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ABSTRACT
In this article, we find elements of the Lucas polynomials by using two
matrices. We extend the study to the n-step Lucas polynomials. Then the
Lucas polynomials and their relationship are generalized in the paper.
Furthermore, we give relationships between the Fibonacci polynomials and
the Lucas polynomials.
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1. Introduction

Fibonacci numbers and sequence applications are of great interest. The Fibonacci sequence appears in
many branches of mathematics. These include group theory, calculus, applied mathematics, linear
algebra, etc. Also, these numbers have many important applications to diverse fields such as computer
science, physics, biology and statistics. We can see applications of the Fibonacci sequence in group
theory in [3, 8] and also see some generalized Fibonacci and Lucas sequences in [1, 2, 4, 7, 9, 10,
13–15, 17]. We can see some applications of the Fibonacci polynomials in [5, 6, 16, 18, 19]. One of
the researches in this area is that Hoggatt and Bicknell study on the Fibonacci polynomials and n-
step Fibonacci polynomials and give some properties of the polynomials [11].

In this article, we find elements of the Lucas polynomials by aid of a new matrix and the general-
ized u-matrix investigated by Ivie [12]. We extend the study to the n-step Lucas polynomials.
Then the Lucas polynomials and their relationship are generalized in the paper. Also, we give
relationships between the Fibonacci polynomials and the Lucas polynomials.

Let us give the Fibonacci polynomials in [11] before we give the Lucas polynomials.

2. Materials and methods

Definition 2.1. The Fibonacci polynomials are defined by the recurrence relation

Fnþ2 xð Þ ¼ xFnþ1 xð Þ þ Fn xð Þ; n � 0
with F0 xð Þ ¼ 0 and F1 xð Þ ¼ 1:
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That the Fibonacci polynomials are generated by a matrix Q2,

Q2 ¼
x 1
1 0

� �
; Qn

2 ¼
Fnþ1 xð Þ Fn xð Þ
Fn xð Þ Fn�1 xð Þ

� �
:

can be verified by mathematical induction. Also, it is clear that, when x ¼ 1; Fn 1ð Þ ¼ Fn, the nth

Fibonacci number, and when x ¼ 2; Fn 2ð Þ ¼ Pn, the nth Pell number.
Moreover, when we write Pascal’s triangle in left-justified form, the sums of the elements along
the rising diagonals bring about the Fibonacci numbers, and, indeed, those elements are the coef-
ficients of the Fibonacci polynomials. That is,

Fn xð Þ ¼
Xn�1ð Þ=2½ �

j¼0

n�j�1
j

� �
xn�2j�1

where ½x� is the greatest integer contained in x and n
j

� �
is a binomial coefficient.

The first few Fibonacci polynomials are displayed below as well as the array of their coefficients
(Table 1).

To form the coefficient of the kth term of Fn xð Þ, we add the coefficients of the kth term of Fn�1 xð Þ and
the ðk�1Þth term of Fn�2 xð Þ, and we can clearly see that the array of coefficients formed has the same
rule of formation as Pascal’s triangle when it is written in left-justified form if we use the formation of
the Fibonacci polynomials, and if we write the polynomials in descending order. The only difference
between the array of coefficients and Pascal’s triangle is that each column is moved one line lower. By
beginning in the left-most column and preceding up one and right one throughout the left-justified
Pascal triangle, so-formed coefficients are those elements which appear along the diagonals formed. In
this paper, the term ‘the rising diagonal of such an array’ will be used for this diagonal [11] (Tables 1–8).

3. Results

3.1. The Lucas polynomials

Definition 3.1.1. The Lucas polynomials are given by the recurrence relation

Lnþ2 xð Þ ¼ xLnþ1 xð Þ þ Ln xð Þ; n � 0

with L0 xð Þ ¼ 2 and L1 xð Þ ¼ x:
The Lucas polynomials are obtained by using two matrices

Q2 ¼ x 1
1 0

� �
and u0;2 ¼

L1 xð Þ L0 xð Þ
L0 xð Þ L�1 xð Þ

� �
¼ x 2

2 �x

� �
:

That is,

un;2 ¼ un�1;2Q2 ¼ Ln xð Þ Ln�1 xð Þ
Ln�1 xð Þ Ln�2 xð Þ

� �
x 1
1 0

� �
¼ Lnþ1 xð Þ Ln xð Þ

Ln xð Þ Ln�1 xð Þ
� �

:

This can be verified by mathematical induction.

Table 1. The first few Fibonacci polynomials and the array of their coefficients.

Fibonacci polynomials Coefficient array

F1 xð Þ ¼ 1 1
F2 xð Þ ¼ x 1
F3 xð Þ ¼ x2 þ 1 1 1
F4 xð Þ ¼ x3 þ 2x 1 2
F5 xð Þ ¼ x4 þ 3x2 þ 1 1 3 1
F6 xð Þ ¼ x5 þ 4x3 þ 3x 1 4 3
F7 xð Þ ¼ x6 þ 5x4 þ 6x2 þ 1 1 5 6 1
F8 xð Þ ¼ x7 þ 6x5 þ 10x3 þ 4x 1 6 10 4
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Also, it is apparent that when x ¼ 1; Ln 1ð Þ ¼ Ln, the nth Lucas number.

For n ¼ 1, the claim is true, since

u1;2 ¼ u0;2Q2 ¼ x 2
2 �x

� �
x 1
1 0

� �
¼ x2 þ 2 x

x 2

� �
¼ L2 xð Þ L1 xð Þ

L1 xð Þ L0 xð Þ
� �

:

Suppose the claim is true for some n ¼ k, that is

uk;2 ¼ uk�1;2Q2:

We have to prove that the claim is true for n ¼ kþ 1. Hence

uk;2Q2 ¼ uk�1;2Q2Q2 ¼
Lk xð Þ Lk�1 xð Þ
Lk�1 xð Þ Lk�2 xð Þ

 !
x 1

1 0

 !
x 1

1 0

 !

¼ xLk xð Þ þ Lk�1 xð Þ Lk xð Þ
xLk�1 xð Þ þ Lk�2 xð Þ Lk�1 xð Þ

 !
x 1

1 0

 !

¼ Lkþ1 xð Þ Lk xð Þ
Lk xð Þ Lk�1 xð Þ

 !
x 1

1 0

 !

¼ xLkþ1 xð Þ þ Lk xð Þ Lkþ1 xð Þ
xLk xð Þ þ Lk�1 xð Þ Lk xð Þ

 !

¼ Lkþ2 xð Þ Lkþ1 xð Þ
Lkþ1 xð Þ Lk xð Þ

 !
¼ ukþ1;2:

We can express the Lucas polynomials as follows:

Ln xð Þ ¼
Xn

2½ �

k¼0

n
n� k

n�k
k

� �
xn�2k

where ½x� is the greatest integer contained in x, n
j

� �
is a binomial coefficient.

The first few Lucas polynomials are displayed below as well as the array of their coefficients
(Table 2).

If one observes that, by rule of formation of the Lucas polynomials, if one writes the polynomials
in descending order to form the coefficient of the ðkþ 1Þth of Lnþ2 xð Þ, one adds the coefficients
of the kth term of Lnþ1 xð Þ and the ðk�1Þth term of Ln xð Þ.

Table 2. The first few Lucas polynomials and the array of their coefficients.

Lucas polynomials Coefficient array

L1 xð Þ ¼ x 1
L2 xð Þ ¼ x2 þ 2 1 2
L3 xð Þ ¼ x3 þ 3x 1 3
L4 xð Þ ¼ x4 þ 4x2 þ 2 1 4 2
L5 xð Þ ¼ x5 þ 5x3 þ 5x 1 5 5
L6 xð Þ ¼ x6 þ 6x4 þ 9x2 þ 2 1 6 9 2
L7 xð Þ ¼ x7 þ 7x5 þ 14x3 þ 7x 1 7 14 7
L8 xð Þ ¼ x8 þ 8x6 þ 20x4 þ 16 x2 þ 2 1 8 20 16 2
L9 xð Þ ¼ x9 þ 9x7 þ 27x5 þ 30x3 þ 9x 1 9 27 30 9
L10 xð Þ ¼ x10 þ 10x8 þ 35x6 þ 50x4 þ 25 x2 þ 2 1 10 35 50 25 2
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We can write the following interesting determinant identity.

det un;2ð Þ ¼
Lnþ1 xð Þ Ln xð Þ
Ln xð Þ Ln�1 xð Þ

�����
�����

¼ �1ð Þnþ1 x2 þ 4ð Þ:
When x ¼ 1 and k 2 Z, it is seen that

det un;2ð Þ ¼ 5; n ¼ 2k�1
�5; n ¼ 2k

:

�

Definition 3.1.2. The 3-step Lucas polynomials are defined by the recurrence relation

L�nþ3 xð Þ ¼ x2L�nþ2 xð Þ þ xL�nþ1 xð Þ þ L�n xð Þ
with L�0 xð Þ ¼ 3; L�1 xð Þ ¼ 1 and L�2 xð Þ ¼ x2 þ 2:
When x ¼ 1 and L�n 1ð Þ ¼ L�n, the 3-step Lucas number 3, 1, 3, 7, 11, 21, 39, 71, 131, …

L�nþ3 ¼ L�nþ2 þ L�nþ1 þ L�n :

The 3-step Lucas polynomials are obtained by using two matrices

Q3 ¼
x2 1 0
x 0 1
1 0 0

0
@

1
A and u0;3 ¼

L�2 xð Þ L�1 xð Þ L�0 xð Þ
L�1 xð Þ L�0 xð Þ L��1 xð Þ
L�0 xð Þ L��1 xð Þ L��2 xð Þ

0
@

1
A ¼

x2 þ 2 1 3
1 3 2� 3x
3 2� 3x 1� 2x

0
@

1
A:

That is,

un;3 ¼ un�1;3Q3 ¼
L�nþ1 xð Þ L�n xð Þ L�n�1 xð Þ
L�n xð Þ L�n�1 xð Þ L�n�2 xð Þ
L�n�1 xð Þ L�n�2 xð Þ L�n�3 xð Þ

0
B@

1
CA

x2 1 0

x 0 1

1 0 0

0
B@

1
CA

¼
L�nþ2 xð Þ L�nþ1 xð Þ L�n xð Þ
L�nþ1 xð Þ L�n xð Þ L�n�1 xð Þ
L�n xð Þ L�n�1 xð Þ L�n�2 xð Þ

0
B@

1
CA

This can be verified by mathematical induction.

For n ¼ 1, it is apparent that

u0;3Q3 ¼ u1;3

x2 þ 2 1 3

1 3 2� 3x

3 2� 3x 1� 2x

0
B@

1
CA:

x2 1 0

x 0 1

1 0 0

0
B@

1
CA ¼

x4 þ 2x2 þ xþ 3 x2 þ 2 1

x2 þ 2 1 3

1 3 2� 3x

0
B@

1
CA

¼
L�3 L�2 L�1
L�2 L�1 L�0
L�1 L�0 L��1

0
B@

1
CA ¼ u1;3

We can also write the following interesting determinant identity.

det un;3ð Þ ¼
L�nþ2 xð Þ L�nþ1 xð Þ L�n xð Þ
L�nþ1 xð Þ L�n xð Þ L�n�1 xð Þ
L�n xð Þ L�n�1 xð Þ L�n�2 xð Þ

������
������ ¼ �1ð Þnþ1 9x4�6x3 þ 19x2 þ 4xþ 18ð Þ

When x ¼ 1 and k 2 Z, it is seen that
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det ðun;3Þ ¼ 44 n ¼ 2k�1
�44 n ¼ 2k

�

The first few 3-step Lucas polynomials follow (Tables 3 and 4).

Definition 3.1.3. The 4-step Lucas polynomials are defined by the recurrence relation

L��nþ4 xð Þ ¼ x3L��nþ3 xð Þ þ x2L��nþ2 xð Þ þ xL��nþ1 xð Þ þ L��n

with L��0 xð Þ ¼ 4; L��1 xð Þ ¼ 1; L��2 xð Þ ¼ x3 þ 2 and L��3 xð Þ ¼ x6 þ 2x3 þ x2 þ 3:

When x ¼ 1 and L��n 1ð Þ ¼ L��n , the 4-step Lucas number 4, 1, 3, 7, 15, 26, 51, 99, … ,

L��nþ4 ¼ L��nþ3 þ L��nþ2 þ L��nþ1 þ L��n :

The 4-step Lucas polynomials are obtained by using two matrices

Q4 ¼
x3 1
x2 0

0 0
1 0

x 0
1 0

0 1
0 0

0
BB@

1
CCA

and

u0;4 ¼

L��3 L��2
L��2 L��1

L��1 L��0
L��0 L���1

L��1 L��0
L��0 L���1

L���1 L���2

L���2 L���3

0
BBBB@

1
CCCCA

¼

x6 þ 2x3 þ x2 þ 3 x3 þ 2 1 4

x3 þ 2 1 4 3� 4x

1 4 3� 4x 4x2 � 3x� 2

4 3� 4x 4x2 � 3x� 2 �4x3 þ 3x2 þ 2x� 2

0
BBBB@

1
CCCCA

Table 3. The first few 3-step Lucas polynomials.

3-step Lucas polynomials

L�1 xð Þ ¼ 1
L�2 xð Þ ¼ x2 þ 2
L�3 xð Þ ¼ x4 þ 2x2 þ x þ 3
L�4 xð Þ ¼ x6 þ 2x4 þ 2x3 þ 3x2 þ 2x þ 1
L�5 xð Þ ¼ x8 þ 2x6 þ 3x5 þ 3x4 þ 4x3 þ 3x2 þ 3x þ 2
L�6 xð Þ ¼ x10 þ 2x8 þ 4x7 þ 3x6 þ 6x5 þ 6x4 þ 6x3 þ 6x2 þ 2x þ 3
L�7 xð Þ ¼ x12 þ 2x10 þ 5x9 þ 3x8 þ 8x7 þ 10x6 þ 9x5 þ 12x4 þ 7x3 þ 9x2 þ 4x þ 1
L�8 xð Þ ¼ x14 þ 2x12 þ 6x11þ3x10 þ 2x9 þ 15x8 þ 12x7 þ 20x6 þ 16x5 þ 18x4 þ 16x3 þ 4x2 þ 6x þ 2
L�9 xð Þ ¼ x16 þ 2x14 þ 7x13þ3x12 þ 4x11 þ 21x10 þ 15x9 þ 30x8 þ 30x7 þ 30x6 þ 34x5 þ 17x4 þ 21x3 þ 12x2 þ 3x þ 3

Table 4. The array of the first few 3-step Lucas polynomials coefficients.

Coefficient array

1
1 2
1 2 1 3
1 2 2 3 2 1
1 2 3 3 4 3 3 2
1 2 4 3 6 6 6 6 2 3
1 2 5 3 8 10 9 2 7 9 4 1
1 2 6 3 2 15 2 20 16 18 16 4 6 2
1 2 7 3 4 21 15 30 30 30 34 17 21 12 3 3
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That is,

un;4 ¼ un�1;4Q4 ¼
L��nþ2 L��nþ1

L��nþ1 L��n

L��n L��n�1

L��n�1 L��n�2

L��n L��n�1

L��n�1 L��n�2

L��n�2 L��n�3

L��n�3 L��n�4

0
BBB@

1
CCCA

x3 1

x2 0

0 0

1 0
x 0

1 0

0 1

0 0

0
BBB@

1
CCCA

¼
L��nþ3 L��nþ2

L��nþ2 L��nþ1

L��nþ1 L��n
L��n L��n�1

L��nþ1 L��n
L��n L��n�1

L��n�1 L��n�2

L��n�2 L��n�3

0
BBB@

1
CCCA

This can be verified by mathematical induction.

The first few 4-step Lucas polynomials follow (Tables 5 and 6).

Definition 3.1.4. The r-step Lucas polynomials are defined by the recurrence relation

L rð Þ
nþr xð Þ ¼ xr�1L rð Þ

nþr�1 xð Þ þ xr�2L rð Þ
nþr�2 xð Þ þ :::þ L rð Þ

n xð Þ
with L rð Þ

� r�2ð Þ xð Þ ¼ L rð Þ
� r�1ð Þ xð Þ ¼ :::L rð Þ

�1 xð Þ ¼ L rð Þ
0 xð Þ ¼ 0; L rð Þ

1 ¼ 1 and L rð Þ
2 xð Þ ¼ xr�1 þ 2. For n ¼

0; 1; 2; :::, n
j

� �
r
is the element in the nth row and jthcolumn of the left-justified r-nomial triangle, and

n
j

� �
r
¼ 0 when j> n.

L rð Þ
n xð Þ ¼

X
j¼0

n�j�1
j

� �
r

x r�1ð Þ n�1ð Þ�rj þ 2
X
j¼0

n�j�2
j

� �
r

x r�1ð Þ n�2ð Þ�rj

þ 3
X
j¼0

n�j�3
j

� �
r

x r�1ð Þ n�3ð Þ�rj þ 4
X
j¼0

n�j�4
j

� �
r

x r�1ð Þ n�4ð Þ�rj þ :::

þ r
X
j¼0

n�j�r
j

� �
r

x r�1ð Þ n�rð Þ�rj:

Table 5. The first few 4-step Lucas polynomials.

4-Step Lucas Polynomials

L��1 xð Þ ¼ 1
L��2 xð Þ ¼ x3 þ 2
L��3 xð Þ ¼ x6 þ 2x3 þ x2 þ 3
L��4 xð Þ ¼ x9 þ 2x6 þ 2x5 þ 3x3 þ 2x2 þ x þ 4
L��5 xð Þ ¼ x12 þ 2x9 þ 3x8 þ 3x6 þ 4x5 þ 3x4 þ 4x3 þ 3x2 þ 2x þ 1
L��6 xð Þ ¼ x15 þ 2x12 þ 4x11 þ 3x9 þ 6x8 þ 6x7 þ 4x6 þ 6x5 þ 6x4 þ 4x3 þ 4x2 þ 3x þ 2
L��7 xð Þ ¼ x18 þ 2x15 þ 5x14 þ 3x12 þ 8x11 þ 10x10 þ 4x9 þ 9x8 þ 12x7 þ 10x6 þ 8x5 þ 9x4 þ 8x3 þ 3x2 þ 4x þ 3

Table 6. The array of the first few 4-step Lucas polynomials coefficients.

Coefficient array

1
1 2
1 2 1 3
1 2 2 3 2 1 4
1 2 3 3 4 3 4 3 2 1
1 2 4 3 6 6 4 6 6 4 4 3 2
1 2 5 3 8 10 4 9 12 10 8 9 8 3 4 3
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We obtain the r-step Lucas polynomials by using two matrices

Qr ¼

xr�1 1 0 0 ::: 0
xr�2 0 1 0 ::: 0
xr�3 0 0 1 ::: 0
::: ::: ::: ::: ::: :::
x 0 0 ::: ::: 1
1 0 0 ::: ::: 0

0
BBBBBB@

1
CCCCCCA

and u0;r ¼

LðrÞ1 xð Þ LðrÞ0 xð Þ
LðrÞ0 xð Þ LðrÞ�1 xð Þ

::: :::
::: :::

LðrÞ3�r xð Þ LðrÞ2�r xð Þ
LðrÞ2�r xð Þ LðrÞ1�r xð Þ

::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

LðrÞ3�r xð Þ LðrÞ2�r xð Þ
LðrÞ2�r xð Þ LðrÞ1�r xð Þ

::: :::
::: :::

LðrÞ5�2r xð Þ LðrÞ4�2r xð Þ
LðrÞ4�2r xð Þ LðrÞ3�2r xð Þ

0
BBBBBBBB@

1
CCCCCCCCA
.

That is,

un;r ¼ un�1;rQr ¼

L rð Þ
nþ1 xð Þ L rð Þ

n xð Þ
L rð Þ
n xð Þ L rð Þ

n�1 xð Þ
::: :::
::: :::

L rð Þ
n�rþ3 xð Þ L rð Þ

n�rþ2 xð Þ
L rð Þ
n�rþ2 xð Þ L rð Þ

n�rþ1 xð Þ
::: :::

::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
n�rþ3 xð Þ L rð Þ

n�rþ2 xð Þ
L rð Þ
n�rþ2 xð Þ L rð Þ

n�rþ1 xð Þ
::: :::
::: :::

L rð Þ
n�2rþ5 xð Þ L rð Þ

n�2rþ4 xð Þ
L rð Þ
n�2rþ4 xð Þ L rð Þ

n�2rþ3 xð Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

This can be verified by mathematical induction.

For n ¼ 1, the claim is true, since

u1;r ¼ u0;rQr

¼

L rð Þ
1 xð Þ L rð Þ

0 xð Þ
L rð Þ
0 xð Þ L rð Þ

�1 xð Þ
::: :::
::: :::

L rð Þ
3�r xð Þ L rð Þ

2�r xð Þ
L rð Þ
2�r xð Þ L rð Þ

1�r xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
3�r xð Þ L rð Þ

2�r xð Þ
L rð Þ
2�r xð Þ L rð Þ

1�r xð Þ
::: :::
::: :::

L rð Þ
5�2r xð Þ L rð Þ

4�2r xð Þ
L rð Þ
4�2r xð Þ L rð Þ

3�2r xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

xr�1 1 0 0 ::: 0
xr�2 0 1 0 ::: 0
xr�3 0 0 1 ::: 0
::: ::: ::: ::: ::: :::
x 0 0 ::: ::: 1
1 0 0 ::: ::: 0

0
BBBBBB@

1
CCCCCCA

¼

xr�1L rð Þ
1 xð Þ þ xr�2L rð Þ

0 xð Þ þ :::þ L rð Þ
2�r xð Þ L rð Þ

1 xð Þ
xr�1L rð Þ

0 xð Þ þ xr�2L rð Þ
�1 xð Þ þ :::þ L rð Þ

1�r xð Þ L rð Þ
0 xð Þ

::: :::

::: :::

L rð Þ
4�r xð Þ L rð Þ

3�r xð Þ
L rð Þ
3�r xð Þ L rð Þ

2�r xð Þ
::: :::

::: :::

::: :::
::: :::

::: :::
::: :::

xr�1L rð Þ
3�r xð Þ þ xr�2L rð Þ

2�r xð Þ þ :::þ L rð Þ
4�2r xð Þ L rð Þ

3�r xð Þ
xr�1L rð Þ

2�r xð Þ þ xr�2L rð Þ
1�r xð Þ þ :::þ L rð Þ

3�2r xð Þ L rð Þ
2�r xð Þ

::: :::
::: :::

L rð Þ
6�2r xð Þ L rð Þ

5�2r xð Þ
L rð Þ
5�2r xð Þ L rð Þ

4�2r xð Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

¼

L rð Þ
2 xð Þ L rð Þ

1 xð Þ
L rð Þ
1 xð Þ L rð Þ

0 xð Þ
::: :::
::: :::

L rð Þ
4�r xð Þ L rð Þ

3�r xð Þ
L rð Þ
3�r xð Þ L rð Þ

2�r xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
4�r xð Þ L rð Þ

3�r xð Þ
L rð Þ
3�r xð Þ L rð Þ

2�r xð Þ
::: :::
::: :::

L rð Þ
6�2r xð Þ L rð Þ

5�2r xð Þ
L rð Þ
5�2r xð Þ L rð Þ

4�2r xð Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

Suppose the claim is true for some n ¼ k, that is

uk;r ¼ uk�1;rQr:
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We have to prove that the claim is true for n ¼ kþ 1. We have
ukþ1;r ¼ uk;rQr:
uk;r ¼ uk�1;rQr

uk;rQr ¼ uk�1;rQrQr

Hence

¼

L rð Þ
k xð Þ L rð Þ

k�1 xð Þ
L rð Þ
k�1 xð Þ L rð Þ

k�2 xð Þ
::: :::
::: :::

L rð Þ
k�rþ2 xð Þ L rð Þ

k�rþ1 xð Þ
L rð Þ
k�rþ1 xð Þ L rð Þ

k�r xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
k�rþ2 xð Þ L rð Þ

k�rþ1 xð Þ
L rð Þ
k�rþ1 xð Þ L rð Þ

k�r xð Þ
::: :::
::: :::

L rð Þ
k�2rþ4 xð Þ L rð Þ

k�2rþ3 xð Þ
L rð Þ
k�2rþ3 xð Þ L rð Þ

k�2rþ2 xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

xr�1 1 0 0 ::: 0
xr�2 0 1 0 ::: 0
xr�3 0 0 1 ::: 0
::: ::: ::: ::: ::: :::
x 0 0 ::: ::: 1
1 0 0 ::: ::: 0

0
BBBBBB@

1
CCCCCCA

¼

xr�1L rð Þ
k xð Þ þ xr�2L rð Þ

k�1 xð Þ þ :::þ L rð Þ
k�rþ1 xð Þ L rð Þ

k xð Þ
xr�1L rð Þ

k�1 xð Þ þ xr�2L rð Þ
k�2 xð Þ þ :::þ L rð Þ

k�r xð Þ L rð Þ
k�1 xð Þ

::: :::
::: :::

L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
L rð Þ
k�rþ2 xð Þ L rð Þ

k�rþ1 xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

xr�1L rð Þ
k�rþ2 xð Þ þ xr�2L rð Þ

k�rþ1 xð Þ þ :::þ L rð Þ
k�2rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
xr�1L rð Þ

k�rþ1 xð Þ þ xr�2L rð Þ
k�r xð Þ þ :::þ L rð Þ

k�rþ2 xð Þ L rð Þ
k�rþ1 xð Þ

::: :::
::: :::

L rð Þ
k�2rþ5 xð Þ L rð Þ

k�2rþ4 xð Þ
L rð Þ
k�2rþ4 xð Þ L rð Þ

k�2rþ3 xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

xr�1 1 0 0 ::: 0
xr�2 0 1 0 ::: 0
xr�3 0 0 1 ::: 0
::: ::: ::: ::: ::: :::
x 0 0 ::: ::: 1
1 0 0 ::: ::: 0

0
BBBBBB@

1
CCCCCCA

¼

L rð Þ
kþ1 xð Þ L rð Þ

k xð Þ
L rð Þ
k xð Þ L rð Þ

k�1 xð Þ
::: :::
::: :::

L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
L rð Þ
k�rþ2 xð Þ L rð Þ

k�rþ1 xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
L rð Þ
k�rþ2 xð Þ L rð Þ

k�rþ1 xð Þ
::: :::
::: :::

L rð Þ
k�2rþ5 xð Þ L rð Þ

k�2rþ4 xð Þ
L rð Þ
k�2rþ4 xð Þ L rð Þ

k�2rþ3 xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

xr�1 1 0 0 ::: 0
xr�2 0 1 0 ::: 0
xr�3 0 0 1 ::: 0
::: ::: ::: ::: ::: :::
x 0 0 ::: ::: 1
1 0 0 ::: ::: 0

0
BBBBBB@

1
CCCCCCA

¼

xr�1L rð Þ
kþ1 xð Þ þ xr�2L rð Þ

k xð Þ þ :::þ L rð Þ
k�rþ2 xð Þ L rð Þ

kþ1 xð Þ
xr�1L rð Þ

k xð Þ þ xr�2L rð Þ
k�1 xð Þ þ :::þ L rð Þ

k�rþ1 xð Þ L rð Þ
k xð Þ

::: :::
::: :::

L rð Þ
k�rþ4 xð Þ L rð Þ

k�rþ3 xð Þ
L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

xr�1L rð Þ
k�rþ3 xð Þ þ xr�2L rð Þ

k�rþ2 xð Þ þ :::þ L rð Þ
k�2rþ4 xð Þ L rð Þ

k�rþ3 xð Þ
xr�1L rð Þ

k�rþ2 xð Þ þ xr�2L rð Þ
k�rþ1 xð Þ þ :::þ L rð Þ

k�rþ3 xð Þ L rð Þ
k�rþ2 xð Þ

::: :::
::: :::

L rð Þ
k�2rþ6 xð Þ L rð Þ

k�2rþ5 xð Þ
L rð Þ
k�2rþ5 xð Þ L rð Þ

k�2rþ4 xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

¼

L rð Þ
kþ2 xð Þ L rð Þ

kþ1 xð Þ
L rð Þ
kþ1 xð Þ L rð Þ

k xð Þ
::: :::
::: :::

L rð Þ
k�rþ4 xð Þ L rð Þ

k�rþ3 xð Þ
L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
::: :::
::: :::

::: :::
::: :::

::: :::
::: :::

L rð Þ
k�rþ4 xð Þ L rð Þ

k�rþ3 xð Þ
L rð Þ
k�rþ3 xð Þ L rð Þ

k�rþ2 xð Þ
::: :::
::: :::

L rð Þ
k�2rþ6 xð Þ L rð Þ

k�2rþ5 xð Þ
L rð Þ
k�2rþ5 xð Þ L rð Þ

k�2rþ4 xð Þ

0
BBBBBBBB@

1
CCCCCCCCA

¼ ukþ1;r:

The first few r-step Lucas polynomials follow (Tables 7 and 8).
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3.2. Relationships between the Fibonacci polynomials and the Lucas polynomials

Theorem 3.2.1. For any positive integer n, we have a relation between the Fibonacci polynomials
and Lucas polynomials as follows,

F2nþ1 xð Þ þ F2n�1 xð Þ ¼ L2n xð Þ:

Proof. We obtain the following equalities from the definition of the Fibonacci polynomials.

F2nþ1 xð Þ ¼ F2n�1 xð Þ þ xF2n xð Þ:
F2n�1 xð Þ ¼ F2n�3 xð Þ þ xF2n �2 xð Þ :

From these equalities, we have

F2nþ1 xð Þ þ F2n�1 xð Þ ¼ F2n�1 xð Þ þ xF2n xð Þ þ F2n�3 xð Þ þ xF2n�2 xð Þ
¼ F2n�1 xð Þ þ F2n�3 xð Þ þ x F2n xð Þ þ F2n�2 xð Þð Þ
¼ L2n�2 xð Þ þ xL2n�1 xð Þ
¼ L2n xð Þ: w

Theorem 3.2.2. For any integer n, we have a relation between the Fibonacci polynomials and
Lucas polynomials as follows,

F2nþ2 xð Þ þ F2n xð Þ ¼ L2nþ1 xð Þ:

Proof. We obtain the following equalities from the definition of the Fibonacci polynomials.

F2nþ2 xð Þ ¼ F2n xð Þ þ xF2nþ1 xð Þ:
F2n xð Þ ¼ F2n�2 xð Þ þ xF2n�1 xð Þ:

Table 7. The first few r-step Lucas polynomials.

r-Step Lucas Polynomials

LðrÞ1 ¼ 1
LðrÞ2 ¼ xr�1 þ 2
LðrÞ3 ¼ x2r�2 þ xr�2 þ 2xr�1 þ 3
LðrÞ4 ¼ x3r�3 þ 2x2r�3 þ 2x2r�2þ2xr�2 þ 3xr�1 þ 4
LðrÞ5 ¼ x4r�4 þ 3x3r�4 þ x2r�4þ2x3r�3 þ 4x2r�3 þ 3x2r�2 þ 3xr�2 þ 4xr�1 þ 5
LðrÞ6 ¼ x5r�5 þ 4x4r�5 þ 3x3r�5 þ 2x4r�4 þ 6x3r�4 þ 2x2r�4þ3x3r�3 þ 6x2r�3 þ 4x2r�2 þ 4xr�2 þ 5xr�1 þ 6
LðrÞ7 ¼ x6r�6 þ 5x5r�6 þ 6x4r�6þx3r�6 þ 2x5r�5 þ 8x4r�5 þ 6x3r�5 þ 3x4r�4 þ 9x3r�4 þ 3x2r�4þ4x3r�3 þ 8x2r�3 þ 5x2r�2 þ

5xr�2 þ 6xr�1 þ 7
LðrÞ8 ¼ x7r�7 þ 6x6r�7 þ 10x5r�7þ4x4r�7 þ 2x6r�6 þ 10x5r�6 þ 12x4r�6þ2x3r�6 þ 3x5r�5 þ 12x4r�5 þ 9x3r�5 þ 4x4r�4 þ 12x3r�4 þ

4x2r�4þ5x3r�3 þ 10x2r�3 þ 6x2r�2 þ 6xr�2 þ 7xr�1 þ 8

Table 8. The array of the first few r-step Lucas polynomials coefficients.

Coefficient array

1
1 2
1 1 2 3
1 2 2 2 3 4
1 3 1 2 4 3 3 4 5
1 4 3 2 6 2 3 6 4 4 5 6
1 5 6 1 2 8 6 3 9 3 4 8 5 5 6 7
1 6 10 4 2 10 12 2 3 12 9 4 12 4 5 10 6 6 7 8
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From these equalities, we have

F2nþ2 xð Þ þ F2n xð Þ ¼ F2n xð Þ þ xF2nþ1 xð Þ þ F2n�2 xð Þ þ xF2n�1 xð Þ
¼ F2n xð Þ þ F2n�2 xð Þ þ x F2n�1 xð Þ þ F2nþ1 xð Þð Þ
¼ L2n�1 xð Þ þ xL2n xð Þ ¼ L2nþ1 xð Þ: w

Theorem 3.2.3. For any positive integer n, we have the relation

Ln xð Þ ¼ xFn xð Þ þ 2Fn�1 xð Þ:

Proof. We have

xFn xð Þ þ 2Fn�1 xð Þ ¼ xFn xð Þ þ Fn�1 xð Þ þ Fn�1 xð Þ
¼ Fnþ1 xð Þ þ Fn�1 xð Þ

¼ Ln xð Þ: w

Theorem 3.2.4. For x ¼ 1, r-step Fibonacci(r-bonacci) polynomials
R� r�2ð Þ xð Þ ¼ R� r�1ð Þ xð Þ ¼ :::R�1 xð Þ ¼ R0 xð Þ ¼ 0 and R1 xð Þ ¼ 1 with Rnþr xð Þ ¼

xr�1Rnþr�1 xð Þ þ xr�2Rnþr�2 xð Þ þ :::þ Rn xð Þ and for nþ r ¼ k, we have the relation

Rk ¼ 2k�2; k � 3:

Proof. We proceed by mathematical induction on k.

For k ¼ 3, the claim is true, since R3 ¼ 23�2 ¼ 21 ¼ 2.

Suppose the claim is true for some k ¼ m, that is

Rm ¼ 2m�2:

We have to prove that the claim is true for k ¼ mþ 1. We have

Rnþr ¼ Rnþr�1 þ Rnþr�2 þ :::þ Rn

Rnþr�1 ¼ Rnþr�2 þ Rnþr�3 þ :::þ Rn þ Rn�1 and for nþ r ¼ k

then, Rk ¼ Rk�1 þ Rk�1 � Rn�1 ¼ 2Rk�1 � Rn�1 ¼ 2Rk�1 � 0 ¼ 2Rk�1

Rmþ1 ¼ 2Rm

¼ 2 2m�2ð Þ ¼ 2m�1: w

Theorem 3.2.5. For x ¼ 1, r-step Lucas polynomials LðrÞ� r�2ð ÞðxÞ ¼ LðrÞ� r�1ð ÞðxÞ ¼ :::LðrÞ�1ðxÞ ¼
�1, LðrÞ0 ðxÞ ¼ r and LðrÞ1 ðxÞ ¼ 1 with LðrÞnþr xð Þ ¼ xr�1LðrÞnþr�1 xð Þ þ xr�2LðrÞnþr�2 xð Þ þ :::þ LðrÞn xð Þ and
for nþ r ¼ k we have the relation

L nð Þ
k ¼ 2k � 1; k � 1:

Proof. We proceed by mathematical induction on k:

For k ¼ 1, the claim is true, since

L 1ð Þ
1 ¼ 21 � 1 ¼ 1

Suppose the claim is true for some k ¼ m� 1, that is,

L rð Þ
m�1 ¼ 2m�1 � 1:

We have to prove that the claim is true for k ¼ m. We have

COMMUNICATIONS IN ALGEBRAVR 4029



LðrÞnþr ¼ LðrÞnþr�1 þ LðrÞnþr�2 þ :::þ LðrÞn , LðrÞnþr�1 ¼ LðrÞnþr�2 þ LðrÞnþr�3 þ :::þ LðrÞn þ LðrÞn�1 and for nþ
r ¼ k then,

L rð Þ
k ¼ L rð Þ

k�1 þ L rð Þ
k�1�L rð Þ

n�1 ¼ 2L rð Þ
k�1�L rð Þ

n�1 ¼ 2L rð Þ
k�1� �1ð Þ

L rð Þ
m ¼ 2L rð Þ

m�1 þ 1
¼ 2 2m�1�1ð Þ þ 1 ¼ 2m�1: w

Theorem 3.2.6. For any positive integer n, the Lucas polynomials satisfy

Lnþ1 xð ÞLn�1 xð Þ þ �1ð ÞnL2 xð Þ ¼ L2n xð Þ:

Proof. A proof could be made by mathematical induction.
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