Communications in Algebra

\, communications

ISSN: 0092-7872 (Print) 1532-4125 (Online) Journal homepage: https://www.tandfonline.com/loi/lagh20

©

Taylor & Francis

Taylor & Francis Group

Generalized Lucas polynomials and relationships
between the Fibonacci polynomials and Lucas
polynomials

Engin Ozkan & ipek Altun

To cite this article: Engin Ozkan & ipek Altun (2019) Generalized Lucas polynomials and
relationships between the Fibonacci polynomials and Lucas polynomials, Communications in
Algebra, 47:10, 4020-4030, DOI: 10.1080/00927872.2019.1576186

To link to this article: https://doi.org/10.1080/00927872.2019.1576186

@ Published online: 06 Apr 2019.

\]
C;/ Submit your article to this journal

||I| Article views: 349

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

@ Citing articles: 9 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=lagh20


https://www.tandfonline.com/action/journalInformation?journalCode=lagb20
https://www.tandfonline.com/loi/lagb20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2019.1576186
https://doi.org/10.1080/00927872.2019.1576186
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2019.1576186
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2019.1576186
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2019.1576186&domain=pdf&date_stamp=2019-04-06
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2019.1576186&domain=pdf&date_stamp=2019-04-06
https://www.tandfonline.com/doi/citedby/10.1080/00927872.2019.1576186#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/00927872.2019.1576186#tabModule

COMMUNICATIONS IN ALGEBRA® Tavlor & F .
2019, VOL. 47, NO. 10, 4020-4030 e aylor rancis

https://doi.org/10.1080/00927872.2019.1576186 Taylor & Francis Group

‘ W) Check for updates

Generalized Lucas polynomials and relationships between the
Fibonacci polynomials and Lucas polynomials

Engin Ozkan? and ipek Altun®

Department of Mathematics, Faculty of Arts and Sciences, Erzincan University, Erzincan, Turkey; PGraduate
School of Natural and Applied Sciences, Erzincan University, Erzincan, Turkey

ABSTRACT ARTICLE HISTORY

In this article, we find elements of the Lucas polynomials by using two Received 5 April 2018
matrices. We extend the study to the n-step Lucas polynomials. Then the Revised 31 August 2018
Lucas polynomials and their relationship are generalized in the paper. Communicated by Mark
Furthermore, we give relationships between the Fibonacci polynomials and ~ &Wis

the Lucas polynomials. KEYWORDS

Fibonacci numbers; Lucas
numbers; Fibonacci
polynomials; Lucas
polynomials

2010 MATHEMATICS
SUBJECT CLASSIFICATION
11B39; 11B50

1. Introduction

Fibonacci numbers and sequence applications are of great interest. The Fibonacci sequence appears in
many branches of mathematics. These include group theory, calculus, applied mathematics, linear
algebra, etc. Also, these numbers have many important applications to diverse fields such as computer
science, physics, biology and statistics. We can see applications of the Fibonacci sequence in group
theory in [3, 8] and also see some generalized Fibonacci and Lucas sequences in [1, 2, 4, 7, 9, 10,
13-15, 17]. We can see some applications of the Fibonacci polynomials in [5, 6, 16, 18, 19]. One of
the researches in this area is that Hoggatt and Bicknell study on the Fibonacci polynomials and n-
step Fibonacci polynomials and give some properties of the polynomials [11].

In this article, we find elements of the Lucas polynomials by aid of a new matrix and the general-
ized @-matrix investigated by Ivie [12]. We extend the study to the n-step Lucas polynomials.
Then the Lucas polynomials and their relationship are generalized in the paper. Also, we give
relationships between the Fibonacci polynomials and the Lucas polynomials.

Let us give the Fibonacci polynomials in [11] before we give the Lucas polynomials.
2. Materials and methods
Definition 2.1. The Fibonacci polynomials are defined by the recurrence relation

Fupa(x) = xFup(x) + Fu(x),n>0
with Fy(x) =0 and F;(x) =1
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Table 1. The first few Fibonacci polynomials and the array of their coefficients.

Fibonacci polynomials Coefficient array
F'| (X) =1 1

F(x) =x 1

F3(x) = x* +1 1 1

Fa(x) = x> + 2x 102

Fs(x) = x* +3x2 +1 1 3 1
Fe(x) = x° + 4x3 + 3x 14 3
F(x) = x5 +5x* + 6x2 +1 1 5 6 1
Fg(X) = x” +6x° + 10x> + 4x 1 6 10 4

That the Fibonacci polynomials are generated by a matrix Q,,

(x 1 n [ Far1(x)  Fu(x)
Q= (1 0)’ Q= ( Fu(x)  Faa(x) )
can be verified by mathematical induction. Also, it is clear that, when x =1, F,(1) = F,, the nth
Fibonacci number, and when x =2, F,(2) = P, the n™ Pell number.
Moreover, when we write Pascal’s triangle in left-justified form, the sums of the elements along

the rising diagonals bring about the Fibonacci numbers, and, indeed, those elements are the coef-
ficients of the Fibonacci polynomials. That is,

nfl)/Z]

) [ S (n_;—l)xn_zj_l

=0
where [x] is the greatest integer contained in x and (7) is a binomial coefficient.

The first few Fibonacci polynomials are displayed below as well as the array of their coefficients
(Table 1).

To form the coefficient of the k* term of F,, (x), we add the coefficients of the k™" term of F,_; (x) and
the (k—1)" term of F,_>(x), and we can clearly see that the array of coefficients formed has the same
rule of formation as Pascal’s triangle when it is written in left-justified form if we use the formation of
the Fibonacci polynomials, and if we write the polynomials in descending order. The only difference
between the array of coefficients and Pascal’s triangle is that each column is moved one line lower. By
beginning in the left-most column and preceding up one and right one throughout the left-justified
Pascal triangle, so-formed coefficients are those elements which appear along the diagonals formed. In
this paper, the term ‘the rising diagonal of such an array’ will be used for this diagonal [11] (Tables 1-8).

3. Results

3.1. The Lucas polynomials
Definition 3.1.1. The Lucas polynomials are given by the recurrence relation
Lypa(x) = xLyp1(x) + Ly(x), n>0

with Ly(x) =2 and L;(x) = x.
The Lucas polynomials are obtained by using two matrices

Q, = <’1‘ (1)> and @), = (i;g; LLol(g)> - (326 —2x>

o= (00 )0 0) = (5 )

This can be verified by mathematical induction.

That is,
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Also, it is apparent that when x =1, L,(1) = L,, the n" Lucas number.

For n = 1, the claim is true, since
_ _(x 2 x 1) (42 x\ _[L(x) Lx)
P12 = #0202 = (2 —x) <1 0) N < x 2) N <L1(x) Lo(x) )°
Suppose the claim is true for some n = k, that is

P2 = (pk—l,zQZ'

We have to prove that the claim is true for n = k + 1. Hence
o Li(x)  Lia(x) |\ [x 1) (x 1
G, Q2 = 1. 2@2@2 = (Lk—l(x) Lk_z(x) ) < 1 0) ( 1 0)
_ xLp(x) + Loy (x)  Li(x) x 1
 \xLe () F Lea(x) Lia(x) J\ 10
B Li(x)  Li(x) x 1
o\ L(x) Lia(x) J\1 0

)
B (kaH(x) + Li(x) Lkﬂ(x))
)

xLi(x) + L1 (x)  Li(x)

(Lk+2(x) Lk+1(x)> L
( k+1,2°

Lia(x)  Li(x)

We can express the Lucas polynomials as follows:

n

where [x] is the greatest integer contained in x, (]) is a binomial coefficient.

The first few Lucas polynomials are displayed below as well as the array of their coefficients
(Table 2).

If one observes that, by rule of formation of the Lucas polynomials, if one writes the polynomials
in descending order to form the coefficient of the (k + l)th of L,i2(x), one adds the coefficients
of the k™ term of L, (x) and the (k—1)" term of L,(x).

Table 2. The first few Lucas polynomials and the array of their coefficients.

Lucas polynomials Coefficient array
Ly(x) =x 1

Ly(x) =x*+2 1 2

L3(x) = x> + 3x 1 3

La(x) = x* +4x% 42 1 4 2

Ls(x) = x* +5x> + 5x 1 5 5

Le(x) = x5 + 6x* + %% +2 1 6 9 2
L7(x)—x + 7%+ 143 + 7x 1 7 14 7
Lg(x) = x® -+ 8x5 + 20x* + 16 x* +2 1 8 20 16 2
Lo(x) = x° + 9% + 27x° + 30x> + 9x 1 9 27 30 9
Lig(x) = x1% + 10x8 + 35x® + 50x* + 25 x? 42 1 10 35 50 25 2
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We can write the following interesting determinant identity.

Lyy1(x)  Ly(x)
Ln (x) Ln—l (X)

_ ( )n+l(x2 +4)

det(@,5) =

When x =1 and k € Z, it is seen that
det |5 n=2k-1
t(Pn2) = -5, n=2k

Definition 3.1.2. The 3-step Lucas polynomials are defined by the recurrence relation
Lis3(x) = %L pia(x) + XL (x) 4+ L7 (x)

with L*(x) =3, L*;(x) =1 and L*;(x) = x* + 2.
When x = 1 and L*,(1) = L*,, the 3-step Lucas number 3, 1, 3, 7, 11, 21, 39, 71, 131, ...

Lyis= Ly +L 1 + 17,

The 3-step Lucas polynomials are obtained by using two matrices

? 10 Ly(x) Li(x) Li(x) x* 42 1 3
Q=1 x 0 1] and @y;=|Li(x) Ly(x) L% (x) | = 1 3 2—3x
1 0 0 Li(x) L', (x) L*,(x) 3 2-3x 1-2x
That is,

Ly (%) L*(X) L) [« 10

Pnz = Pp13Qs = L*() () L) x 01

() L) Lisx)/ \1 0 0

(

L) Ly,
= | L) Lix) L
Lix) L) L,(x)
This can be verified by mathematical induction.

For n = 1, it is apparent that

?03Qs = @5
K242 1 3 2 1 0 A2 x+3 K242 1
1 3 2 —3x x 0 1]|= x4 2 1 3
3 2—3x 1—2x 1 0 0 1 3 2 —3x
Ly Ly L
=L L Ly | =
Ly Ly L%,

We can also write the following interesting determinant identity.
La(x) Ly(x)  Ly(x) il
det(¢,3) = Ly (¥)  Ly(x) Ly (x) | = (=1)"" (9x"—6x" + 194* + 4x + 18)
Lix)  Lia(x) L »(%)
When x =1 and k € Z, it is seen that
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Table 3. The first few 3-step Lucas polynomials.

3-step Lucas polynomials

L*3(x) =x* + 22 +x+3
La(x) =x0 + 24 + 23 +3% + 2x + 1

(x)
()
"
L*6(x) = X1 + 2x% + 4x7 4 3x% + 6x° + 6x* + 6x> +6x2 + 2x + 3
()
()
()

L*s(x) = x® 4+ 2x5 +3x° +3x* + 43 +3x2 +3x + 2

L*7(x) = x"2 4+ 2x10 4+ 5x% 4+ 3x8 4+ 8x7 4+ 10x° + 9x° + 12x* + 73 + 9x? + 4x + 1

L*g(x) = x™ 4+ 2x12 4+ 6x14+3x"10 4 2x% 4 15x% + 12x7 4 20x° + 16x° + 18x* + 16x> + 4x2 4 6x + 2

L¥*g(x) = X6 4 2x™ 4 7x™343x12 + 4x™T + 21x"0 + 15x° + 30x8 4 30x7 + 30x5 + 34x° + 17x* +21x° + 12 +3x + 3

Table 4. The array of the first few 3-step Lucas polynomials coefficients.

Coefficient array

1

1 2

1 2 1 3

1 2 2 3 2 1

1 2 3 3 4 3 3 2

1 2 4 3 6 6 6 6 2 3

1 2 5 3 8 10 9 2 7 9 4 1

1 2 6 3 2 15 2 20 16 18 16 4 6 2

1 2 7 3 4 21 15 30 30 30 34 17 21 12 3 3

4 n=2k-1
det (¢n3) = { —44 n =2k

The first few 3-step Lucas polynomials follow (Tables 3 and 4).

Definition 3.1.3. The 4-step Lucas polynomials are defined by the recurrence relation
L™ pa(x) = XL s (x) + XL p2 (x) +xL™ y1(x) + L™,
with L*o(x) =4, L*;(x) =1, L*;(x) =x>+2 and L*3(x) = x° +2x> + x*> + 3.
When x =1 and L**,(1) = L}* , the 4-step Lucas number 4, 1, 3, 7, 15, 26, 51, 99, ...,
L= L3 + L + L0 + L7,

The 4-step Lucas polynomials are obtained by using two matrices

¥ 1 00
| 2 0 1 0
Q = x 0 0 1
1 0 0 0
and
Ly Ly Ly Ly
Ly Ly Ly LY
(/)0,4 = L** L** L** L**
1 0 -1 -2
Ly L7 L% LY
X423 +x2+3 B +2 1 4
B B 42 1 4 3 —4x
B 1 4 3—dx 4x® —3x—2

4 3—4x 4x* —3x—2 —4xX3+3x*+2x—-2



COMMUNICATIONS IN ALGEBRA® 4025

Table 5. The first few 4-step Lucas polynomials.

4-Step Lucas Polynomials

() =1

L5(x) =x3 +2

L¥3(x) = x5 + 23 +x2 +3

L) =x° + 28 + 2 + 33 + 2 +x + 4

Ls(x) = x"2 + 267 +3x8 + 3% +4x° +3x* + 43 +3x2 + 2+ 1

L6 (x) = X" + 2x12 + 44X + 3x° + 6x% + 6x7 + 4x8 + 6x° + 6x* + 43 + 4x2 +3x +2

L*7(x) = x"® + 2x" + 5x™ 4 3x12 + 8x™ + 10x"0 + 4x° + 9% + 12x7 + 10x5 + 8x° + 9x* + 8x> + 3x% + 4x + 3

Table 6. The array of the first few 4-step Lucas polynomials coefficients.

Coefficient array

1
1 2
1 2 1 3
1 2 2 3 2 1 4
1 2 3 3 4 3 4 3 2 1
1 2 4 3 6 6 4 6 6 4 4 3 2
1 2 5 3 8 10 4 9 12 10 8 9 8 3 4 3
That is,
LY, Ly Ly LY, ¥ 1 00
Png = @ Q, = iy Ly Ly L, x 0 1 0
n4 — ¥Yn-14%4 — Kok sk sk sk
Ln Ln—l Ln—2 Ln—3 x 0 01
1 0 0 0

*% *% k% K%
Lnfl Ln72 Ln73 Ln74

Kk kk ok *k
Ln+3 Ln+2 Ln+1 Ln
sk sk ok sk
_ Ln+2 Ln+1 Ln Lnfl
Kk *ok ok ok
Ln+1 Ln Lnfl Ln72

Ly Lh L LY
This can be verified by mathematical induction.

The first few 4-step Lucas polynomials follow (Tables 5 and 6).

Definition 3.1.4. The r-step Lucas polynomials are defined by the recurrence relation

L) =% L (0) + 2L () + e+ 1)
with L") () =L () = .L')(x) =1 (x) =0, L{’ =1 and L{(x) ="' +2. For n=
0,1,2,.., (;’) is the element in the n™ row and j"column of the left-justified r-nomial triangle, and

(;’) = 0whenj>n.
r

L0 (x) = (n—]:—1> D=1 2% <n—]:—2> K D(=2)—r
j=0 ] r j=0 ] r

+3 (”_]:_3> KD g § <”_]:_4> P
= ] " J r

=0
+r (n—]:—r) xlr=Dn=n)=rj,
j=0 J r
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We obtain the r-step Lucas polynomials by using two matrices

110 0 .0 LV (x) LY (x) LY. (x) LY, (x)
¥20 1.0 .0 Ly (x) L7} (x) 1,(x) L, (x)
r—3
Qr: X 0 0 1 0 andgz)o?,: .
£ 000 1 L%,(@ L%r(x) L%i;m Lgm
inr(x) Llir(x) L4772r(x) L3r72r(x)
That is,
LY (x) LY (x) LY, (%) LY, ()
L(r)(x> Li,” (%) ngrlwz(x) ngrlr-&-l(x)
(Pn,r = (Pnfl,rQr = ' B .
19, ) LV, LY s(0) LY ()
L:(Qrﬂ (%) L:(Qrﬂ (x) L£zr22r+4 (x) L£22r+3 (x)
This can be verified by mathematical induction.
For n = 1, the claim is true, since
qol,r = ¢0,7Qr
L(") L(’) L(”) L(’) r—1
1 (x) 0 (x) 3—r(x) 2—r(x) X 1 0 0 0
1y (x) LY (%) . e |[*20 1 0 0
_ - 20 0 1 0
L%’}(x) L%i}(x) L%%Z,(x) L%’ng(x) * g g (1)
L2—r(x> L—r(x) L4—2r(x) L3_2r(x)
L () + 2L () o L () LY () L (x) L (x)
L () + 2L @) 4+ L () L) () 1 (x) L, (%)
LY () 2L () + e+ L, () LY () LY, (x) LY, (%)
LY () + 220 () 4+ L, (0 LY () 1,0 1, (%)
Ly(x) LY (x) LY (x) LY, (x)
L(x) Ly(x) )

LY (x) LY, (%)
LY (x) LY, (%)

(x) LY (x)
(x)

L(67—)2r

LéQZr<x) LELQZr

Suppose the claim is true for some n = k, that is

iy = P-1,Qr
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We have to prove that the claim is true for n = k + 1. We have

(/)kJrl,r = (pk,rQr'
(pk,r = (pkfl.,r@f
(PerQr = (Pkfl.rQrQr
Hence
r r (r) (r)

L(,E; (x) L,g_;m a1 ()
Lk—l(x) Lk—z(x) Lk—r+1(x) Lk—r(x)
o e
Lg,;m(x) L%H(x) L,}i;ymx) Lﬁz,H(x)
Lk7r+1(x) kar(x) Lk72r+3(x) Lk72r+2(x)
XHWM+K%WW+‘HﬁA)Lﬂ@
f%&www”%xn+ AL L ()
’lé}#<>+fzw;ﬁ<>+m+§gmxw ngx@
" 1Lk r+1( )+xr 2L —r( )+ +Lk7r+2(x) Lk—r+1(x)

X711 0 0 0
X2 0 1 0
X3 0 0 1 0
0 O 1
1 0 O 0
(r r
Li(’l)l (x) L(,i’)) (x) L;(%M(x) L;}_jm(»o
r r r r
L (x) kal(‘x) Lk—r+2(‘x) L r+1(‘x>
Lg,H(x) L,E;;M(x) L%’;Z,H(x) L%’iz,H(x)
Lk7r+2(x) Lk—rJrl(x) Lk—2r+4(x) Ly 2r+3(x)
’%&UHﬂ$w++hMmL&m
L) + 2L () + A L 60 L ()
“wwu+wwuwﬂm+mmm>%%w
LY L)+ 2L )+ e+ L) LY ()
L]E%Z(X) Ll(%l (%) LIE(r—;r—H(x) Ll}r—;r+3(x)
Lk+1(x) Ly (x) Lk—r+3(‘x) Lk—r+2(x)
Lﬁ(;}H(x) L,giirﬂ(x) L%’%Mw L,Eci;z,%(x)
kar+3(x) kar+2(x) Lk72r+5(x) Lk—2r+4(x)

The first few r-step Lucas polynomials follow (Tables 7 and 8).

X1 0 0
X2 0 1 0 0
X3 0 1 0
X 0 O 1
1 0 O
ﬁwwzgﬁw
Ll(cr—)r+2 (‘x) Lkr) r+1 (x)
L£%2r+5(x) L?Zrﬂ(x)
L§<—2r+4(x) Lk—)27+3(x)
P 0 0
X2 0 1 0 0
X300 1 0
X 0 0 1
1 0 0
(r) (r)
L{)Nﬂt(x) Lé( r+3(x)
r r
L ,5(x) kar+2(x)
Llicrizr%(x) L,E:;ZHS(x)
r r
Liths(%) Ll g (%)
= Pt
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Table 7. The first few r-step Lucas polynomials.

r-Step Lucas Polynomials

L0 =1

LE’) — x1 42

1 Z 32 2 o 43

L?’) — X33 o3 o245 2 L3y 4

(b = s 33 x5S Ay 3 3% 22 132 AT 45

L?’) — XSr—S + 4X4r—5 + 3X3r—5 + 2X4I—4 + 6X3r—4 + 2X2!—4+3X3r—3 + 6X2r—3 + 4X27—2 +4Xr—2 + 5Xr—1 +6

LS’) — x6r—6 + 5x°r—6 + 6X4r—6+x3r—6 + 2% =3 + x> + 6x3 > + IxH—4 + ox3r—4 + 3X2r—4+4x3r—3 + 8x2—3 + 5x2r—2 +

5x 2+ 6x 1 47
LY = X777 4 6x5 7 4 1057 A0 7 4 26576 10056 - 120642036 4 3x5 5 1205 9035 x4 1204 4
4X2r—4+5x3l—3 + 10X2r—3 + 6X2r—2 + 6Xr—2 + 7Xr—1 +8

Table 8. The array of the first few r-step Lucas polynomials coefficients.

Coefficient array

1

12

T 1 2 3

1T 2 2 2 3 4

13 1 2 4 3 3 4 5

1 4 3 2 6 2 3 6 4 4 5 6

15 6 1 2 8 6 3 9 3 4 8 5 5 6 7

1 6 10 4 2 10 12 2 3 12 9 4 12 4 5 10 6 6 7 8

3.2. Relationships between the Fibonacci polynomials and the Lucas polynomials

Theorem 3.2.1. For any positive integer n, we have a relation between the Fibonacci polynomials
and Lucas polynomials as follows,

F2n+1(x) + Fanl(x) = LZn(x)~

Proof. We obtain the following equalities from the definition of the Fibonacci polynomials.
Fopi1(x) = Fapo1(x) + xFy(x).
Fouo1(x) = Fop_3(x) + xFp —2(X) .
From these equalities, we have
Font1(x) + Faue1(x) = Fop_1(x) + xF2n(X) + Fan—3(x) + xF,_2(x)
= Fopu_1(x) + Fau_s(x) + x(Fau(x) + Fana(x))
= Loy—2(x) + xLay—1(x)
= LG (x) O

Theorem 3.2.2. For any integer n, we have a relation between the Fibonacci polynomials and
Lucas polynomials as follows,

Fopia(x) + Fau(x) = Lopy1 (%).

Proof. We obtain the following equalities from the definition of the Fibonacci polynomials.

Fonia(x) = Fau(x) + xFppi1(x).
an (X) = an_z(X) + Xan_1<X).
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From these equalities, we have

Fopia(x) + Fou(x) = Fap(x) 4+ xF341(x) + Fap_a(x) + xFap_1(x)
= Fou(x) + Fopa(x) + x(F2p—1(x) + Fapt1(x))
= Lyp—1(x) + xLys (%) = Lypsa1(x). O

Theorem 3.2.3. For any positive integer n, we have the relation

L,(x) = xFy(x) + 2F,_1(x).

Proof. We have

Theorem 3.2.4. For x = 1, r-step Fibonacci(r-bonacci) polynomials
R_(;_5)(x) = R_(,_1)(x) = ..R_1(x) = Ro(x) = 0 and Ri(x)=1 with Ryir(x) =
X Rysr1(x) + X 2Rypr—2(x) + ... + Ry(x) and for n+r = k, we have the relation

Ry = 2F2 k>3.

Proof. We proceed by mathematical induction on k.
For k = 3, the claim is true, since Ry = 2*2 =21 =2,
Suppose the claim is true for some k = m, that is
R, = 2Mm72,
We have to prove that the claim is true for k = m + 1. We have
Ryt =Ry 1 + Ry 2+ ... + Ry
Ry 1=Ryyr 2 +Ryyy3+..+R,+R,_; andforn+r = k
then, Ry = Ry + Ry—1 — Ry—1 = 2R}y — Ry—1 = 2R}_1 — 0 = 2R},

Ryy1 = 2Ry,
=2(2m2) = 2m 1, O
Theorem 3.2.5. For x=1, r-step Lucas polynomials L(rzr 2)(x) rz ) (x) = L(f)l (x) =
1, L (x) =r and L7 (x) = 1 with 1Y), (x) =LY, (x) +x2LY), (%) + ... + LV (x) and

for n+r = k we have the relation
"= 2k—1, k>1.
Proof. We proceed by mathematical induction on k.
For k =1, the claim is true, since
V=2 —1=1

Suppose the claim is true for some k = m — 1, that is,

We have to prove that the claim is true for k = m. We have
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L(')
r =

n—+r = L;:)Lr—l + Ll(;:)H*—Z + + LS[’)) LE’I':)H‘—I = L1(1r~>H—2 + LI(J:)H—?) + + Lglr) + Ll(’lrll and fOI' n +
k then,
Ll(cr) = Ll(cr)l + Ll(cr)1_L;(1r71 = 2L,(;)1—Lnr)1 = 2Ll(:)l (1)
) =21 41
=202m1-1) +1= 2m"—1 O

Theorem 3.2.6. For any positive integer n, the Lucas polynomials satisfy

L1 (%)Lyoy (x) + (=1)"Ly(x) = Lan(x).

Proof. A proof could be made by mathematical induction.
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