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Abstract: In this study, we define the k-Cullen, k-Cullen-Lucas, and Modified k-Cullen
sequences, and certain terms in these sequences are given. Then, we obtain the Binet for-
mulas, generating functions, summation formulas, etc. In addition, we examine the rela-
tions among the terms of the k-Cullen, k-Cullen-Lucas, Modified k-Cullen, Cullen, Cul-
len-Lucas, Modified Cullen, k -Woodall, k -Woodall-Lucas, Modified k -Woodall,
Woodall, Woodall-Lucas, and Modified Woodall sequences. The generating functions
were derived and analyzed, especially for cases where Fibonacci numbers were assigned
to parameter k. Graphical representations of the generating functions and their logarith-
mic transformations revealed interesting growth trends and convergence behavior. Fur-
ther, by multiplying the generating functions with exponential expressions such as e*, we
explored the self-similar nature and mirrored dynamics among the sequences. Specifi-
cally, it was observed that the Modified Cullen sequence exhibited a symmetric and in-
verse-like resemblance to the Cullen and Cullen-Lucas sequences, suggesting the pres-
ence of deeper structural dualities. Additionally, indefinite integrals of the generating
functions were computed and visualized over a range of Fibonacci-indexed k values.
These integral-based graphs further reinforced the phenomenon of symmetry and self-
similarity, particularly in the Modified Cullen sequence. A key insight of this study is the
discovery of a structural duality between the Modified Cullen and standard Cullen-type
sequences, supported both algebraically and graphically. This duality suggests new ave-
nues for analyzing generalized recursive sequences through generating function transfor-
mations. This observation provides new insight into the structural behavior of general-
ized Cullen-type sequences.

Keywords: Cullen sequences; Binet formula; generating function; Woodall numbers; self-
similarity

1. Introduction

In mathematics, sequences play a crucial role in understanding a problem that arises
under specific conditions more clearly. One of the most famous of these problems is the
Rabbit Problem from Leonardo Fibonacci’s renowned book Liber Abaci. Based on the
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outcomes of the rabbit problem, the Fibonacci sequence is defined, and the relationships
between consecutive terms of this sequence are derived.

The Fibonacci sequence has long been recognized not only for its mathematical ele-
gance but also for its relevance in modeling natural fractal structures, such as the spiral
arrangement of leaves, pinecones, and sunflower seeds. While Zhang et al. [1] propose a
Fibonacci-based fractal superstructure, the theoretical underpinnings of such multi-scale
models are more rigorously defined by the two-scale fractal dimension framework [2—4],
which provides a robust mathematical and physical basis.

The most famous number sequences are the Fibonacci and Lucas sequences. These
sequences have attracted the attention of scientists for centuries. Fibonacci sequences have
been applied in various fields such as engineering [5], chemistry [6], group theory [7],
graph theory [8], phylotaxis [9], cryptology [10], biomathematics [11], etc. Scientists have
conducted many studies on the generalization of the Fibonacci sequence. Examples of
studies carried out are Bronze Fibonacci [12], Leonardo [13], Copper Fibonacci [14],
Gaussian Fibonacci numbers [15], Fermat [16], Perrin [17], Narayana [18], k-Oresme [19],
Padovan [20], Bronze Leonardo [21], Mersenne [22], Bernoulli-Euler polynomials [23],
Hyperharmonic Fibonacci [24], g-Narayana [25], Pell and Pell-Lucas polynomials [26],
Complex-type k-Fibonacci [27], r-Fibonacci [28], Bell [29], Jacobsthal-Padovan [30],
Francois [31] sequences, etc.

For n € N, Fibonacci numbers F, and Lucas numbers L, are defined by the recur-
rence relations, respectively:

Fpyy =Fy4 + E, with Fy=0and F; =1,

Ln+2 = LTl+1 + LTl/ with LO =2 and L1 =1.

Binet formulas for F, and L, are given by the following relations, respectively:

@t—g™
E, = pouy; and L, = o™ +o"
where ¢ = %E and o = %E are the roots of the characteristic equation r* —r —1 = 0.

Here, the number ¢ is the known golden ratio.

In mathematics, Cullen numbers are a special class of numbers defined by the fol-
lowing formula. This class of numbers was defined by an Irish priest and mathematician
named James Cullen in 1905. These numbers are helpful in many areas of number theory,
such as computer-aided prime number searches and prime number tests. In addition,
these numbers are special cases of Proth numbers.

Furthermore, for n € N, the Woodall numbers R,, Woodall-Lucas numbers D,,
Modified Woodall numbers W,, Cullen numbers C,,, Cullen-Lucas numbers E,, and
Modified Cullen-Lucas numbers H,, are defined by the recurrence relations, respectively:

Ryss = 4Rpy, — 4R, — 1, with Ry = —1 and R, =1,
D4y =4Dpy — 4D, — 1, with Dy =1 and D, = 4,
Wyey = 4W,yy — 4W, + 1, with W, =0 and W, = 1,
Cpyy =4Chy —4C, + 1, with ;=1 and C; = 3,
Epyy = 4E, ., — 4E, + 1, with E, = 1 and E, = 4,

H,,, = 4H,., —4H, — 1, with H, = —1 and H, = 2.

For R,, D,, W,, C,, E,, and H,, the Binet formulas are given by the following rela-
tions, respectively:
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Ry=n2"—1,D,=(A+n)2"1—1, W,=(n—1)2"+1,

C,=n2"+1, E, =3n2"1+1,and H, =3n2"1-1.

The authors found many properties of these sequences and made many applications
related to these sequences (for details, see [32-35]).

Using the recurrence relation of the classical Fibonacci sequence as a foundation, the
k-Fibonacci and k-Lucas sequences were developed, both of which play a significant role
in number theory. In [36], Falcon and Plaza introduced the concept of the k-Fibonacci
sequence and explored numerous properties associated with it. Furthermore, in [37], Fal-
con extended this study by defining the k-Lucas sequences. In addition, Akkus and
Ozkan defined a new generalization of k-Woodall sequences and found many properties
of these sequences [38].

For k € R* and n € N, the k-Woodall 0y,, k-Woodall-Lucas Sy ,, and Modified
k-Woodall By, are defined, respectively, by

0k,n+3 = 50k,n+2 - 80k,n+1 + 40’(,7’1’ with Ok,O = _1, Ok,l = 1, and Ok,Z =8- k,
5k,n+3 = 55k,n+2 - 85k,n+1 + 45’6,7’1/ with Sk’() = 1, ‘Sk,l = 4, and Sk‘z =12 — k,

Bk,n+3 = SBk,Tl+2 - 83k,n+1 + 4Bk,n' with Bk,() = 0, Bk,l = 1, and Bk’2 =k + 4.

For Oy, Skn, and By, the Binet formulas are given by the following relations, re-
spectively:

o,m=(k—1+ %n)zn—k, s,m=(k+1+ %n)zn—k,

y: (—k + %n) 2"+ k.

As seen above, many generalizations of Fibonacci and Lucas sequences have been
given so far. In this study, we give new generalizations inspired by the k-Fibonacci and
Cullen sequences. We call these sequences the k-Cullen, k-Cullen-Lucas, and Modified
k-Cullen sequences and denote them as Uy, Ny, and My, respectively.

Self-similarity is a fundamental concept in mathematics and complexity science, de-
scribing structures or patterns that are invariant under scaling transformations. A self-
similar object appears “the same” at different levels of magnification, a property com-
monly found in fractals, recursive functions, and dynamic systems. According to Man-
delbrot [39], self-similarity encapsulates the idea of infinite complexity emerging from
simple iterative rules and is thus pivotal in modeling both natural phenomena and algo-
rithmic processes. In mathematics, it plays a central role in the analysis of fractal dimen-
sions, automata, wavelets, and recursive sequences [40].

Recent studies have extended the scope of self-similarity into discrete mathematics
and number theory, especially through sequences that exhibit repeated growth patterns
governed by recurrence relations [41]. Fibonacci-related sequences, due to their recursive
and proportional structure, are natural candidates for revealing self-similar dynamics.
Furthermore, generating functions and their analytic transformations, such as integration
and exponentiation, provide deeper insights into the scale-invariant behaviors embedded
within such sequences.

The aim of this study is to explore the emergence of self-similar patterns within the
Cullen, Cullen-Lucas, and Modified Cullen sequences by analyzing their generating func-
tions, logarithmic profiles, exponential transformations, and indefinite integrals, particu-
larly when the recursion parameter k is taken from the Fibonacci sequence. Through
graphical and analytical evaluations, we demonstrate how self-similarity and symmetry
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emerge, providing potential applications in areas ranging from complexity theory to fi-
nancial modeling and medical image analysis.

We separate the article into four parts.

In Section 2, we introduce the k-Cullen, k-Cullen-Lucas, and Modified k-Cullen se-
quences. We derive their characteristic equations and present the corresponding Binet for-
mulas along with several of their fundamental properties. In addition, we construct the
generating functions for these sequences and explore various special summation identi-
ties related to them.

In Section 3, we examine the relations between the terms of the k-Cullen, k-Cullen-
Lucas, Modified k-Cullen, Cullen, Cullen-Lucas, and Modified Cullen sequences. Then,
we associate the k-Cullen, k-Cullen-Lucas, and Modified k-Cullen sequences with spe-
cial number sequences. Furthermore, we represent the terms of these sequences using ma-
trix formulations.

In Section 4, we examine a graphical review: Self-Similarity behavior of Generator
Functions for Logarithmic Scale, Exponential Scale, and through Integration of Generating
Functions.

2. k-Cullen, k-Cullen-Lucas, and Modified k-Cullen Sequences

In this section, we explore a new generalization of Cullen sequences. Then we obtain
many properties of this generalization such as special summation formulas, Binet formu-
las, and generating functions.

For k € R* and n € N, the k-Cullen Uy,, k-Cullen-Lucas N ,, and Modified k-
Cullen M, , are defined, respectively, by

Uk,n+2 = 4Uk,n+1 - 4Uk,n + k, Wlth Uk,O =1 and Uk,l = 3,

Ninia = 4Ngni1 — 4Nk + k, with Ny

1 and Ny, =4,

Mk,n+2 = 4Mk,n+1 - 4'Mk,n - k, with Mk,O =-1 and Mk,l = 2.

Also, the third-order recurrence relations of the sequences Uy,, Ny, and M, are
respectively, as follows:

Un+z = SUkn+z = 8Uk i1 + 4Ukpn, With Ugo =1, Uy =3,and Uy, =k +8,
Nk,n+3 = 5Nk,n+2 - 8Nk,n+1 + 4Nk,n/ with Nk,() = 1, Nk,l = 4, and Nk‘z =k+ 12,

Mk,n+3 = 5Mk,n+2 - 8Mk,n+1 + 4Mk,nr with Mk,O = —1, Mk,l = 2, and Mk,z =12 —-k.

Next, we provide an overview of the equations associated with these sequences.
The characteristic equation of the k-Cullen, k-Cullen-Lucas, and Modified k-Cullen
sequences is

r3—5r2+8r—4=0?—-4r+4)(r—-1)=0.
The roots of this equation are
rn=r=2and r;=1.
The relationship between these roots is given below:
r+r+ry=5 nn+nr+nr =8 and nrr =4
The Uy, Nin,and My, values for the first four n natural numbers are given below:

Uk,() = 1, Nk,O = 1, Mk,O = _1,

Uk,l =3 Nk,1 =4, Mk,1 =2,
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Uk, =k +8, Ny, =k +12, My, =12 —k,

Ugs =5k +20, N3 =5k+32, M, =40 — 5k.
Next, the values of these sequences for some k values are related to the sequences in

the Electronic Encyclopedia of Integer Sequences (OEIS):

e U,=1{13925,..}: A002064,

e U, =1{1310,30,..} A001700,

U Ny, =1{1,4,16,32,..}: A107767,

U Ngn ={1,4,18,62,...}: A057414,

e M, =1{2,7,15,26,..}: A005449,

e My, =1{2,6,10,14,..}: A016825.

Next, the Binet formulas of the k-Cullen Uy ,, k-Cullen-Lucas Ny ,, and Modified k-
Cullen M,, sequences are expressed.

Theorem 1. Let k € Rt and n € N. We obtain
. k+1 . K2
1. Uk,n=(1—k+7n)2n+k, ll'Nk,n:(l_k+TTl)2n+k,

i, Mo, = (k= 1+ “fn)2" — k.

Proof. i. The Binet form of a sequence is as follows (two distinct root cases where 1, =
r, =2 and r; = 1):
Upgn = (x +yn)ry ™ + zr3™.
For these n values, we obtain

Uk,O =x+ Z,
U1 = (x+y)r + zr3,

Upo = (x + 2y)ry % + 2z
We find
x=1-k, y=% and z =k.

The other proofs follow a similar approach. O

Theorem 2. he generating functions for k-Cullen Uy, k-Cullen-Lucas Ny, ,, and Modified k-
Cullen M, ,, sequences are given, respectively, as follows:

. 1-2t+(k+1)t? .. 1-t+kt?
_ oo n — — (e} n —
i u(t) = X3oo Upat™ = 4t3+8t2—5t+1 ii. n(t) = XnZo Ngat™ = -4t3+8t2-5t+1

—142t+(7-k)t>?
— oo n —
iii. m(t) = Xnzo Micnt™ =5 s

Proof. i. For the k-Woodall sequence, we get

u(t) = Yoo Upnt™ = 1+ 3t + (k + 8)t% + Yoo Up o t™
=1+3t+(k+8)t*+5X7 3Upn1t" —8XraUpn_ot™ + 4 X3 Up pst™

=1+3t+4 (k+8)t? + 5t Xyy Upnt™ — 8t2 Yooy Up nt™ + 43 Yoo Up nt™
_1-2t+(k+1)t?
T —4t3+48t2-5t+1"

The other proofs follow a similar approach. o

In the following theorems, we give special sum formulas of the k-Cullen U, k-
Cullen-Lucas Ny, ,, and Modified k-Cullen M, , sequences.
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Theorem 3. Let k € R* and n € N. We find
i Y=o Ukn =4Uppn-1 + (n — Dk, ii. Yoo Ngs = 4Ngp1 + (n — Dk — 1,
iii. Z?:O Mk,n = 4Mk,n—1 - (Tl - 1)k + 5

Proof. ii. From the definition of the k-Cullen-Lucas sequence, we obtain
Nk,Z = 4Nk,1_4Nk,0 + k,
Nk,3 = 4Nk,2 - 4Nk,1 + k,

Nyn = 4Ngp—1 — 4Npp2 + k.
So, we have
-5+ Z?:O Nk,s = 42?;11 Nk,s - 42?;5 Nk,s + (Tl - 1)k/
—5+ X7 Nis = 4(=Niew — Nico + 220 Niess) — 4(—=Niw — Nign—1 +
Z?:O Nk,s)
+(n— k.
Thus, we obtain

=0 Nis = 4Nyp-1 + (n—Dk-1.

The other proofs follow a similar approach. O

Theorem 4. Let k € R* and n € N. We obtain
. 20U 20 —4Uj 2mg1 +90K+1 .. 16U} 2 +4U) 2p41+90k—1
n — ,2T ,21 n — ,21 , 21
i Yo Uzs = 5 , ii. Y Ukz2s41 = 5 /
20Nk 2 —4N, +9nk+5 16Ny 2 +4N, +onk+4

see n _ k,2n k2n+1 . n _ k,2n k2n+1

i, Y5-o Nios = 5 , iv. X5=0 Nkzss1 = ) ’
_ 20Mjpn—4Mj 2n 41— 9nk+19 16Mj 20 +4Mp 2741~ 9NK+26

n 1 n —
Vo Yoo Myzs = 5 Vi Xooo Miaser = 5

Proof. i. and ii. From the definition of the k-Cullen sequence, we obtain

Uk,Z = 4Uk,1_4Uk,0 + k, Uk,3 = 4Uk,2_4Uk,1 + k,
Uk,4— = 4Uk,3 - 4Uk,2 + k, Uk,S = 4Uk,4— - 4Uk,3 + k,
Ukan = 4Uran-1 — 4Uion-2 + k, Ukan+1 = 4Up2n — 4Up2n-1 + k.
So,
-3+ Z?:O Uk,Zs+1 = 4(_Uk,2n+1 + Z?:O Uk,25+1) - 4(_Uk,Zn + Z?:O Uk,Zs) +nk (1)
And

=1+ X80 Uk = 4‘(—1 + Y=o Uk,Zs) - 4(_Uk,2n+1 + 20 Uk,2$+1) + nk ()

If Equations (1) and (2) are solved jointly, we find

20U 2n—4Uk 2n41+9Mk+1
n — .21 .21 n —
Ys=0Ukzs = 9 sand Yoo Uk zse1 =

The other proofs follow a similar approach. O

16U on+4Uk 2n+1+9Mk—1
. .

3. Exploring Relations in Special Sequences

In this chapter, we examine the relationships among the k-Cullen, k-Cullen-Lucas,
Modified k-Cullen, Cullen, Cullen-Lucas, Modified Cullen, Woodall, Woodall-Lucas,
Modified Woodall, k-Woodall, k-Woodall-Lucas, and Modified k-Woodall sequences.
In addition, we represent the terms of these sequences using matrix formulations.

Next, we examine the relations among the k-Cullen U, ,, k-Cullen-Lucas Ny,
Modified k-Cullen M;,, Cullen C,, Cullen-Lucas E,, Modified Cullen H,, k-Woodall
Ok, k-Woodall-Lucas §y ,,, and Modified k-Woodall sequences.

Theorem 5. Let k € R* and n € N. The following relations are found between the k-Cullen se-
quence and other sequences:
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. 3 k+11 k2+5k+12
L Ul = araera Nemt2 ~ iagiors Nkt T KZ+akta K
.. 15 —5k+65 —k2+13k—66
i Ui =~ g Mensz + g ig Menss + Tair Mo
—k+1 3k-1
111. Uk,n = TCTL+1 + TCn,
. K —5k+1 7k—1
1v. Uk,n = ;En+2 + TEn+1 + TEn/
5k 19k+1 17k+1
V. Ugn = _?Hn+2 + 3 Hpy1 — Hy,
U, . = LI 4k-36 k2-10k+37
VI Vkn = T2 ekre kA2 T 32 grrg kA1 T T4z gppg Chns
iU = 2k+5 3k+21 —k2+3k—20
VIl Ukn = =5 ma dkntz Tiapog Skntt ¥ 0000 Skns
Viii. Us. = k2+k —3k2+29k+48 k3-28k%-77k-48
© R T 434 ok2433k+48 T B2 T 34 ok24 33448 T RNHL T Y34 0k2 33448 T M

Proof. i. To carry out the proofs, we utilize the following relation:
Uk,n =aX Nk,n+2 + b X Nk,n+1 +c X Nk,n-
For these n values, we obtain

Uk,O = aXNkVZ +b XNk,l +CXNk'0,
Ukl =a><Nk'3+b><Nk’2+C><Nk'1,

Uk,Z =aX Nk,4 + b X Nk,3 +c X Nk,Z'

We find
3 k+11 k2+5k+12
a=——b=———and c =———.
k2+4k+4 k2+4k+4 k2+4k+4
Thus, we have
3 k+11 k2+5k+12
Uy, =—=———N, ———-N — Ny .
kn = 2y appa RMFZ T g2y gppa RMFL T G2 gppg RN

The other proofs follow a similar approach. O

Theorem 6. Let k € R and n € N. The following relations are found between the k- Cullen—
Lucas sequence and other sequences:

. 2 k+7 k2+k—4
L Nin = = aregs Ytz T iaigpey Ukenst K242kl KM
.o 18 —-6k+78 —-k“+14k-76
U Neen = =@ grr16 M’Z";z + k2-glc+16 Micn1 ¥ =@ gir1e Min
coe 1 —k+ 3k—-4
Li. Np, =— > Chyn + - Chiqt TCn,
. k-1 —5k+5 7k—4
. Nin =5 Enpo + —— Bt ——En,
Sk+1 19k+5 17k+4
Vo Ny = ———Hpyo + ——Hpyy————Hy.
LN = 04 5k—45 k2-11k+44
VI Nien = T2 gkre Tlmt2 T 32 gy Ckmtl T T2 gprg Chins
i N = 2k+8 2k+32 —k2+4k—28
VL Nign = =i Ykt Vi dknt ¥ S0y Sk
k2 —2k2+33k+48 k3-29Kk2-48k
viii. Ny, =—=————7B +—— +————B;,.
k™ k342k2433k+48  KMF2 T k3422 433k+a8 TR T 340k24 33k 448 T KT

Proof. iii. By applying the Binet formulas in the proofs, we obtain the following result:
~k+5 k= —k+5
— = Crz + o CpgaF o Gy = =2 (R4 2)2™2 4 1) + =2 ((n + 12" + 1)
3k—4 k+2
+T(1’L2n + 1) (1 —k+ Tn)zn +k
=(1—k+“n)2n+k
2
e Nk,n-
The other proofs follow a similar approach. o

Theorem 7. Let k € R* and n € N. The following relations are found between the Modified k-
Cullen sequence and other sequences:



Fractal Fract. 2025, 9, 380

8 of 21

2
i My, = _ﬁl]k,rwz + %Ulmwl_% kns
iii. Mk,n =73 Cpyz + % Cry1— 3k;14 Cr,
v. Mk,n _ ?Hmz n —19:+19 Hyyot 17k3—14- H,,

- 2—
Vi M = = e Okne + g Okt + g s Ok
_ _ 2 _
viii. M, = K48 nta _T2k?+25k+16 i _ kP+25k?+90k+64 -
’ k3+2k2+33k+48 ¢ k3+2k2+33k+48 " k3+2k2+33k+48 ’

Proof. The proofs are carried out in a manner similar to that of Theorem 5. O

Theorem 8. Let k € R* and n € N. The following equations are true:
i. Cullen sequences are associated with the k-Cullen, k-Cullen—Lucas, and Modified k-Cullen se-
quences:

e (. = k2-2k+1 —2k%+6k—4 2k%-2k+4
n T k3gak24k  KMF2 T y3iapzag RMAL T a2y ok
e (. = k2-2k+4 +—2k2+6k—16 i 2k2+16
m T K344k bak kn+2 K3+4K2 +ak kn+1 K3+4k2 +4k kens
—k“+2k-16 2k“—-56k+64 —12k“+72k—-64
o (=—/—77T—"M - M —M,
n kn+2 T g3 oKz _14ak KL T 3oz 144k T KTV

k3+2k2-144k
ii. Cullen—Lucas sequences are associated with the k-Cullen, k-Cullen—Lucas, and Modified k-

Cullen sequences:

« E = k2—4k+1 +—k2+13k—4 k2—7k+4
nT g3g2k24k K2 T p3iopzgp CRMFL T g3 oz ke
e F = k2—5k+4 -k%+17k-16 k?-8k+16
m kS akZrak ken+2 K3-+4k2 44k ken+1 K3+ak24ak kens
K2+k+16 k2-53k+64 —11k2+42k—64
o E, =_——SHHI0 g oy lOOSKEOR g i tAEeS .
n K3+2k2—144k M2 T p34ok2 144k ML T g3 402 q44k N

iii. Modified Cullen sequences are associated with the k-Cullen, k-Cullen—Lucas, and Modified
k-Cullen sequences:

e H k2+8k+1 +7k2+29k+4- 7k2+23k+4
n K3+2kZ+k Iom*2Z T y3yop2ty TRMAL T g3 o2y DR
e H = k2+13k+4 N 7k%+49k+16 7k%+40k+16
n K3+ak24ak M2 T )3 g2 agp L g3 gk gk T
k%2-17k+16 —7k?+71k—64 17k2-222k+64

. H=——F—— —_ -t TesstToOR .
N T k342k2-144k EMHZ T p3iop2_qaqr kML T p3iok2 g4k KT

Proof. The proofs are carried out in a manner similar to that of Theorem 6. O

In the following theorem, we examine the relationships between the k-Cullen, k-
Cullen—Lucas, Modified k-Cullen sequences, and special number sequences.

Theorem 9. Let k € R* and n € N. The relationships of the k-Cullen Uy, k-Cullen—Lucas
Ny, and Modified k-Cullen M,,,, sequences with the Woodall sequence R,, Woodall-Lucas se-
quence Dy, and Modified Woodall sequence W, are as follows:
i. For the k-Cullen sequence,

* Ugn=—2kRp, + %Rrwl - %Rnl

o Upn=—(5k+2)Dpi, +(A7k + 7)Dpyq — (13k + 5)D,,

Wiy — o Wiy + 2k Wi,

¢ Ry = (k2 + 6k + DUy + (6k2 + 22k + DUje s

—(6k* + 18k + 4)Uy ),
1

e D, = m((kz — 2k — 1)Uk,n+2 + (—kz + 9k + 4)Uk,n+1 - (kz + 9k + 4)Uk,n)/

n = m((—3k + l)Uk,n+2 + (kz + 9k - 4)Uk,n+1 + (—4k + 4)Uk,n)'

ii. For the k-Cullen—Lucas sequence,

[ ) Uk,n = —4
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4k+1 15k+5 13k+4

* Nen=—"FRnizt——Rnpi—— Ry,
® Nygn=—(5k+5)Dps, + 17k +17)Dpyq — (13k +12)D,,
© Nen= %Wm + Wiy + 2k — D)W,
e R,= m( (k% + 10k + 4)Ny 42 + (6k* + 38k + 16) Ny, 1141
—(6k? + 32k + 16)Ny ),
e D,= m((k2 — 3k — 4)Nyn42 + (—k? + 15k 4+ 16) Ny 11
—(k% + 16k + 16)N;.,),
o W, = m(( 4k 4+ 4)Ny 4z + (k% + 12k — 16)Ny 41 + (—4k + 16)Ny ).
iii. For the Modified k-Cullen sequence,
4k=5 —15k+19 13k-14

*  Myn="F7"Rurz+——Russ +—,—Ry,
® My =(5k=13)Dpy; + (—17k + 43)Dyyq + (13k = 30)D,,
k+6 5k+26
Whio + T i1 — 2k + 5)W,,
e (K% = 14k + 16) My 0 + (—6K2 + 58k — 64) My 1y

+(6k2 — 52k + 64)M; ),

[ ) Mk,n=__

4
° Rn

e D,= —k3 e (FK? = 3k + 16)My i + (K + 21k — 60) My pss
+(k? — 26k + 64)M, ),
o W,= m( 2k + 16)My pyp + (—k? + 16k + 64)My 1141 + (4k — 64)M, ).

Proof. i. By applying the Binet formulas in the proofs, we obtain the following result:

15k+1 13k+1
—2kRpi2 + ——Rpy41 — TRTL

= —2k((n + 2)2"+2 1) + 2222
=(1-k+22 ) 2"+ k
= Ugn.
The other proofs follow a similar approach. O

13k+1

(n+1)2™t —1) — (n2"-1)

In the following theorem, we associate the terms of the k-Cullen U, ,, k-Cullen-Lu-
cas Ny, and Modified k-Cullen M, , sequences with matrices. In addition, we calculate
the Simson formulas of these sequences.

Theorem 10. Let k € R* and n € N. We observe that the following equations hold true:
i. For the k-Cullen sequence,

Uknez| [5 -8 471"[k+8 Ukn+2 5 —8 41[Ukn+1
L | Uknsr|=]1 0 0 3 | 2. |Ukns1 =[1 0 0]| Ukn |,
| U | Lo ol L 1 Ugn 0 1 0l|Uens
[ Ukn | [0 o' [ 1
3. |Uknsr|=]0 0 1 3 |
Uknsa| 15 -8 4] lk+8

ii. For the k-Cullen—Lucas sequence,

[Nensz| [5 -8 47" [k + 12 Nin+2 5 —8 4]|Nin+1
L |Ngnsr|=(1 0 O 4 |, 2. [Nkns1| = [1 0 Ol Nin |,
| Nin L0 0l 1 Nin 0 1 O0J|Ngnp_y
[ Nin |10 o'y 1
3. |Nkns1[=10 0 1 4 |
[Ninsz| 15 —8 41 lk+12
iii. For the Modified k-Cullen sequence,
[Min+2 5 —8 4]"[12-k M vz 5 —8 41|Min+1
1 [Mgpia| = [1 l [ l 2. |Mygpia| = [1 0 Ol My |,
| Mk,n Mk,n 0 1 0 Mk,n—l
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M, o 1 o[ -1
3. | Mgnia =[0 0 1] [ 2 l
5 —8 4

Mk,n+2 12—k

Proof. i. 1. We will prove the statement by induction on n. For n = 1, the equality holds.

We assume the equality is true for n — 1. We obtain
n

5 —8 41"[k+12 5 —8 4[5 -8 41" '[k+8
[100 4 =[100I100] 3
0 1 0 1 o 1 ollo 1 o 1
5 —8 41|Ukn+1
=[1 0 0f| Ukn
0 1 0l|Ugns
Uk,n+2
= Uk,n+1-
Uk,n

It follows from the last equation that the equality holds for n.
The other proofs follow a similar approach. O

Theorem 11. (Simson Formulas) Let k € R* and t € N. The following equations are satisfied:
Uktrz Ukesr Ut
i det|Uger1 Ukt  Uke-r| = —4"2k(k + 1)?,
Uet  Uke-1 Uk
Nk,t+2 Nk,t+1 Nk,t
ii. det [Nies1  Nie  Nieor| = —452k(k + 2)2,
Nk Nie-1 - Nie—
Mk,t+2 Mk,t'+1 Mk,t
iii. det (Myer1  Mye Myq| = 4t_2k(k — 4)2.
Mie  Mie—1 My

Proof. The proofs are shown by the induction method using the definition and determi-
nant properties. O

4. Graphical Review: Self-Similarity Behavior of Generator Functions

In this section, we conduct a comprehensive graphical investigation of the k-Cullen,
k-Cullen-Lucas, and Modified k-Cullen sequences by utilizing their generating functions
under varying Fibonacci-based parameters. The aim is to visualize and interpret the in-
herent self-similarity structures embedded in these sequences. Starting with the direct
plots of the generating functions, we progressively extend the analysis by applying expo-
nential transformations to amplify scaling behaviors, followed by logarithmic projections
to reveal growth tendencies in a compressed scale. Finally, we incorporate the indefinite
integrals of the generating functions to further explore the analytical geometry of the se-
quences. This multi-layered graphical approach allows for the detection of self-similar
patterns, including mirror symmetry and convergence behaviors, particularly highlight-
ing the distinct fractal-like symmetry exhibited by the Modified Cullen sequence as the
Fibonacci parameter increases. The resulting graphical framework provides a deeper in-
sight into the complex dynamics of these integer sequences and establishes a visual foun-
dation for understanding their recursive and scale-invariant characteristics.

Also, it is aimed to find suitable application areas in other sub-branches of mathe-
matics by performing graphical analyses with Fibonacci numbers given as the variable k
belonging to the number sequences.
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4.1. Parametric Analysis: k = Fibonacci Numbers

In the graphical analysis (Figure 1), the following Fibonacci number values were
taken as parameters: k € {1,2,3,5,8,13}. Using these numbers, the first 20 terms of all three
series were calculated, and the resulting series were visualized with n on the horizontal
axis and the term value on the vertical axis. Fibonacci numbers were chosen as the specific
values for k because the Fibonacci sequence naturally models proportional and self-simi-
lar growth patterns frequently observed in nature. Its intrinsic connection to the golden
ratio provides a mathematical foundation that aligns well with the analysis of scale-invar-
iant and fractal-like behaviors in the graphical representation of the sequences. Both
growth trends and comparative behavior between the sequences were examined.

1x107 k=1 1x107 k=2 pg X207 k=3
25 —— uk.n 3 —o— U_k.n r —— U_kn
@ - N_k.n 2.0 | —®— N_k.n —@— N_k.n
—a— M_k.n —&— M_kn r —a— M_k.n
2.0
2.0
1.5
154
81s 2 ]
T ] ®
3 3 2
£ £ 1.0 £
8 ] 2 104
P~ 1.0 = =
0.
0.5 > 0.5
0.0 0.0 | #2822 S S-S 0.0 =>“-’~-I‘=—=-=-=-l--=—=»=—r-"4/
00 25 50 7.5 100 125 150 175 00 25 50 75 100 125 150 17.5 00 25 50 75 100 125 150 17.5
n n n
1x107 k=5 1x107 k=8 1x107 k=13
- ukn v 8- U_kn i -o- Ukn
I
- N k,n | ~#- N_k.n —a— N_k.n |
301 = » 64-
~—+ Mk.n 4 +—& Mkn —— Mk.n
(]
2.5
3 % ,]
2.0 5
2 2 g /
2 g, 2 /1
E 1s £ E {
e A S { 2 /'
/ DA/"
Lo / 1 /' o4 i w r rra
A A
0.5 / o
4 04 ME»HE—E-EW'E:}—‘\-‘_‘ =2
¥ \
0.0 1 F-w-w T

00 25 50

75

100 125 150 17.5 00

n

100 125 150 175 00 25 50 75 100 125 150 17.5
n n

25 5.0 75
Figure 1. Term plots based on generator functions for Fibonacci k values.

The generating functions for k-Cullen Uy, k-Cullen-Lucas Ny ,, and Modified k-
Cullen M, , sequences are given, respectively, as follows:

u(t) = n(t) = m(t)

The coefficient sequences derived from the Taylor expansions of these generating

1-t+kt?
—4t3+8t2—5t+1

1-2t+(k+1)t?
—4t3+8t2-5t+1

_ —1+2t+(7-k)t?
—4t3+48t2-5t+1"

functions, evaluated for various Fibonacci values of the parameter k, reveal distinct
growth patterns. Then we can make the following observations in order:

k-Cullen Sequence Uy ,:

As the value of k increases, the terms of the sequence grow more rapidly. The pres-
ence of the term (k + 1)t? in the numerator directly accelerates this growth. For a large
n, the sequence exhibits behavior that is influenced predominantly by the degree and roots
of the denominator polynomial.

k-Cullen—Lucas Sequence Ny ,:

This sequence grows in a similarly structured fashion but at a slightly slower and
more stable rate. The numerator includes the term kt?, but with a smaller linear coeffi-
cient, contributing to a smoother progression.

Modified k-Cullen SequenceMj, ,:



Fractal Fract. 2025, 9, 380

12 of 21

The behavior of this sequence is more volatile, due to the term (7 — k)t?, which be-
comes negative for larger k values. Initially, the sequence may diverge from the others,
but as n increases, all three sequences exhibit convergence in their growth trends due to
the shared characteristic denominator.

Summary of Growth Trends:

All three sequences demonstrate faster growth as k increases (e.g., k=
8,13,21,34,55,89), and particularly when k is a Fibonacci number, the growth follows a
structured and recursive pattern.

Although the Modified k-Cullen sequence deviates in early terms, it converges as-
ymptotically towards the others, indicating a dominant influence of the denominator pol-
ynomial for large n.

In this study, we examine three distinct number sequences, namely the classical k-
Cullen Uy ,, k-Cullen-Lucas N, , and Modified k-Cullen M, , via their respective gen-
erating functions, in which the parameter k is assigned values from the Fibonacci se-
quence. Our analysis reveals that, beginning with k = F, = 13, the behavior of the Cullen
and Cullen-Lucas sequences converges graphically, exhibiting nearly identical patterns.
In contrast, the Modified k-Cullen sequence, while retaining equivalent magnitude, be-
gins to diverge in an inversely self-similar manner. This indicates a structural self-similar-
ity among these sequences, where symmetry and inversion coexist within the same gen-
erative framework.

Self-similarity plays a critical role in the mathematical interpretation of complex sys-
tems, particularly when exponential generating functions are involved. It provides a
means to observe infinite complexity within finite bounds, facilitating the analysis of size,
scale, and recursive pattern formation. This property is not only foundational in theoreti-
cal studies but has also been proven to be invaluable in practical domains.

In financial time series analysis, for instance, the presence of self-similar structures
enables the modeling of market dynamics and the identification of repeating patterns
across multiple temporal scales. Such insights are instrumental in risk assessment and the
development of predictive strategies (details, see [42—44]). Similarly, in the field of medical
imaging, fractal analysis based on self-similarity has been employed to detect anomalies
and pathological features that may assist in diagnosis and personalized treatment plan-
ning [45].

Ultimately, the self-similarity observed in our constructed sequences underscores
their broader applicability. It simplifies the modeling of complex phenomena, enhances
predictive modeling, and leverages the recursive and scalable properties of self-similar
systems to foster efficient design and analysis across disciplines.

4.2. Behavior of Series on Logarithmic Scale

In this section, the growth trends are observed more clearly by drawing graphs of the
log (Uy,n), log (Ni), and log (M, ,,) terms for all three sequences (Figure 2). The logarith-
mic transformation is especially helpful in comparing the growth in higher terms and de-
termining possible asymptotic trends.
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—e— log|u_k,n| A 1 —e— log|u_k,n| ] 8 1 —e— log|u_k,n|
#- log|N_k.n| D o = log|N_k.n| / #- log|N_k.n|
—— log|M_k.n| = 71 —a— log|M_k.n| . 7 4 =& log|M_k.n|

« o ~

&
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Figure 2. Growth trends in series on a logarithmic scale (k = Fibonacci numbers).

In the logarithmic graphs for log;o|Uy.,|, each sequence’s growth is visualized on a
compressive scale that highlights relative differences. Key observations include the fol-
lowing;:

e  The Modified k-Cullen sequence M, ,, while initially lower in magnitude for large
k, eventually grows and aligns closely with the other sequences.

e  This indicates that although the initial behavior depends strongly on the structure of
the numerator, the long-term growth is governed more significantly by the common
denominator.

e  The logarithmic representation confirms that all sequences are of comparable order
in asymptotic growth, despite differences in early terms.

Potential Applications:

(i) Coding Theory and Data Transmission:

Generating functions provide a powerful tool for constructing recurrence-based se-
quences with predictable growth.

Such sequences may be applied in the design of error-correcting codes and data com-
pression schemes, particularly where redundancy or pattern structure is advantageous.

(if) Signal Processing and Time Series Modeling:
The structure of the sequences, especially when visualized on a logarithmic scale,
reflects properties similar to those found in signal magnitudes and energy distributions.
Sequences with initial divergence followed by convergence may model transient be-
havior in systems or act as basis functions in filtering and prediction models.

(iif) Cryptography and Pseudorandomness:
The dependence on a tunable parameter k, especially when drawn from structured
sets like Fibonacci numbers, allows for the design of key-dependent recurrence systems.
Modular applications of these sequences, along with their generating function prop-
erties, can inspire novel cryptographic primitives.
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(iv) Mathematical Modeling and Growth Dynamics:

The observed convergence in the logarithmic domain suggests applicability to bio-
logical models, financial systems, or algorithmic complexity analysis, where different sys-
tems eventually align in behavior.

The connection between the characteristic roots and the sequences’ asymptotic be-
havior provides insights into stability analysis in both discrete systems and continuous
models.

In summary, the graphical and analytical investigations of the Uy,, Ny, and M, ,
sequences both in standard and logarithmic scales reveal that while the numerator struc-
ture controls the short-term dynamics, the shared denominator structure ultimately gov-
erns long-term behavior. These findings suggest that the designed sequences are not only
theoretically rich but also practically versatile for applications across multiple domains of
science and engineering.

In addition to the standard graphical representations, we examined the generating
functions of the k-Cullen U ,, k-Cullen-Lucas N, ,, and Modified k-Cullen M, , se-
quences on a logarithmic scale. As the parameter k, chosen from Fibonacci numbers, in-
creases, the resulting curves for all three sequences gradually converge and exhibit strik-
ing visual similarity. Despite originating from distinct recurrence relations and possessing
different analytical forms, the logarithmic representations reveal a unifying growth be-
havior at larger values of k, suggesting a form of asymptotic equivalence in their expo-
nential dynamics.

However, unlike the graphical observations in linear scale where clear self-similarity
patterns were detectable, the logarithmic plots do not yield consistent or measurable self-
similarity indices. This suggests that while exponential scaling dominates their global be-
havior, the finer recursive structures that support self-similarity become less distinguish-
able in logarithmic space. The fractal-like traits seen in the linear plots are smoothed out
due to the logarithmic compression, thereby obscuring local oscillatory characteristics.

From a real-world perspective, the convergence of such sequence behaviors under
logarithmic scaling can have several implications:

e  Computational Complexity Estimation: If different generating systems yield similar
logarithmic growth, this can inform algorithmic optimization by identifying which
processes are equivalent in time or space complexity for large-scale input values [46].

¢ Model Unification in Physics or Biology: Many biological and physical systems
grow exponentially but are interpreted via log transformations (e.g., in population
dynamics, signal processing, or allometric scaling). Observing convergence among
structurally different models can aid in developing unified models for predicting
long-term behavior [47].

¢  Robustness in Signal Processing: When different signal representations converge in
log scales, it points to redundancy or robustness in encoding, suggesting that slight
variations in sequence construction may not impact large-scale information patterns,
which is useful in noise-resistant communication systems [48].

These observations reinforce the idea that structural differences in mathematical se-
quences can diminish under exponential transformation, while still preserving valuable
insights at the macro level. Although precise self-similarity metrics are not extractable
from logarithmic plots, the convergence behavior itself serves as a heuristic for identifying
long-term stability, redundancy, or equivalence across diverse systems.

4.3. Behavior of Sequences on Exponential Scale

In this section, we explore the combined effect of exponential functions with the gen-
erating functions of the k-Cullen-type sequences, namely the k-Cullen sequence Uy ,, the
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k-Cullen-Lucas sequence N, ,, and the Modified k-Cullen sequence M, ,. By graphing
the expressions e*G(t), where G(t) denotes the respective generating function of each
sequence, we uncover deeper structural properties, especially those related to self-simi-
larity and scale invariance (Figure 3).
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Figure 3. Exponential-scaled generating functions of the sequences.

° Mathematical Observation

Let GU(t),GN(t), GM(t) denote the generating functions of Uy, Ny, and M, , re-
spectively. Then we consider the modified functions:

Fy(t) = eXGy (), Fy(t) = e*Gy(t), Fy (t) = e*Gy (1)

These expressions are visualized for varying Fibonacci values of, e.g.,k =
8,13,21, ...), and plotted over their respective domains. The graphical behavior reveals the
following:

e  Similarity: The sequences Uy, and N, show parallel curvature and converging
growth patterns under exponential scaling.

e Mirror Symmetry: The Modified k-Cullen M, , sequence, in contrast, demonstrates
a reflected curve, suggesting a form of negative-directional self-similarity in opposi-
tion to the other two sequences.

e Interpretation in Terms of Self-Similarity

The mirrored behavior of My, ,,, compared to Uy ,, and Ny, under exponential trans-
formation provides a compelling case of negative self-similarity. This can be interpreted
as a structural invariant that persists under exponential scaling but in an opposing direc-
tion:

“Self-similarity is the property of an object or process where parts of it resemble the
whole. Here, modified self-similarity emerges in the altered growth dynamics of My,
relative to the other Cullen-type sequences.”

e  Applications Across Domains
This observed self-similarity has wide-reaching applications:
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e  Mathematics and Complexity: As in fractal theory, self-similarity over finite bounds
implies infinite complexity. This helps in understanding recursive behaviors in num-
ber theory and generating recursive or fractal structures algorithmically.

e  Finance: Time series data, such as stock prices or economic indices, exhibit patterns
that repeat at various scales. The self-similarity in our sequences could be utilized in
predictive modeling, enhancing strategic risk assessments and long-term financial
planning.

¢ Medical Imaging: Fractal analysis of diagnostic images (MRIs and CT scans) relies on
identifying repeated patterns. Self-similar structures, as indicated by our model,
could support early anomaly detection and classification of pathological features.

e  Further Remarks

The use of Fibonacci values for k enhances the universality of these patterns, as Fib-
onacci sequences themselves are inherently tied to natural growth processes and recursive
definitions. As a result, the interaction between Fibonacci-based parameters and generat-
ing functions not only yields aesthetically pleasing mathematical patterns but also en-
riches the modeling capabilities across diverse scientific disciplines.

In conclusion, analyzing e*G(t) offers a bridge between discrete sequence genera-
tion and continuous scaling behavior, and self-similarity acts as the unifying theme that
provides insight into both mathematical structure and real-world phenomena.

4.4. Analysis of Self-Similarity Through Integration of Generating Functions

In this section, we deepen our investigation of the self-similar structures observed in
the Cullen, Cullen-Lucas, and Modified Cullen sequences by integrating their respective
generating functions. By analyzing the indefinite integrals of these generating functions
for various Fibonacci-indexed values of the parameter k, we aim to uncover the underly-
ing mathematical symmetries and growth patterns across the sequences (Figure 4).

The generating functions previously defined for each sequence are integrated with
respect to the variable t. The symbolic indefinite integrals yield logarithmic and rational
terms, highlighting asymptotic behavioras t — 0.5 and t — 1.

We generalize these results to symbolic expressions in k as follows:

. k-Cullen:

1-2t+(k+1)t?
Ju®de =] Terireri—ser O
—1-k “1+3k

= d(1+2(-140) 4
° k-Cullen-Lucas:
1-t+kt?
i (®de = f—4—t3+8t2—5t+1

N _ 3K oo(—
= =20 klog( 1+t)+4log( 1+ 2t)

. Modified k-Cullen:

—1+2t+(7-k)t?
Jm(B)de = f—4t3+8t2—5t+1 dt

-4k B _ 8—3k _
= e + (k—3)log(—1+1¢t) + — log(—1 + 2t)

These expressions will serve as the basis for subsequent visual and structural analy-

log(1+2(—=1+1¢)) —klog(—1+¢)

sis.
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Figure 4. Indefinite integral graphs of three sequences for Fibonacci k values.

To examine the behavior of the integrated generating functions, we plotted the cor-
responding expressions for several Fibonacci-indexed values of k: k =5,8,13,21,34,55.
The visualization reveals key findings:

e As k increases, the k-Cullen and k-Cullen-Lucas sequences converge towards
nearly identical curves, reinforcing their shared structural traits.

¢  In contrast, the Modified k-Cullen sequence exhibits a perfectly symmetric trend rel-
ative to the other two, representing a form of negative-direction self-similarity.

This emergent symmetry is not merely aesthetic but represents a deep mathematical
property: self-similarity under sign inversion. As k grows, the curves scale proportion-
ally, maintaining their shape while diverging in opposite directions, which is particularly
evident in the Modified Cullen sequence.

The combined effect of rational and logarithmic terms in the integrals yields piece-
wise smooth functions with asymptotic edges. Such behavior closely mimics the charac-
teristics of fractal systems. This offers valuable insight into how finite systems can exhibit
infinite complexity through self-replication at different scales.

Applications of this analysis include the following:

e  Fractal Dimension Analysis: The smooth yet singular structure of these curves can be
used in estimating local fractal dimensions in data.

¢  Financial Modeling: The similarity between Modified Cullen and inverse versions of
Cullen-Lucas curves may model mirrored price behaviors in bullish vs. bearish mar-
ket conditions.

e  Medical Imaging: Fractal and symmetric analysis of these expressions may aid in
identifying repeated structures in biological tissues.

In summary, in this study, the generating functions of the k-Cullen, k-Cullen-Lucas,
and Modified k-Cullen sequences were examined by assigning Fibonacci numbers to the
parameter k. On linear-scale plots, Uy, and Ny, began toshow nearly identical behavior
after a certain k, while M, ,, exhibited a mirrored but self-similar structure. On logarith-
mic-scale graphs, all three sequences appeared to converge in shape as k increased, de-
spite their differing recursions. This graphical behavior suggests a deeper structural
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connection and emphasizes how scale impacts the perception of self-similarity and
growth dynamics.

Although some conclusions in this study are based on graphical observations, the
underlying behavior is consistent with the known asymptotic properties of Fibonacci-
based recurrence structures. Where applicable, additional justification and clarification
have now been provided to support the claims, particularly regarding the convergence
and self-similar patterns observed in the generated sequences [49].

4.5. Discussion of Self-Similarity Results

To further investigate the self-similarity behavior observed in generating functions
of Cullen, Cullen Lucas and Modified Cullen sequences, we employed a quantitative two-
scale fractal dimension analysis. Although the Cullen and Cullen-Lucas generating func-
tion exhibit similar visual progression in standard and log-log scales, the Modified Cullen
function initially appeared to diverge from this behavior. To resolve this discrepancy and
obtain meaningful scaling information, we applied an absolute value transformation to
all three generating functions before performing the two-scale fractal dimension analysis.

Using two different box sizes, the estimated two-scale fractal dimensions were found
to be approximately

Dy, ~ 1.01
Dy, ~1.00

Dy, ~1.03

This indicates a high degree of self-similarity of all three sequences. Notably, the
Modified Cullen sequence, though initially visually inverted, shares a quantitatively sim-
ilar scaling behavior with the other two sequences when its absolute values are consid-
ered.

In Figure 5, log-log plots show the absolute values of the generating functions for
Cullen, Cullen-Lucas, and Modified Cullen sequences with k = 13. The use of absolute
values allows the Modified Cullen function to be analyzed alongside the others in a two-
scale fractal dimension framework. All three graphs show power-law-like behavior, indi-
cating structural suitability for fractal analysis [50]. All three plots exhibit power-law-like
behavior, meaning the output scales have inputs in a consistent ratio. This is a key indica-
tor of self-similarity, making fractal dimension analysis meaningful.

Cullen U, Cullen-Lucas N, Modified Cullen M,
Fractal Dim = 1.0000 Fractal Dim = 1.0000 Fractal Dim = 1.0000

1 )
10°}
3 10°}

10 10
’ 10}

Figure 5. Two-scale fractal dimension calculations of the sequences.

5. Conclusions

The comparative analysis of the k-Cullen, k-Cullen-Lucas, and Modified k-Cullen
sequences through their generating functions and integrals reveals rich self-similar
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patterns that scale with Fibonacci-indexed parameters. The Modified Cullen sequence, in
particular, demonstrates near-perfect symmetrical behavior relative to the other two se-
quences, indicating a form of mathematical reflection or inverse self-similarity.

This property has broad implications across scientific domains. In finance, self-simi-
lar patterns can support multi-scale forecasting and risk modeling. In medical imaging,
fractal characteristics derived from these sequences may aid in identifying repeating pat-
terns that correlate with pathological anomalies. The ability to derive such behaviors di-
rectly from generating function analysis underscores the utility of integrative mathemat-
ical techniques in revealing deep, recursive structures within seemingly linear systems.

Future directions may include extending these results to multidimensional generali-
zations, exploring entropy-based complexity analysis, or applying these constructs to en-
cryption systems and symbolic dynamics.

Finally, when the article is examined, research can be conducted on topics such as
applications to multidimensional difference equations [51], linear thermoelasticity [52],
and the elasticity of porous micropolar bodies [53].
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