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ABSTRACT
	 We prove some theorems concerning a family of  Fibonacci numbers defined  in [11]. 

We give some relationship between the family of  Fibonacci and Lucas numbers. Then we define 
a new family of  k-Lucas numbers and prove some properties of  it related to the Lucas numbers 
and the family of  Lucas numbers.
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1. INTRODUCTION
In the recent years, there has been much 

interest in applications of  Fibonacci numbers 
and sequences. They appear in many branches 
of  mathematics.  These include group theory, 
calculus, applied mathematics, linear algebra, 
etc. Also, these numbers have many important 
applications to diverse fields such as computer 
science, physics, biology and statistics. We can 
see applications of  Fibonacci sequences in 
group theory in [2,3,7,13] and also see some 
generalized Fibonacci and Lucas sequences 
in [4,6,8,12,16,17,18]. Özkan has proved two 
theorems concerning the period of  the 3-step 
Fibonacci sequences and given some conjectures 
concerning  the period of  the 3-step Fibonacci 
sequence in [14]. In [5], Gyoung-Sik et al. 
introduced the truncated Fibonacci sequences 
and the truncated Lucas sequences. In [14], 
Ozkan proved some theorems on truncated 
Fibonacci sequences and stated some conjectures 
on their periods.

In the present paper, we give the detail 
proof  of  the Binet formula for 
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Ozkan proved some theorems on truncated Fibonacci sequences and stated some conjectures 

on their periods.

In the present paper, we give the detail proof of the Binet formula for {𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 } and its extension 

for {𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 } in [10]. We shall focus on a new family of these numbers defined in [11] . We will 

prove some theorems concerning the family and give some relationship between the family 

and  Fibonacci number. Then we will give a new family of k-Lucas numbers and prove some 

properties of it related to the  Lucas numbers the family of Lucas numbers.

2. MATERIALS AND METHODS

It is well known that the Fibonacci numbers: 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛  for 𝑛𝑛𝑛𝑛 = 0,1. .. are defined by the Binet’s 

formula as follows:

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 : = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
 = 1

√5
(𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛+1 - 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛+1) , 𝑛𝑛𝑛𝑛 = 0, 1, . . . , (1)

Let α and 𝛽𝛽𝛽𝛽 be the roots of the quadratic equation

𝑥𝑥𝑥𝑥2 − 𝑥𝑥𝑥𝑥 − 1 = 0

where α= �1+√5�
2

and 𝛽𝛽𝛽𝛽= �1−√5�
2

.

The two roots play an important role in studying the Fibonacci and Lucas Sequences.

The number alpha is called the golden ratio. They satisfy the following equations

𝛼𝛼𝛼𝛼 + β = 1, 𝛼𝛼𝛼𝛼 − β = √5, 𝛼𝛼𝛼𝛼β = −1, 𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1 and 𝛽𝛽𝛽𝛽2 = β + 1.

This explicit formula for 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is called Binet’s formula, after the French mathematician 

Jacques-Phillipe-Marie Binet (1786-1856), who discovered it in 1843. In fact, it was first 

discovered in 1718 by the French mathematician Abraham De Moivre (1667-1754) using 

generating functions, and also arrived at independently in 1844 by the French engineer and 

mathematician Gabriel Lame (1795-1870). The numbers 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 satisfy the second order linear 

recurrence relation:

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2,     𝑛𝑛𝑛𝑛 = 1,2, . . .,

 and its 
extension for 
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𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

When 

3 
 

with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

, it is clear that 

3 
 

with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

.

Hence, 

3 
 

with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

 is true for 
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with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝
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⎛
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−1       1 1    
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⋱
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⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.
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.
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𝛼𝛼𝛼𝛼−β
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= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β
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= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1
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Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.
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When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.
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𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =
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𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1
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𝛼𝛼𝛼𝛼−β
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𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
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𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.
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We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.
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determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

Thus, by the principle of  mathematical induction,  
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and the proof is complete.

 and 
the proof  is complete.

The Lucas numbers are given by 

4 
 

The Lucas numbers are given by 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛  =  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛-1  +  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛-2, n = 2,3,. . .

with initial conditions 𝐿𝐿𝐿𝐿0 = 2 and 𝐿𝐿𝐿𝐿1 = 1. The first few Lucas numbers are 2, 1, 3, 4, 7, 11, 

18, 29, 47, 76, . . . . 

The Binet’s formula for the Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 is 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 , 𝑛𝑛𝑛𝑛 = 0, 1 , . .. 

Proof. We have prove by using mathematical induction on 𝑛𝑛𝑛𝑛.

When 𝑛𝑛𝑛𝑛 = 1, then 𝐿𝐿𝐿𝐿1= 𝛼𝛼𝛼𝛼+ 𝛽𝛽𝛽𝛽 . 

Hence 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for n=1.

We suppose that 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for any integer. Than, we will show the above equation 

also holds when 𝑛𝑛𝑛𝑛 = k +1.

Thus, we have 

𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘+1    =  𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘  + 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘−1 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘 + 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+ 1)+𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β + 1) 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2 

=𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘+1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1, 

Hence, by the principle of mathematical induction,  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛  is true for all positive 

integers 𝑛𝑛𝑛𝑛. 

Therefore, we see that the Lucas and Fibonacci numbers are related by 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-2 =
𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛-1
𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-1

Now, we give the definition of  a generalized k-Fibonacci number in [11] as follows.

Definition 2.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Fibonacci numbers 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

 with initial 
conditions 
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We suppose that 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for any integer. Than, we will show the above equation 

also holds when 𝑛𝑛𝑛𝑛 = k +1.

Thus, we have 

𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘+1    =  𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘  + 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘−1 
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Hence, by the principle of mathematical induction,  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛  is true for all positive 

integers 𝑛𝑛𝑛𝑛. 

Therefore, we see that the Lucas and Fibonacci numbers are related by 
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𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛-1
𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-1

Now, we give the definition of  a generalized k-Fibonacci number in [11] as follows.

Definition 2.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Fibonacci numbers 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by
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with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

.
When 
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𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

, then 
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The Lucas numbers are given by 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛  =  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛-1  +  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛-2, n = 2,3,. . .

with initial conditions 𝐿𝐿𝐿𝐿0 = 2 and 𝐿𝐿𝐿𝐿1 = 1. The first few Lucas numbers are 2, 1, 3, 4, 7, 11, 

18, 29, 47, 76, . . . . 

The Binet’s formula for the Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 is 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 , 𝑛𝑛𝑛𝑛 = 0, 1 , . .. 

Proof. We have prove by using mathematical induction on 𝑛𝑛𝑛𝑛.

When 𝑛𝑛𝑛𝑛 = 1, then 𝐿𝐿𝐿𝐿1= 𝛼𝛼𝛼𝛼+ 𝛽𝛽𝛽𝛽 . 

Hence 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for n=1.

We suppose that 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for any integer. Than, we will show the above equation 

also holds when 𝑛𝑛𝑛𝑛 = k +1.

Thus, we have 

𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘+1    =  𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘  + 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘−1 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘 + 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+ 1)+𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β + 1) 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2 

=𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘+1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1, 

Hence, by the principle of mathematical induction,  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛  is true for all positive 

integers 𝑛𝑛𝑛𝑛. 

Therefore, we see that the Lucas and Fibonacci numbers are related by 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-2 =
𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛-1
𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-1

Now, we give the definition of  a generalized k-Fibonacci number in [11] as follows.

Definition 2.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Fibonacci numbers 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

Hence 
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The Binet’s formula for the Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 is 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 , 𝑛𝑛𝑛𝑛 = 0, 1 , . .. 
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We suppose that 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for any integer. Than, we will show the above equation 

also holds when 𝑛𝑛𝑛𝑛 = k +1.

Thus, we have 
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=𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘+1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1, 

Hence, by the principle of mathematical induction,  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛  is true for all positive 

integers 𝑛𝑛𝑛𝑛. 

Therefore, we see that the Lucas and Fibonacci numbers are related by 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-2 =
𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛-1
𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛-1

Now, we give the definition of  a generalized k-Fibonacci number in [11] as follows.

Definition 2.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Fibonacci numbers 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

 is true for 
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with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

.
We suppose that 
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Hence 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for n=1.

We suppose that 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛 is true for any integer. Than, we will show the above equation 

also holds when 𝑛𝑛𝑛𝑛 = k +1.

Thus, we have 

𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘+1    =  𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘  + 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘−1 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘 + 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+ 1)+𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β + 1) 

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2 

=𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘+1 + 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1, 

Hence, by the principle of mathematical induction,  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 + 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛  is true for all positive 

integers 𝑛𝑛𝑛𝑛. 
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Now, we give the definition of  a generalized k-Fibonacci number in [11] as follows.

Definition 2.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 
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with the initial conditions 𝐹𝐹𝐹𝐹-1 = 0,  𝐹𝐹𝐹𝐹0 =  1. It is also widely know that the 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 is related by the 

determinant of the special tridiagonal matrix of the form

𝑇𝑇𝑇𝑇𝑛𝑛𝑛𝑛 =

⎝

⎜
⎛

1        1 0    
−1       1 1    

           ⋱ ⋱
⋱
−1 1 1
0 −1 1

         

⎠

⎟
⎞
𝜖𝜖𝜖𝜖𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

We will prove the Binet form for the Fibonacci numbers by using mathematics induction on 𝑛𝑛𝑛𝑛

When 𝑛𝑛𝑛𝑛 = 1, it is clear that 

𝐹𝐹𝐹𝐹1 = 1 = 𝛼𝛼𝛼𝛼−β
𝛼𝛼𝛼𝛼−β

.

Hence, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for 𝑛𝑛𝑛𝑛 = 1. Let k be an arbitrary positive integer. Suppose, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 =

𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
for any positive integer form 1 to k. Then we must show that equation also holds when 

n = k +1.

Thus, by the inductive hypothesis, we have

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
and  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

Hence it follows that ,

𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘+1 = 𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘 +  𝐹𝐹𝐹𝐹𝑘𝑘𝑘𝑘−1

         = 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘

𝛼𝛼𝛼𝛼−β
+ 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1

𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘−1(𝑎𝑎𝑎𝑎+1)− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1(β+1)
𝛼𝛼𝛼𝛼−β

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘−1𝛼𝛼𝛼𝛼2− 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘−1𝛽𝛽𝛽𝛽2

𝛼𝛼𝛼𝛼−β
(𝛼𝛼𝛼𝛼2 = 𝛼𝛼𝛼𝛼 + 1,𝛽𝛽𝛽𝛽2 = β + 1)

= 𝛼𝛼𝛼𝛼
𝑘𝑘𝑘𝑘+1 − 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘+1

𝛼𝛼𝛼𝛼−β

Thus, by the principle of mathematical induction, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 = 𝛼𝛼𝛼𝛼𝑛𝑛𝑛𝑛 − 𝛽𝛽𝛽𝛽𝑛𝑛𝑛𝑛

𝛼𝛼𝛼𝛼−β
is true for all positive integer 𝑛𝑛𝑛𝑛

and the proof is complete.

.
Therefore, we see that the Lucas and Fibonacci 
numbers are related by 
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Now, we give the definition of  a generalized 
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𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶=

1

�√5�
𝑘𝑘𝑘𝑘 (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+2-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+2)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,1,2,4,6,9,15,25,40,64},

�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized k-Fibonacci and Fibonacci numbers are related 

by                 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (1), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) is the  

Fibonacci number 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 because we have

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1−0(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

That is,                               

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,2,3,5,8,13,21,34,55}.

3. RESULTS AND DISCUSSION

Definition 3.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:
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k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:	

5 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶=

1

�√5�
𝑘𝑘𝑘𝑘 (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+2-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+2)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,1,2,4,6,9,15,25,40,64},

�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized k-Fibonacci and Fibonacci numbers are related 

by                 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (1), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) is the  

Fibonacci number 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 because we have

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1−0(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

That is,                               

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,2,3,5,8,13,21,34,55}.

3. RESULTS AND DISCUSSION

Definition 3.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:
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�𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {4,2,1,3,9,12,16,28,49,77,121},

�𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {8,4,2,1,3,9,27,36,48,64,112}.

From Definition 3.1, the generalized k-Lucas and Lucas numbers are related by                 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (2)

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (2), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) is the  Lucas 

number 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1−0(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

That is ,                               

      �𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {2, 1, 3, 4, 7, 11, 18, 29, 47, 76}.

We give two simple properties of the family of Lucas as follows,

𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 1 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚 + 1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)2−1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1

                                                                                 𝐿𝐿𝐿𝐿2𝑚𝑚𝑚𝑚+1
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1) . □

𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2
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(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1) . □

𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 0 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚

 	 (2)

Considering the case 

5 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶=

1

�√5�
𝑘𝑘𝑘𝑘 (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+2-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+2)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,1,2,4,6,9,15,25,40,64},

�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized k-Fibonacci and Fibonacci numbers are related 

by                 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (1), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) is the  

Fibonacci number 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 because we have

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1−0(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

That is,                               

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,2,3,5,8,13,21,34,55}.

3. RESULTS AND DISCUSSION

Definition 3.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

 in (2), we see that 

5 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶=

1

�√5�
𝑘𝑘𝑘𝑘 (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+2-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+2)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,1,2,4,6,9,15,25,40,64},

�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized k-Fibonacci and Fibonacci numbers are related 

by                 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (1), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) is the  

Fibonacci number 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 because we have

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1−0(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

That is,                               

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,2,3,5,8,13,21,34,55}.

3. RESULTS AND DISCUSSION

Definition 3.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

 and 

5 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶=

1

�√5�
𝑘𝑘𝑘𝑘 (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+2-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+2)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1-𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,1,2,4,6,9,15,25,40,64},

�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {1,1,2,4,8,12,18,27,45}.

From (1) and Definition 2.1, the generalized k-Fibonacci and Fibonacci numbers are related 

by                 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐹𝐹𝐹𝐹𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (1), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) is the  

Fibonacci number 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 because we have

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1−0(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)0

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)1 = 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

That is,                               

      �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {1, 1,2,3,5,8,13,21,34,55}.

3. RESULTS AND DISCUSSION

Definition 3.1. Let n and 𝑘𝑘𝑘𝑘 (≠ 0) be natural numbers, then there exist unique numbers m and 

n such that 𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 (0 ≤ 𝑟𝑟𝑟𝑟 < 𝑘𝑘𝑘𝑘). Using these parameters, we define the generalized 

k-Lucas numbers 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) by

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) ∶= (𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚+1 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚 + 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟 ,   𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟.

The first new numbers of the new family for 𝑘𝑘𝑘𝑘 = 2, 3 are as follows:

 Therefore, 

6 
 

�𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2)�

𝑛𝑛𝑛𝑛=0

10
= {4,2,1,3,9,12,16,28,49,77,121},

�𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(3)�

𝑛𝑛𝑛𝑛=0

10
= {8,4,2,1,3,9,27,36,48,64,112}.

From Definition 3.1, the generalized k-Lucas and Lucas numbers are related by                 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (2)

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (2), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) is the  Lucas 

number 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1−0(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

That is ,                               

      �𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {2, 1, 3, 4, 7, 11, 18, 29, 47, 76}.

We give two simple properties of the family of Lucas as follows,

𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 1 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚 + 1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)2−1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1
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Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 0 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚
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= {2, 1, 3, 4, 7, 11, 18, 29, 47, 76}.

We give two simple properties of the family of Lucas as follows,
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(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 1 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚 + 1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)2−1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1
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(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1) . □

𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 0 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚

We give two simple properties of  the family 
of  Lucas as follows,
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= {8,4,2,1,3,9,27,36,48,64,112}.

From Definition 3.1, the generalized k-Lucas and Lucas numbers are related by                 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(𝑘𝑘𝑘𝑘) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)𝑘𝑘𝑘𝑘-𝑟𝑟𝑟𝑟(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)𝑟𝑟𝑟𝑟,    𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟. (2)

Considering the case 𝑘𝑘𝑘𝑘 = 1 in (2), we see that  𝑚𝑚𝑚𝑚 = 𝑛𝑛𝑛𝑛 and 𝑟𝑟𝑟𝑟 = 0. Therefore, 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) is the  Lucas 

number 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1−0(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)0

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

That is ,                               

      �𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(1)�

𝑛𝑛𝑛𝑛=0

10
= {2, 1, 3, 4, 7, 11, 18, 29, 47, 76}.

We give two simple properties of the family of Lucas as follows,

𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 1 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚 + 1

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)2−1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1
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(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)1(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)1

                                                                                 𝐿𝐿𝐿𝐿2𝑚𝑚𝑚𝑚+1
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1) . □

𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊. 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

Proof. Let 𝑘𝑘𝑘𝑘 = 2 , 𝑟𝑟𝑟𝑟 = 0 in (2) , we see that  𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 = 2𝑚𝑚𝑚𝑚 in (2), we see that 
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
(2) = (𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚)2−0(𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚+1)0
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Theorem 3.2. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2))2 − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) .𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) = (−1)𝑛𝑛𝑛𝑛+1.𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. We have the following equalities from [11].

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1).

From these equalities, we have

(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2))2 − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) .𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)4 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)4 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2{(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)}

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2. (−1)𝑛𝑛𝑛𝑛+1

= (−1)𝑛𝑛𝑛𝑛+1𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2). □

Theorem 3.3. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) +  𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1

(2) − 𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = +1 .

Proof. We have the following equalities from [11].

Theorem 3.2 Let 
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= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

, 
the generalized 
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𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2.

From these equalities, we have

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) +  𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1

(2) − 𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2 + (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

-Fibonacci numbers satisfy
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𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2.

From these equalities, we have

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) +  𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1

(2) − 𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2 + (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

Proof.	

8 
 

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2.

From these equalities, we have

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) +  𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1

(2) − 𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2 + (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,
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(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
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= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]
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(2)
.
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= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,
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𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)
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= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
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(2)
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= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,
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= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy
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(2)
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Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

Theorem 3.5 
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𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2.

From these equalities, we have

𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−2
(2) +  𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1

(2) − 𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛
(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2 + (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

. For fixed 
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(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
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(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2 + (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
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(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2
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(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

, we have 
a relation among the generalized 
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(2) = (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)2

               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛−1
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= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1 { (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) +  (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1) } − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1{𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1} − (𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2

= [(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1)(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1)−(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)2]

= [(−1)2𝑛𝑛𝑛𝑛]

= +1. □

Theorem 3.4. Let  𝑛𝑛𝑛𝑛 ∈ {1,2,3 … },  For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2)
.

Proof. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)   =(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) + 2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) . □

Theorem  3.5. 𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

-Fibonacci 
numbers, Fibonacci and Lucas numbers as 
follows,
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

Proof. 
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

, 
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                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 
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=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
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Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]
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=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2)
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Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
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between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
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-Fibonacci numbers 
and Lucas numbers.

Proof.	
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(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1  −  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛.  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 =  [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1] − [(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1) 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1]

=𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 )2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1

=(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

=𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) . □

Theorem  3.6. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

                                                 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 – (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2)
.

Proof. We know  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛) from [9]. By using it, we have                 

                          (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2– (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛)

                       = 5(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

=5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

=5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) +5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) . □

Theorem  3.7. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have the relation 

( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2  = 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2)

.

between the generalized 2-Fibonacci numbers and  Lucas numbers.

Proof. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2   = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 

                                                                      =   ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2+2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)+ (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2
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satisfy the equation
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(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2
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=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

, 
the generalized 
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(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
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= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
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(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

-Fibonacci numbers satisfy 
the equation
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(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
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(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
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(2)
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Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

 

Proof. 	
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Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
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(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

Theorem 3.9 Let 
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

. For fixed 
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

, we have a relation among the generalized 
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

-Fibonacci numbers, Fibonacci and Lucas 
numbers as follows,
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= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.
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=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

10 
 

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

Theorem 3.10 Let 

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

. For fixed 

10 
 

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

, 
the generalized 

10 
 

= ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=   3(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2 + 2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

= 3𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2
(2) +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.8.  Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers 

satisfy the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2)
.

Proof.                                  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2 − (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛). (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

= (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                          = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

(2) . □

Theorem  3.9. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and Lucas numbers as follows,

(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) = 4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2

(2)
.

Proof.  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)=   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 +2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2

=    (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

-Fibonacci numbers satisfy 
the equation
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=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

Proof.	

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2
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= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1
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= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1
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=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2
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=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows
11 

 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

Theorem 3.11 Let 

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

. For fixed 

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

, 
the generalized 

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as follows

-Lucas numbers satisfy the 
equation

11 
 

=    (2𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1)2

=     4𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+2
(2) . □

Theorem  3.10. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers satisfy

the equation

         𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2)
.

Proof.          𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) − 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−3 

(2) =  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= [ 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2].𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 +  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + ( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 − 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1).𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+𝑛𝑛𝑛𝑛−1

= 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1+𝑛𝑛𝑛𝑛

=  𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)2

= 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−2

(2) .□

Theorem 3.11. Let 𝑘𝑘𝑘𝑘 ∈ {2,3, … }. For fixed 𝑘𝑘𝑘𝑘, the generalized 𝑘𝑘𝑘𝑘-Lucas  numbers satisfy the 

equation

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘) = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘) .

Proof. From (2), we obtain the  proof of the theorem as followsProof. From (2), we obtain the proof  of  the 
theorem as follows

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛
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=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
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(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
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(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 
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(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
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Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 
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(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

Theorem 3.12 Let 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

. For fixed 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

, 
the generalized 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

-Fibonacci numbers and Lucas 
numbers satisfy the equation

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

Proof. 	
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𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy
12 

 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘
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=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

Theorem 3.13 Let 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

. For fixed 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

, 
the generalized 

12 
 

𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘−1
(𝑘𝑘𝑘𝑘) + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘

(𝑘𝑘𝑘𝑘)   = [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +[  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2)0 ]

= [(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)1. (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1] +(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1.[ (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛) + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1) ]

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)𝑘𝑘𝑘𝑘−1. 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+2:

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘+𝑘𝑘𝑘𝑘+1
(𝑘𝑘𝑘𝑘)  □ .

Theorem  3.12. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 

Lucas numbers satisfy the equation

        2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) =   5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) )

Proof.                                   2 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−1
(2) + 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛 

(2) = 2(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1) +  (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2

= (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)(2𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

                                                                                 = 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛

= 5𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

=5( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

                                                                                                           = 5(𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−1

(2) ). □

Theorem  3.13. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Lucas numbers and Lucas 

numbers satisfy

-Lucas numbers and Lucas 
numbers satisfy

13 
 

         𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 .

Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)
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        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

13 
 

         𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 .

Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

Theorem 3.14 Let 
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Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

. For fixed 
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(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

,  
the generalized 
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(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

-Fibonacci numbers and 
2-Lucas numbers satisfy the equation
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 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
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Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

13 
 

         𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 .

Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1
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                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □
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Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-
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                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)
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                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
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Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
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(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

. For fixed 
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         𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 .

Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

,  
we have a relation among the generalized  
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         𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 .

Proof.  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+2
(2) − 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛−2 

(2) =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1)2 − (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)2

                                                                                         = ( 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 − 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

= 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛(𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1)

=  𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1 + 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛−1

 =  𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1. □

Theorem  3.14. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, the generalized 2-Fibonacci numbers and 2-

Lucas numbers satisfy the equation

        𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2) = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 

(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2)

.

Proof.                                               𝐹𝐹𝐹𝐹4𝑛𝑛𝑛𝑛+1
(2)  =  𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛+1

                     = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1.𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)

               = 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛( 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛+1 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1)

                                                                        =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

                                                                        =   𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛+1

        = 𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛+1 
(2) 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2). □

Theorem  3.15. Let  𝑛𝑛𝑛𝑛 ∈ {1,2, … }. For fixed 𝑛𝑛𝑛𝑛, we have a relation among the generalized 2-

Fibonacci numbers,  Fibonacci and 2-Lucas numbers as follows

-Fibonacci numbers, Fibonacci and 2-Lucas 
numbers as follows
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                                   𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−4
(2)

.

Proof.                      𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

                                                                  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 +  (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

                                                                  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2+  (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2

                                                           =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−4

(2)  . □

4. CONCLUSION

In this study, it was proved some theorems concerning a new family of Fibonacci numbers 

defined  in [11] and given some relationship between the family of Fibonacci and Lucas 

numbers. Then it was also given a new family of k-Lucas numbers and proved some 

properties of it related to the Lucas numbers and the family of Lucas numbers.
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                                   𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−4
(2)

.

Proof.                      𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

                                                                  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 +  (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

                                                                  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2+  (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2

                                                           =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛
(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−4

(2)  . □

4. CONCLUSION

In this study, it was proved some theorems concerning a new family of Fibonacci numbers 

defined  in [11] and given some relationship between the family of Fibonacci and Lucas 

numbers. Then it was also given a new family of k-Lucas numbers and proved some 

properties of it related to the Lucas numbers and the family of Lucas numbers.
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                                   𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛

(2) + 𝐹𝐹𝐹𝐹2𝑛𝑛𝑛𝑛−4
(2)

.

Proof.                      𝐿𝐿𝐿𝐿2𝑛𝑛𝑛𝑛
(2) − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 =   (𝐿𝐿𝐿𝐿𝑛𝑛𝑛𝑛)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

=   (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 + 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2

                                                                  = (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛)2 + 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2 +  (𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2)2 − 2 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛. 𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−2
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