proved two
theorems concerning the period of the 3-step
Fibonacci sequences and given some conjectures
concerning the period of the 3-step Fibonacci
sequence in [14]. In [5], Gyoung-Sik et al.
introduced the truncated Fibonacci sequences
and the truncated Lucas sequences. In [14],
Ozkan proved some theorems on truncated
Fibonacci sequences and stated some conjectures
on their periods.

In the present paper, we give the detail
proof of the Binet formula for {F,} and its
extension for {L, } in [10]. We shall focus on a
new family of these numbers defined in [11].
We will prove some theorems concerning the
family and give some relationship between
the family and Fibonacci number. Then we
will give a new family of &-Lucas numbers
and prove some properties of it related to the
Lucas numbers the family of Lucas numbers.

2. MATERIALS AND METHODS

It is well known that the Fibonacci
numbers: F, for n = 0,1... are defined by the
Binet’s formula as follows:

E,: :aa:g =%(an+1_ﬁn+1), n
=0,1,..., 0

Let o and B be the roots of the quadratic equation
x2—x—1=0

(1+V5) (1-v5)

where o= *— and p= —
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The two roots play an important role in
studying the Fibonacci and Lucas Sequences.

The number alpha is called the golden
ratio. They satisfy the following equations

a+B=1a-B=V5ap=-1,a’=a+1
and B2 =B+ 1.

This explicit formula for F, is called Binet’s
formula, after the French mathematician Jacques-
Phillipe-Marie Binet (1786-18506), who discovered
itin 1843. In fact, it was first discovered in 1718
by the French mathematician Abraham De
Moivre (1667-1754) using generating functions,
and also arrived at independently in 1844 by
the French engineer and mathematician Gabriel
Lame (1795-1870). The numbers F, satisty the
second order linear recurrence relation:

Fn = Fn_]_ + Fn_z, n= 1,2,...,

with the initial conditions F.; =0, F, = 1. It
is also widely know that the F, is related by the
determinant of the special tr1d1agonal matrix

of the form
— | IeRan

We will prove the Binet form for the Fibonacci

numbers by using mathematics induction onn

When n = 1, it is clear that
F=1=%F

a—

=

Hence, F, =
arbitrary positive integer. Suppose, F, =

L Bis true forn = 1. Let £be an

_B a — ﬁn
P

for any positive integer form 1 to 4. Then

we must show that equation also holds when
n=k+1.
Thus, by the inductive hypothesis, we have

ak—l _ ﬁk—l

k
and Fy_q = pour:

k _
Fk =aa—B

Hence it follows that,
Fyp1 =Fe + Frq

ok — gk qk=1_ k-1
T e | aB
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a1l (a+1)- pFI(B+1)
e —
k—1,2_ pk-1p2
— @=a+1,p*=p+1)
akt1 _Bk+1
=

Thus, by the principle of mathematical induction,
E, = -B"
the proof is complete.

is true for all positive integer n and

The Lucas numbers are given by
Ly = Lpy + Ly n=23,... with initial
conditions Ly = 2 and L, = 1. The first few
Lucas numbers are 2, 1, 3,4, 7,11, 18, 29, 47,
76, . ... The Binet’s formula for the Lucas
numbers L,isL, =a™+ ", n=0,1,..

Proof. We have prove by using mathematical
induction on n.

When n =1, then Li=a+f.

Hence L, = a™ + p" is true forn = 1.

We suppose that L, = a™ + g™ is true for any
integer. Than, we will show the above equation
also holds when » = £ +1.

Thus, we have

Liys = Ly + Ly

= ak 4 Bk 4 gkl 4 g1
=ak(a+r D+ B+ 1)
— ak1q2 4 gk-1g2

=g+ 4 g+,

Hence, by the principle of mathematical
induction,L,, = a™ + B™ is true for all positive
integers n.

Therefore, we see that the Lucas and Fibonacci
numbers are related by

Fop.
Ly=F,+F,= ;"1

n-1

Now, we give the definition of a generalized
k-Fibonacci number in [11] as follows.

Definition 2.1 Let » and k (# 0) be natural
numbers, then there exist unique numbers 7
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and 7 such thatn = mk +r.(0 < r < k). Using
these parameters, we define the generalized
£Fibonacci numbers FX by

Fn(k) = 1 - (am+2_ﬁm+2)r(am+1_ﬁm+1)k—r'
(V5)
n=mk+r.

The first new numbers of the new family for
k = 2,3 are as follows:

) 10
{Fn } ={1,1,1,2,4,6,9,15,25,40,64},
n=0

{F(s)}n )

={1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized
4-Fibonacci and Fibonacci numbers are related by

EX = (B)*" (Fpst),

n=mk+r.

Considering the case k = 1 in (1), we see that
m = nandr = 0.Therefore, FV is the Fibonacci
because we have

V= (B (Fun)”

number F,

E® = (F)(Fpy)°

V= (R =F,
That is,

1) 10
{EP} " =(1,1235813,21,3455).
n=0

3. RESULTS AND DISCUSSION

Definition 3.1 Let # and k (# 0) be natural
numbers, then there exist unique numbers 7
and # such that n = mk +7 (0 <7 < k). Using
these parameters, we define the generalized £
Lucas numbers L by

Lglk) 1= (@M + ML) (oM 4 gMKT
n=m

The first new numbers of the new family for
k = 2,3 are as follows:

) 10
{Ln } = {4,2,1,3,9,12,16,28,49,77,121},
n=0

(),

{8,4,2,1,3,9,27,36,48,64,112}.
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From Definition 3.1, the generalized £-Lucas

and Lucas numbers are related by
L(k) Lm ) "(Ls)", n=mk+r. @

Considering the case k = 1 in (2), we see that
m =n and r = 0. Therefore, LY is the Lucas

number L,,.
LY = (L) (Lps)°
LY = (L) (Lys1)°
LY = (L)t = Ln
That is ,

) 10
{Ln } 0 {2,1,3,4,7,11,18, 29,47, 76}.
n=

We give two simple properties of the family
of Lucas as follows,

L1921 = (L) (Lns)

Proof. Let k=2 ,r =1 in (2) , we see that

n=mk+r=2m+1
L2 = (Ly)*  (Lnsr)"

1P = (L) (Lyns1)?

LD 1 = L) (Lnsr) - [

ii. LG, = (Ly)?

Proof. Let k=2,r =0 in (2), we see that

n=mk+r=2m

LD = L) (Ls)°
1P = (L) (Lins1)°

LD = (L) O

Theorem 3.2 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers satisty

(FZ(;))Z Fz(rf)l Fz(rzl-)iq — ( 1)n+1 F(Z)

Proof. We have the following equalities from
[11].
F(Z) = (F, )2
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Ea) s = (F) (Fuo1)
Fyhy = (F) (Fag)-

From these equalities, we have

(Fz(rf))z - %(311-F2(§l1 = (F)* = (F) (Fp-1)

(Fn)(Fn+1)

= (Fn)4 - (Fn)z(Fn—l)(Fn+1)
= (FE)*{(F)? = (Fp—1) (Fnt1)}
= (B2 (1™

— (_1)n+1F2(2)_ 0

Theorem 3.3 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers satisfy

F(Z)

(2) 2 _
F4—n—2 + i~ F4n =+1.

Proof. We have the following equalities from

[111.

2
th(n)—z = (FZn—1)2

Fins = (Fon) (Fanoa)
ES) = (Fan)?.
From these equalities, we have
Ely+ Ealyi = ES = (Fano1)? + (Fan)
(Fan-1) = (Fan)?
= Fono1 { (Fan) + (Fan-1) } = (Fan)?
= Fon-1{Fan41} = (Fan)?
= [(Fan-1)(Fan+1)—(F2n)?]
= [(=D)"]
=+1.0J

Theorem 3.4 Let n € {1,2,3 ...}, For fixed n,
the generalized 2-Fibonacci numbers satisty

2) _ p@ (2) (2)
F2n+2 — f2n-2 + 2FZn—l + FZn .

Proof. Fz(ﬂz =(Fp11)?
= (Fpq + Fn)z
= (Fn—l)2 +2EF 1+ (Fn)2

_r@ (2) 2)
_FZn—Z + 2F2n—1 + FZn O
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Theorem 3.5 n € {1,2, ... }. For fixed n, we have
a relation among the generalized 2-Fibonacci
numbers, Fibonacci and Lucas numbers as

follows,

Ly Fpor = LpFooy = FE2, —E2,
Proof.
Lp.Fuyr = L. Fpoq

= [(Fns1 + Faor) Fgpa] = [(Frgq + Fmq) Faod]
=Fp_1-Frpr + (Fpga )2 - (Fn—l)z —Fp1 Fuga

=(Fn+1)2 - (Fn—l)z

_®@

2n+2

(2)
- FZn—Z' U

Theorem 3.6 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers satisfy

(Ln+1)2 - (Ln)z = SFZ(‘r?H +5F2(.rzl)_1A
Proof. We know (L, 41)?- (L,)? = 5(F,y) from
[9]. By using it, we have

(Ln+1)2_ (Ln)z = 5(Fn)
=5(Fy. Fpa + By Fpoq)
5@ (2)
_5(F2n+1 + FZn—l)
=sE2, +5E2 . 0

n+1

Theorem 3.7 Let n € {1,2, ... }. For fixed n, we

have the relation
(Ln)z = 3F2(r?—2 +2F2(§)_1 + F(Z)

2n+2 -

between the generalized 2-Fibonacci numbers
and Lucas numbers.

Proof. (Lp)? = (Fpi + Fpy1)?
= (Fpo1)®+2F 4. Fypq+(Fog)?
= (Fpe1)? + 2F 4 (Fogy B+ (Fog)?
= (Fp1)? + 2(Fpe1)? + 2F0 Fyog + (Frn)?
= 3(Fp_1)? + 2E,.Fy_q + (Fpi1)?

=32, 22 +E® .. O

2n—-1 2n+2-
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Theorem 3.8 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers satisfy

the equation
E®_ _ @

_ @ (2)
2n+2 2n-2 — FZn—l +E

2n+1 -

Proof. E2), —FZ), = (Fpe1)? — (Fao1)?

= (Fus1 = Foo1). (Fna + F)

= (F). (Fos1 + Fao1)

= (Fy. Foy1 + Fy. Fmq)

= FZ(TZL)—l + FZ(rf-)i—l U
Theorem 3.9 Let n€{1,2,...}. For fixed
n, we have a relation among the generalized

2-Fibonacci numbers, Fibonacci and Lucas
numbers as follows,

(Ly)? +2Fy + B2 = 4E2,

2n+2 -
Proof. (Ln)? +2Fzn + Fyy = (Ln)? +2Fy. L+(F)?
= (L +F?
= (Fay1 + Fpg + B)?
(Frs1 + Fryn)?
= (2Fp41)?
- 41’2(212- O
Theorem 3.10 Let n € {1,2,...}. For fixed n,

the generalized 2-Fibonacci numbers satisfy

the equation
o)

2n+1 2n-3

(2) @)
FZn + FZn—Z .

Proof. F2, —FE2 . = Fy. Fypy — Fyoy. Fos
=[Fooq + Foal - Fayr — Fog. Py
=FgFor t Foa Fpyr — Fpo1 B

= Foo1.Foy1 + (Fuy1r = Fp1) - Fo

= Foy1 Fpoa + B B

Fpin-1

= pn—-14n
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Fy. Ey + Fp_y.Fyy

= (Fn)z + (Fn—l)z

2n—-2-

Theorem 3.11 Let k € {2,3, ...}. For fixed k,
the generalized k-Lucas numbers satisfy the

equation

NG

k) _ )
nk+k-1 + Lnk+k =L

nk+k+1 -

Proof. From (2), we obtain the proof of the
theorem as follows

L9y + L9 = ()t (L)<
[ Lns)* L) ]
= [(Ln)l- (Ln+1)k_1] +(Ln+1)k
= (Ln+1)k_1-[ (Lp) + (Ln+1)]

= (Ln+1)k_1- Lot

— 7
= Lories -

Theorem 3.12 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers and Lucas
numbers satisfy the equation

(2) @ _ (2) (2)
2 L2n—1 + LZn - 5(F2n+1 + FZn—l)
Proof. 215, +1LS) = 2(Ly)(Ln-1) + (Ln)?
= (L) 2Ly—1 + (Ly)
=Lp(Lpoq + Loy + Ly)
=1L, (Ln—l + Lpt1)

=L, 5E,

= 5F, L,
= 5F,,

=5(Fy. Fuy1 + Fpq. Fy)

2 2
= 5(F2(n-)l-1 + Fz(n) 1.

Theorem 3.13 Let n € {1,2,...}. For fixed n,
the generalized 2-Lucas numbers and Lucas
numbers satisfy

L@

2n+2

_ 1@

-2 = Lont1 -
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- L(zzn)—z = (Lp+1)* = (Lp—1)?

=(Lpy1 = Lo gy + Lny)
= Lp(Lpg1 + Lnoq)

= LyLpyy +Lplny

Proof. L?

2n+2

= Lonts. [

Theorem 3.14 Let n € {1,2,...}. For fixed n,
the generalized 2-Fibonacci numbers and
2-Lucas numbers satisfy the equation

@ _ ;@ (2)
F4n+1 - L2n+1 FZn .

Proof. F2\, = Fyn. Fopa
= Fon(Fy Fpr + Fpt )
= Fon Fy(Fop1 + Foq)
= FpuFy Lysa
= Blnky Lys
= (F)? Lyl

_ 7@ 2
- L2n+1 FZn U

Theorem 3.15 Let n € {1,2, ...}. For fixed n,
we have a relation among the generalized
2-Fibonacci numbers, Fibonacci and 2-Tucas
numbers as follows

L(erg —2F.F ;= Fz(r%) +F2(73)—4-
Proof. LY —2F, F,_, = (L))?—2F, F,_,
= (B + Fn—Z)2 —2F,. F_;

= (Fn)z +2F.F ot (Fn—z)z —2F.F,

(Fn)zJr (Fn—2)2

(2) (2)
FZn + FZn—4 . D

4. CONCLUSION

In this study, it was proved some theorems
concerning a new family of Fibonacci numbers
defined in [11] and given some relationship
between the family of Fibonacci and Lucas
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numbers. Then it was also given a new family of
4-Lucas numbers and proved some properties
of it related to the Lucas numbers and the
family of Lucas numbers.
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