Applied Mathematics and Computation 232 (2014) 285-291

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

Truncated Lucas sequence and its period @CmssMark

Engin Ozkan

Erzincan University, Faculty of Arts and Sciences, Department of Mathematics, Erzincan, Turkey

ARTICLE INFO ABSTRACT

Keywords: We prove some theorems concerning the truncated Lucas sequences. We also state some
Fibonacci sequence conjectures concerning the period (mod m) of truncated Lucas sequences, where the inte-
Period ger m is at least 2. In addition, we present some computer-generated results that tend to

Truncated Fibonacci sequence
Truncated Lucas sequence
Multiplicative function

support these conjectures.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

We let s, denote the n™ member of the sequence of integers s, = a,s; = b, ..., where s,,1 = s, + S,_1. A sequence {s;} is
said to be periodic with period k if it satisfies s; = s; for i = 1,2,.... The symbol h(m) will denote the length of the period

of the sequence resulting from reducing each s, modulo m. An n-step Fibonacci sequence {ﬁfm},i] is defined by letting

f" =0 for k<O, fi =1, i’ =1, and other terms according to the linear recurrence equation f"’ = "1 f"} for k > 2.
The basic (2-step) Fibonacci sequence will be given by fo =0, fi = 1,... and the Lucas sequence by g, =2, g, = 1,.... The
symbol k(m) will denote the length of the period of the 2- step or 3-step Fibonacci sequences when they are reduced modulo
m. We sometimes call it Wall number after a pioneer in this area. We know that g, = f;, 1 + fu.1,n > 2. So the Wall number of
the Fibonacci sequence is equal to the Wall number of the Lucas sequence.

For example, let f, be the 2-step Fibonacci sequence and m = 5. If we reduce each f;, modulo 5, then we obtain the fol-
lowing periodic sequence.

0,1,1,230,3,3,1,40,4,4,3,2,0,2,2,4,1,0, 1,... and then repeat; so k(5) = 20.

In the recent years, there has been much interest in applications of Fibonacci and Lucas numbers and sequences. Fibonacci
and Lucas sequences appear in many branches of mathematics. These include group theory, calculus, applied mathematics,
linear algebra, etc. We can see applications of Fibonacci sequences in group theory in [2,5,8,10] and also see some general-
ized Fibonacci and Lucas sequences in [9,15,1,3,7,13]. Takahashi gives a fast algorithm which is based on the product of Lucas
numbers to compute large Fibonacci numbers [14]. Ozkan has proved two theorems concerning the Wall number of the 3-
step Fibonacci sequences and given some conjectures concerning k(m) of the 3-step Fibonacci sequence [12]. We will give a
few of them in Conjecture 1.3. In [6], Choi et al. introduced the truncated Fibonacci sequences and the truncated Lucas se-
quences. In [11], the author proved some theorems on truncated Fibonacci sequences and stated some conjectures on their
Wall number.

Let k.(m) denote the Wall number of truncated Fibonacci sequences (defined in Section 2). We will let Z and Z,, represent
the group of integers and the group of integers modulo m, respectively.

In this paper, we give some interesting properties of the truncated Lucas sequences and we show that the function k,(m)
associated with this sequence is a multiplicative function. Furthermore, we examine the relationship between m and k,(m) of
the truncated Lucas sequences. We also give results similar to the following theorems. We will give them in Section 3.
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For the 2-step Fibonacci sequences, we gather some of the well-known properties of k(m) into the following two
theorems.

Theorem 1.1 [16,17].

i. (Wall): If m has the prime factorization m =[] p{' and if h; = k(p{") then k(m) is the least common multiple of the h;.
il. (Wall): If k(p)#k(p?), then k(p®) = p®'k(p). Also, if n is the largest integer with k(p) = k(p"), then k(p®) = p*'k(p) for
e>n.
iii. (Wilcox): For m > 2, k(m) = 2n, where n = min({n : n even and m|f,} U {n: n odd and m|g,}).

Remark. In all known cases, k(p?) = pk(p) for p a prime, and it appears to be an open question whether the case k(p?) = k(p)
ever occurs.

Theorem 1.2 [16]. For the 2-step Fibonacci sequences, the following hold:

i. If pis a prime and p = 10x £ 1, then k(p)|(p — 1).
ii. If p is a prime and p = 10x £ 3, then k(p)|(2p + 2).
iii. If p is a prime and p = 10x £ 3, then h(p®) = k(p°®).

Corollary [16]. If p = 10x + 3, then k(p) = 0(mod4).

Let f, be the 3-step Fibonacci sequence. Then, f,(modm) forms a simply periodic sequence, that is, the sequence is periodic
and repeats by returning to its starting values.

The following conjectures on k(m) appears in [12] ((i)-(iii) concern 3-step Fibonacci sequences). (Note that (iv) does not
concern 3-step Fibonacci sequences.)

Conjecture 1.3 [12].

i. If p is a prime number and k(p) < p, then k(p)|(p — 1).
ii. If p is a prime number and k(p) = 0(mod2), then (p & 1)|k(p).
iii. If p is a prime number and k(p) = 1(mod2), then (p + 1)|(k(p) — 1) or p|(k(p) — 1).
iv. If p is an odd prime number and n is an even number greater than 2, then the Wall number k(p) of the n-step Fibonacci
sequence is even.

2. Truncated Lucas sequence

Throughout this paper, let R™ denote the infinite dimensional real vector space consisting of all real sequences

(Xo,X1,X2,...)", and let P denote The Pascal matrix [(]l.)], (1,j=0,1,2,...).

Associated with the Pascal matrix P, let P”P' denote the matrices defined by

1 000 O0O0OO
01 100O0O0TGO
00121000
p =0 0 01 3 310

where the row i, (i=0,1,2,...), is that of the Pascal matrix P preceded by 0,-T, where 0; is the i-vector of zeros, and
1 0 0 O ]
1 000
1100
1200
1310
L _
P=11 230 )
1 5 61
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where the column j, (j = 0,1,2,...), is that of P preceded by O]-T.

r2 0 0 0 0 . . .7 [doo 901 9oz Y03 Yoa i
12000 Gio 9117 G2 T3 Gia
13200 Go D1 92 923 924
Let 0—P+ 1 0" _ 145 20 _ |0 @31 932 G33 O34
0 P 1597 2 Gso 41 a2 G433 Gaa

Associated with Q, let Q~, Q' denote the matrices defined by

2 00000000 .. .7

012000000

001320000
_looo145200
C=100001509 72 ’

where the row i is that of Q preceded by O,-T, (i=0,1,2,...) and

200 0 . . .
1000
1200
1300
1420
QL:1550
169 2

where the column j is that of Q preceded by 0T, (j =0,1,2,...).

The sequence L = (lp,l1,l5,...)" defined by lo = 2,1; = 1,1, = ln_1 + L2, (n > 2) is called the Lucas sequence.

There are some generalizations of the notion of Fibonacci or Lucas sequences (see [6,4] for example). Furthermore, in [6],
Choi et al. present the following generalization of Lucas sequences. We are interested in the generalization of Lucas
sequences.

Suppose that we arrange n congruent cubic blocks in such a way that the blocks are arranged in one or two rows and each
of the blocks in the top row (top blocks) is placed on a block in the bottom row(base block). They call such an arrangement a
Fibonacci arrangement of n blocks. Let F,, denote the set of all Fibonacci arrangements of n blocks. It is well known that |F,|,
the number of elements of F,, is equal to (g) + (n ; 1 )+t (n 1 1
nonnegative integer r, let F,, denote the set of all Fibonacci arrangements of n blocks with the ‘truncation’ condition that
the number of top blocks is < r. .

In what follows we assume, for an integer i and for a nonnegative integer t, that (;) =0ifi<t Let F=(frofr1fra. )t

)+ (2) = fne1, the (n+ 1)" Fibonacci number. For a

be defined by f,o = 0,f,1 = 1,f;n=|Frn_1| for n > 2. Let t be the number of top blocks in an arrangement in F,,. Then the
n —
(

¢ t) ways that the t top blocks can be placed.

number of base blocks in that arrangement is n — t, and hence there are

n-—t

Since 0 < k < r,we have f; .1 = > 1o :

). We see that f; .1 is equal to the sum of the entries of P lying on the linei +j =n
OT

th
Pl[O,l.,Z,...\O,L...,r] . They call F; the r* truncated

within the range 0 <j < r, and hence that F; is the row sum vector of

Fibonacci sequence.
Let Q = [q;;] and let g, ,, = >";_oq,_,- Then g, , is equal to the sum of the entries of Q lying on the line i + j = n within the

range 0 <j<r.
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Notice that q;; = g; ;; + ¢;_1; . In the sequel, we assume, for integers i,j, that q;; = 0 if either i <0 or j < 0.

Let L, = (8r0,8r1,8r2,- - )T, then L, is the row sum vector of Q' 0,1,2,...]0,1,...,r]. They call L, the rth truncated Lucas
sequence.
For some r and n, the values of L, are given as follows.

Theorem 2.1. [, p2 =14+ b ni.
Proof. By the definition of the numbers [.,,, we have
T
Ir.n+2 = an+2—t.t =qni20 T dni11 T Gno + -+ Qo ps

t=o0

and

r—1 r
ban+hnin =Y oot D Gnotee =TDno T Gn1a T Gn2z T T Gnrerrt + Gorro + ot T Gnorz T+ Gnornr
t=0 t=0

= qn+1‘0 + (qn,O + qn,l) + (qn—l‘l + qn—l.z) + (anz,z + qn—2,3) +oF (qn—rﬂ‘r—l + qn—rﬂ.r)
= qn+1‘0 + qn+1,1 + CIn.z +n+ qn+2—r,r’

and since q,.50 = qy.10 = 1 we obtain

ban+bni =Gnioo +dni1a +Gno + o+ niory = bnsae g
Result 1. [, = 2.
Proof. o =31 G =0qoo+q 11+q 22+ +q r=Goo=2. O
Result 2. [, =n+1,n>1.
Proof. [, = Zg:oqn—[,t =0no +9n-11 =90t qn-201tqn-21=qno* qn-—20%qn-30* qn-31-
If we continue similarly, then we obtain

1
L= an—t,t =Gno+ G20+ dn 30+ +Qron-1yerms + Qoo +do1 =N—1+2+0=n+1. |

t=o0

Result 3. [, =1,n > 0.

Proof. fo,n:Z?:o<n_]1_t> - <n61> =10

Weletl . =1, andforn > r,i<r—1andirnez*, I, =171 — 1%V, For example, [[')) = 1) — ") | forr=2n=5
1 0 0
B =1 1) =hs—hLs=11-7=4

Theorem 2.2. [,V = f;&(—l)‘(r_. 1 )l“’) (n > 2r).

1 rn—i

Table 1
The values of L;., for some r and n.

L, n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13 n=14 n=15 n=16 n=17 n=18 n=19
r=0 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
r=1 2 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
r=2 2 1 3 4 7 11 16 22 29 37 46 56 67 79 92 106 121 137 154 172
r=3 2 1 3 4 7 11 18 29 45 67 96 133 179 235 302 381 473 579 700 837
r=4 2 1 3 4 7 11 18 29 47 76 121 188 284 417 596 831 888 1133 1514 2093
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Proof. Let’s prove the theorem by induction on the subscript r.

The case r = 1 is obvious. k1
For r = k, we suppose that lli’fgl) = Zf-‘;ol (—1)’( c; )lg\’r)lfi.
That is, we have

_ k-1 k-1 k-1 2 (k-1 (k-1
= (K D (D 0 (5 i 0 (T i+ 0 () i

For r = k + 1, let’s show that

k ik k k 1/ Kk k
ll(fizl,nZE (-1) <l-)llg)l.n—i:(_1)0<0>ll(£21,n+(_1)]<]>ll(<i)l.,n—l+”'+(_1)’ 1(](7])llgm—(kfl)+(—1)k<k>l;<0+)1.nfk-
=0

: : k k-1 k-1 : k k-1 k-1
By using the Equahty ll(«zl.n = l;<+1,r)1 - ll(<+1‘1)1—1' we obtain llgll,n = l;cﬂjl - ll(<+1.1)1—1

k-1 k-1 k-1 L k-1
=0 (g i e (] D+ (B i 02 ()
1 (k=1 k-1 k-1 k-1
0 (e = 00 (g = 0 (] = 0 () s
o (k=1 (k-1
L A () LR Vo T

We can write

k-1 k k=1 (k
() (g ) =0 (T ) e = ()

(5)-G)G5)

Together with the last three equalities, the proof is completed. O

and

Notice that, if n < 2r the latest term of I, ") = >0/ (~1)'( r—i 1 IO is (—l)r’l(:_ 1 )11 is not defined. Because, for

n>ri<r—1landirnez", by, =1 . Thatis, ifn<2r,n—r+1<r+1.

Theorem 2.3. We let L, =1 and 1Y) =19V —1"" for n>r, i<r—1 and irnez*. Then (I, 1,0 150
e , 2r ol :
1) =(3.4,5...,5+3,..).

Proof. Notice that,

(r=1) 4r=1) 4(r-1) (r-1) (0) 1(0) 1(0) (0)
(lrlr 71r.2r+1=lr.2r+27 e lr‘2r+57 o ) = (3747 57 St 17 o ) = (ll,2= 11,37 11,47 R ll,s+27 e )

Now, we will show that I, = 1) = 3.

r2r
If r =1, then I,V = 1) because 1) = n + 1, I{’) = 3 by result 1.
For 12137 18y 1518, 1% 3
For 1 313" 12 1183 1515~ £ 1%~ )15~ 3.
For 18, 71— B~ ) )~ 3 )~ ) 1y~ )19 19 018 0 518

Similarly,
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r—1 r—1 r—1
r— r—2 r—2 r—3 r—3 r-3 r-3) : 0 0 0
15.2:) = Ii,Zr )~ Ii,zr_)1 = Is,Zr - l;.Zr_)] - Il(’,Zr_)l + lﬁ,zr_)f = (—1)0 ( 0 )Ii.z)r +(-1) ( 1 )Ii,Z)r—l + (—1)2 < 5 )Ii,z)r-z

r—1 r—1 r—1 r—2 r—2
+~~+<n’2<r_2>¢%2+<1V1<r_1>$zl—<n°< o )ﬁ&+(1f{< : >+( 0 )Pﬂrl
r—2 r—2 r—2 r—2 r—1

(12 I l(r0>r7 (212 4 &0) (1)t lior)

[ T Y | R g T

r—1 r—2 r—2 r—2 r—2
—FW<0>wﬁFW<O>@m+FW<1)@m+Fm(l>@m+FW<2>@m

r—2 r—2 r—1 r—2
+o+ (‘UPZ l;[,)r)+2 + (‘UPZ li?r)ﬂ + (‘UH ll(f)r)ﬂ = (—1)0191&72 + (_1)1 191.2#3
r—3 r—2 r—1 1

o (ST,

a rigorous justification (e.g. indiction).

= lyg — 153 — 153 + 153,
0) 0) (0)
:lz.4_l 3211‘2:3'

1) _ (O

r2r+s S+

Thus, one can show easily that [ » =S+ 3, and the proof is completed. O

We consider the Lucas sequence I, =1l,.1 +1, 5, for =2, 1 =1 and n > 2 and terms of the truncated Lucas
L= Z[Zan,m. As we see Table 1, I, = I, for 0 < n < 2r+ 1 but [, 5,.»#b,». This observation is explained in the following
proposition.

Proposition 24. I, =1, if0<n < 2r+1 and b5 2 #br 2.
Forr=2,Ls =16 and Ig = 18.

Result. L 5 =lor 2 + 2.

3. The Function k,(m)

This section is concerned with determining the length of the recurring sequence obtained by reducing a Fibonacci and
Lucas sequences modulo m.
Let L, = (I.0,l;1,1;2,...)T be the rth truncated Lucas sequence. Then, L,(mod m) does not form a simply periodic sequence. For

example, L,(mod m) is that 2,1,0,1,1,2,1,1,2,1,1,2, 1,1,2,.. .. But if we take L., = (ln, Lt Lrnsze - )T (n=1+ 1,7+ 2,7+ 3,...),
then L, ,(mod m) forms a simply periodic sequence. For example, Ly 3 = (l53,l4,l55,...) is that 1,1,2,1,1,2,1,1,2,1,1,2,1,1,2,...
Now we can talk about the function k,(m) of sequence L, ,(mod m). We make the following conjectures. Concerning the con-
jectures, it might be helpful to see whether facts about the so-called rank of apparition of m can help to prove any of the con-
jectures. Such facts can be found [18].

Conjecture 3.2. k.(m.n) = k;(m).k-(n) on condition that (m,n) = 1.

That is, the function k,(m) is a multiplicative function.

Conjecture 3.3. If p is a prime number and t € Z*, then k.(p’) = p*~k;(p).
Conjecture 3.4. If p is a prime number and p > r, then k;(p) = p.

Conjecture 3.5. If m is not a prime number, then m|k,(m) and m##k.(m).

For several values of the parameters, these conjectures seem to be validated by a computer program written in MAPLE
and FORTRAN.
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Table 2

Wall numbers for various values of m and r.
r=2 r=3 r=4 r=5 r=6 r=7
k(2)=4 k(2)=4 k(2)=8 k(2)=8 k(2)=8 k(2)=8
k(3)=3 k(3)=9 k(3)=9 k(3)=9 k(3)=9 k(3)=9
k(4)=8 k(4)=8 k(4)=16 k(4)=16 k(4)=16 k(4)=16
k(5)=5 k(5)=5 k(5)=5 k(5)=25 k(5)=25 k(5)=25
k(6)=12 k(6) =36 k(6)=72 k(6)=72 k(6)=72 k(6)=72
k(7)=7 k(7)=7 k(7)=7 k(7)=7 k(7)=7 k(7)=49
k(8)=16 k(8)=16 k(8)=32 k(8)=32 k(8)=32 k(8)=32
k(9)=9 k(9) =27 k(9)=27 k(9) =27 k(9) =27 k(9)=27
k(10)=20 k(10)=20 k(10) =40 k(10) = 200 k(10) = 200 k(10) = 200
k(11)=11 k(11)=11 k(11)=11 k(11)=11 k(11)=11 k(11)=11
k(12) =24 k(12)=72 k(12) = 144 k(12) = 144 k(12) = 144 k(12) =144
k(13)=13 k(13)=13 k(13)=13 k(13)=13 k(13)=13 k(13)=13
k(14) =28 k(14) =28 k(14) =56 k(14) =56 k(14) =56 k(14) =392
k(15)=15 k(15) =45 k(15) =45 k(15) =225 k(15) =225 k(15) =225
k(16)=32 k(16)=32 k(16) = 64 k(16) =64 k(16) =64 k(16) =64
k(17)=17 k(17)=17 k(17)=17 k(17)=17 k(17)=17 k17)=17
k(18) =36 k(18)=108 k(18)=216 k(18)=216 k(18)=216 k(18)=216
k(19)=19 k(19)=19 k(19)=19 k(19)=19 k(19)=19 k(19)=19
k(20) =40 k(20) =40 k(20) =80 k(20) = 400 k(20) = 400 k(20) = 400
k(21)=21 k(21)=63 k(21)=63 k(21)=63 k(21)=63 k(21) = 441
k(22) = 44 k(22) = 44 k(22) =88 k(22) =88 k(22)=88 k(22)=88
k(23)=23 k(23)=23 k(23)=23 k(23)=23 k(23)=23 k(23)=23
k(24) = 48 k(24) =144 k(24) = 288 Kk(24) =288 k(24) =288 k(24) =288

In addition, Table 2 shows the Wall number of 2,3,...,7. truncated Lucas sequences for some numbers. The above con-
jectures can be checked with Table 2 for some numbers. We have lots of data for various values of m and r.

Notice that by using Conjecture 3.4, We can now rewrite some items of Theorem 1.1, Theorem 1.2 and Conjecture 1.3. So
we can see a relationship between k(p) and k. (p).

Result 3.6. If k(p)=k(p?), then k(p®) = k()" k(p). Also, if n is the largest integer with k(p) = k(p"), then k(p®) = k(p)*~'k(p) for
e>n.

Result 3.7. The following hold:
i. If pis a prime and p = 10x £ 1, then k(p)|(k{p) — 1).
ii. If p is a prime and p = 10x + 3, then k(p)|(2kp) + 2).
Result 3.8.

i. If p is a prime number and k(p) < p, then k(p)|(k.(p) — 1).
ii. If p is a prime number and k(p) = 0(mod2), then (k.(p) + 1)|k(p).
iii. If p is a prime number and k(p) = 1(mod2), then (k.(p) £ 1)|(k(p) — 1) or k.(p)|(k(p) — 1).
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