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Abstract: In this study, we establish some properties of Bronze Fibonacci and Bronze Lu-
cas sequences. Then we find the relationships between the roots of the characteristic equa-
tion of these sequences with these sequences. What is interesting here is that even though
the roots change, equality is still maintained. Also, we derive the special relations between
the terms of these sequences. We give the important relations among these sequences,
positive and negative index terms, with the sum of the squares of two consecutive terms
being related to these sequences. In addition, we present the application of generalized
Bronze Fibonacci sequences to hyperbolic quaternions. For these hyperbolic quaternions,
we give the summation formulas, generating functions, etc. Moreover, we obtain the Binet
formulas in two different ways. The first is in the known classical way and the second is
with the help of the sequence’s generating functions. In addition, we calculate the special
identities of these hyperbolic quaternions. Furthermore, we examine the relationships be-
tween the hyperbolic Bronze Fibonacci and Bronze Lucas quaternions. Finally, the terms
of the generalized Bronze Fibonacci sequences are associated with their hyperbolic qua-
ternion values.

Keywords: Bronze Fibonacci number; Bronze Lucas number; quaternions; generating
function; Catalan identity
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1. Introduction

The Fibonacci and Lucas sequences are famous sequences of numbers. These se-
quences have intrigued scientists for a long time. Fibonacci and Lucas sequences have
been applied in various fields such as algebraic coding theory [1], phylotaxis [2], biomath-
ematics [3], computer science [4], etc. Many generalizations of the Fibonacci sequence
have been given. The known examples of such sequences are the Bronze Fibonacci, Bronze
Lucas, k-Fibonacci, k-Lucas, Oresme, k-Chebsyhev, k-Jacobsthal-Lucas, Pell, Lenardo,
Copper Fibonacci, Narayana, Padovan sequences, etc. (see details in [5-11]).

For n € N, the Fibonacci numbers F,, Bronze Fibonacci numbers BE,, Copper Fibo-
nacci numbers CF,, Lucas numbers L,, Bronze Lucas numbers BL,, and Copper Lucas
numbers CL, are defined by the recurrence relations, respectively,
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Foia = Fpy1 + By, BFyyy = 3BFyyq + BEy, CFyyp = 4CFpyq + CF,

Lnyz = Lyyq + Ly, Blyiy = 3BLyyy + BLy, CLlyyy = 4CLyyq + Cly,
with the initial conditions Fy =0, F; =1,BF, =0, BF; =1, CF, =0, CF; =1, Ly =2,
Ll = 1, BLO = 2, BLl = 3, al’ld CLO = 2, CLl =4,
For F,, L,, BF,, BL,, CE,, CL, the Binet formulas

an_Bn /—tn_wn
Fo==g In=a®+ ("% BR ==

gn—gn

n
-0’

BL, =A"+y", CF, = and CL, =60"+ o™

1+2£, [3=1_2£, A=3+;/E, 1/)=3_;/ﬁ, 0 =2++5, and 0 =2 —+/5 are

the roots of the characteristic equation 12 —r—1=0, v?-3v—-1=0, s> —4s—1=0,

Hence, a =

respectively. Here @ and 1 numbers are the known golden ratio, and bronze ratio, re-
spectively.
In[12], Hong et al. found among F,, BF,, L,, BL, sequences the following relations:

i. BFypn = BFyy_1BE, + BE,BF,,,, ii. BFyns, = BF2 + BFZ,,,
iii. BF,,, = BF,_1BF, + BF,BFy,1,iV. Fpin — (—1)"Fp_p = EyLp,
Vo Lipsn — (=)™ Ly = 5FpEy, Vi Lipsn + (=)™ Ly = LnLm,

Vil X7 20F; = £ (2" Ly — 2).

In [13], Akbiyik and Alo defined the third-order Bronze Fibonacci numbers and made
many applications of these numbers. Alo related the third-order Bronze Fibonacci num-
bers to quaternions and found out many properties of these quaternions such as the spe-
cial summation formulas, the special generating functions, the matrix representations, and
the important identities [14]. Karaarslan worked on Gaussian Bronze Lucas numbers [15].
In [16], Ozkan and Akkus found many features for the generalized Copper Fibonacci se-
quences. In addition, they made applications related to these sequences [16]. Akhtamova
et al. [17] worked on generating functions.

The quaternions were first described by William Rowan Hamilton in 1843. In addi-
tion, quaternions are used to control rotational movements, especially in kinematics [18],
3D games [19], mechanics [20], Eulerian angles [21], and chemistry [22]. In [23], Horadam
defined complex Fibonacci quaternions, and various features were found.

The algebra of hyperbolic quaternions is an algebra that is not related to the elements
of the form over the real numbers:

q = xiy +yi, +ziz + tiy, x,,z,t €ER

William Rowan Hamilton gave the properties of the q components defined in Table

Table 1. Hyperbolic quaternions units.

iy i i3 2
i i i is iy
iz iz i]_ i4 _i3
L'3 i3 _i4 il iz
i4 i4_ i3 _iz il

In [24], Macfarlane did a lot of research on hyperbolic quaternions and their proper-
ties. An expression of the general form of hyperbolic quaternions is as follows:
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h = hlil‘l'hziz + h3i3+h4i4 = (hl’ hz, h3, h4_)

Here, hy, hy, h3, hy, are the terms of the sequence and iy, i, 3, iy are hyperbolic qua-
ternions. For several recent works on quaternions in relation to number sequences, see
[25-31].

We separate the article into three parts.

In Section 2, we obtain some of the properties of Bronze Fibonacci and Bronze Lucas
sequences. In Section 3, we present the application of generalized Bronze Fibonacci se-
quences to hyperbolic quaternions. In addition, we give many features of these applica-
tions.

2. Properties of Generalized Bronze Fibonacci Sequences

In this section, we find some properties of Bronze Fibonacci and Bronze Lucas se-
quences and obtain the relationships between the roots of the characteristic equation of
these sequences and these sequences. What is interesting here is that even though the roots
change, equality is still maintained. Also, we derive the special relations between the
terms of these sequences.

Theorem 1. The ratio of the biggest to the smallest of two consecutive terms of the Bronze Fibo-
nacci and Bronze Lucas sequences converges to the bronze ratio. We obtain

. BF . BL
lim 2 =21 and lim —=* = 1.

n—oo BFn n-o BLp

Proof. If the Binet formula is used, we have

ANl ymtl n _ £n+1

o, Doyt ()
v
A

L T U L (1
A=y -

Thus, we obtain

Similarly, we have

In the following theorems, we examine the relationships between the roots of the
characteristic equation of these sequences and these sequences.

Theorem 2. Let n € N. We obtain

i, g2 = 273 Bane gy y2n = B0n (VT3 — 2)yT3 - 2t
o g2n41 _ _ BFan Blons1 . o4l _ BFan Blans1
iii. 1 =-= V13 +/1—3 L, iv. Y —~ \/13+1/)—3 ,

v. V13BE, + BL,, = 2A", vi. V13BF, — BL, = —2y™".

Proof. i. If the Binet formulas are used, we obtain
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BFZn BLZn 1

_ /12n __q/,2n AZn—l + 2n—-1 /12n+1 _ A 2n __ AZn—l _ 2n—-1
N ek pt v ¥
A—-9)3 3 3

_ )

3

13 -

Since, 1+ =3 and 1Y = —1 we obtain
/1 n BFZn /1\/_ BLG 1
The proofs of others can also be shown in this way. O
Theorem 3. Let s =1 or s =y and x,y,z,t € N. We obtain
i. s* = sBF, + BF,_4, ii. BFy,_;) = s**BF,, + s*’BF,,
iii. s** = s*BL, — (—1)%,iv. s* = sYBF,_y4; + s” 'BF,_,,

N BFxt

v. s¥ = - (- 1)" x(t 1), vi. 14 3s + s2(271+1) = 2@4Dp) 4y

Proof. i. For s = 1, we have

X _X x—=1_,;,x—1 x—1(92 _apyx—1
SBE, + BF,_, = (/1 P )_I_(/l W ):;1 (A2+1) - L (Ap+1)

j— X
-y A=y -y =A%
For s =y, we have
— 1
(AR N 1(/11p+1)+1px(—¢—¢) .
sBFx+BFx_1—1p(/1_¢)+( g )= pa = P*.

The proofs of others can also be shown in this way. O

In the following theorems, we give the special relations between the Bronze Fibonacci

BF, and Bronze Lucas BL, sequences.

Theorem 4. Let n € N. The following equation is true:

i. BF, = =Bly,y — = BLy, ii. BL, = 2BF,,, — 3BF,.

Proof. The following relation is used for proofs:
BE, = aBLy,, + bBL,.
For these n values, we obtain
BF, = aBL, + bBL,,

BF]_ = aBLZ + bBLl‘
We find

a= ,andb———.
13

The proof of others can also be shown in this way. O
Theorem 5. Let m,n € N, and n > m. We obtain
i. BFyym+1 = BFny1BFyy + BE,BFy, ii. BLyymy1 = BLymy1BFyy1 + BLyBE,,

2 BF_pn BL_pn

iii. BEZ = —Blyy + iv. BL3 = BLyy + 2=

TL n
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V. CL% + CL%_‘_l = CLG + CL2n+2, vi. BFnZ + BFT%_‘_]_ = BF2n+1.

Proof. If the Binet formula is used, we obtain

An+1—1/)n+1 Am+1_1/}m+1 }.n—'l/)n )xm—'l/)m

i. BF,1BFpms1 + BF,BE, =

A=y A=y A=y A=y
An+m+1(1_w)_9n+m+1(l_lp) An+m+1_wn+m+1
= A—)? = = = BFyim+1-
_Atyp™ _ A"—y™ BFy
iii. BF_, = e T Goonen T So,
nyn _ _ BF-n
Yt = TR
Then, we find
2 _ An_wn An_wn _ AZn+1p2n_2}.n¢TL _ i _ i nn
BR = -y Ay A-P)A-y) 13BL2“ 13/1 Pr.

Thus, we obtain

1 2 BF_
BE?2 = —BlLy, + =21,
13 13 BFy,

The proofs of others can also be shown in this way. O

Theorem 6. Let k,m,n € N, and k > m,n. We obtain

i. BFirmen = 7 BLiBLBF, + ~ BFBLy,BLy + - BLiBFy, BLy, + = BFBF,,BF,,

i, BLismsn = 7 BLeBLnBLy + = BLyBFyBF, + = BF BLyBF, + = BFBF, BLy.

The proofs of Theorem 6. are shown using the Binet formulas in a similar way to
Theorem 5.

3. Applications

In this section, we give an application of Bronze Fibonacci and Bronze Lucas se-
quences. We define the hyperbolic Bronze Fibonacci and Bronze Lucas quaternions, and
the terms of these quaternions are given. Then we find some properties of these hyperbolic
quaternions. Information is given about the characteristic equations of hyperbolic Bronze
Fibonacci and Bronze Lucas quaternions. Then, we obtain the Binet formulas, generating
functions, and the sum of terms of these hyperbolic quaternions. In addition, we examine
the relationship of hyperbolic Bronze Fibonacci and Bronze Lucas quaternions. Moreover,
we calculate the special identities of these hyperbolic quaternions. Finally, we associate
the terms of the generalized Bronze Fibonacci sequences with their hyperbolic quaternion
values.

Definition 1. For n € N, the hyperbolic Bronze Fibonacci HBF, and hyperbolic Bronze Lucas
HBL,, quaternions are defined by, respectively,

HBF, = BF,iy + BFy1i; + BFypi5 + BFyi3is = (BF,, BFyyq, BFyyp, BFy.3)
and

HBLy, = BLply + BLnyip + BLpypis + Blyysis = (BLy, BLyy1, BLyyg, BLyys)

where BF, is the n'™ Bronze Fibonacci number, BL, is the n** Bronze Lucas number, and
i1,1y, 13, and i, are the hyperbolic quaternion units in Table 1.
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Now, let the first four terms be given of the hyperbolic Bronze Fibonacci HBF, and
hyperbolic Bronze Lucas HBL, quaternions, respectively,
e HBF, =i, + 3i3 + 10i,, HBLy = 2i; + 3i, + 11i5 + 36i,,
e  HBF, =i, + 3i, + 10i3 + 33i,, HBL, = 3i; + 11i, + 36i5 + 119i,,
e  HBF, = 3i; + 10i, + 33i; + 109i,, ABL, = 11i; + 36i, + 119i; + 393i,,
e  HBF; = 10i; + 33i, + 109i5 + 360i,, HBL; = 36i; + 119i, + 393i; + 1298i,,
e HABF, = 33i; + 109i, + 360i; + 1189i,, HBL, = 119i; + 393i, + 1298i; + 4287i,.

Definition 2. For n € N, the conjugate of hyperbolic Bronze Fibonacci HBE; and conjugate hy-
perbolic Bronze Lucas HBL}, quaternions are defined by, respectively,

HBE; = BFyiy — BFyi1i; — BFyyai3 — BFyyaiy = (BFy, —BFy41, —BFniy, —BFyi3)
and

HBLZ = BLypiy — BLpyaly — BLyypiz — BLyysiy = (BLy, =BLypy1, =BLpya, —BLnys).

Definition 3. For n € N, the norms of the hyperbolic Bronze Fibonacci |HBF,|| and the norms
of the hyperbolic Bronze Lucas |HBLy,|| quaternions are defined by, respectively,

|HBE,| = \/BFnZ + BF?,, + BF2,, + BF?,,

and

|\fABL,|| = VBL% + BL2,, + BI?,, + BL% .

In the following theorems, we examine the relations between the HBE,, HBEF;,
HBL,, HBL,, ||HBE,||, and ||ABL,|| quaternions.

Theorem 7. Let n € N. The following equations are true:

i. ABF, ., = 3HBF, ., + HBF,, ii. HBL,,, = 3HBL,,, + HBL,,

iii. ABF;,, = 3HBF;,, + HBE;, iv. HBL},, = 3HBL;,., + HBL},.

Proof. i. If the definition is used, we have

3HBF, .1 + HBF, = 3(BF,,1i; + BF,, i, + BF,,3i3 + BF, 4i,) +
(BFyiy + BFny1ly + BFypipis + BFyysly) = (3BFnyq + BE)iy + 3BFyy, +
BFpy1)iz + (3BFyy3 + BFny2)iz + (3BFnyy + BFyy3)iy.

Since, BF,,, = 3BF,;1 + BE,., we obtain
HBF, ., = 3HBF, ., + HBE,.

The proofs of others can also be shown in this way. O

Theorem 8. We obtain

i. ABE, + HBE; = 2BE,i,, ii. ABF? = 2BE,[BF, + (||HBFn||2 — 2BF?)iy,
iii. ABL, + HBL', = 2BL,i,, iv. HBI? = 2BL,HBL, + (||ﬁBLn||2 - ZBL,i) iy.

Proof. ii. If the definition is used, we have
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HBF? = (BFyiy + BFnyyiy + BFyais + BFny3i3) (BFyiy + BFnyyiy + BFysais + BFyy3is)
= (BEZ + BF2,, + BF2,, + BFZ,3)iy + (2BFyBFns1)iy + (2BFyBFs)is + (2BF,BFyys)is
= 2BF,(BE,iy + BFysqiy + BFyyis + BFyyaiy) + (~BE? + BF2,, + BF2,, + BF2,,)i,.
Thus, we obtain
HBF? = 2BF,[IBF, + (||H13’1L"n||2 — 2BF})iy.

The proofs of others can also be shown in this way. O

Theorem 9. We obtain
i. iyABF, — i,HBF, ., — i3HBF, , — i,HBF, .3 = 90BF,,i;.

ii. iyHBL, — i,HBLy 1 — i3HABLy4y — i,HBLy,3 = 90BL,,i;.

Proof. i. If the definition is used, we have
i,ABF, — i,HBF, ., — isHBF, ., — i,HBF, 3
= (BE, — BFny2 — BFypy4 + BFyy6)iy + (BFnyq — BFyyy — BFyys + BFnys)i;
+(BFyy2 + BFyyq — BFnip — BFyy4)is + (BFyy3 — BFyy5 + BFni3 — BFpys)iy
= (BE, — BFpi2 — BFypy4 + BFyy6)iy = 90BF, 5.
The proof of others can also be shown in this way. O

In the following theorem, we express the Binet formulas of the HBF,, HBE;, HBL,,
and HBL; quaternions.

Theorem 10. Let n € N. We obtain

i. ABE, = “’;ﬁw”, ii. ABL, = 2" + gy",

— Tan_g - % -
ifi. ABF; = ~—0 iv. HBL, = 14"+ 4",

where
A =iy + Ay + X205 + iy = (LAAZ23), 1 = (1, -4, —A2,—1%),
Y =iy + iy + P2+ PP = (LY YRYd) and P = (L9, =% —P).
Proof. i. With the help of the characteristic equation, the following results are obtained:

(HBF,,, = 3HBF,,, + HBE,)

V13

52_35_1=0'A=—3+2 'l/)=_3_;/ﬁ,l+lp=3,

A—yY=+13,22+y?=11,and 1y = —1.
The Binet form of the hyperbolic Bronze Fibonacci quaternions is
HBE, = xA™ + yy™.
With the initial conditions, the following equations are obtained:
HBFy =i, +3i; +10i, = x+y

and
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HBF, = i, + 3i, + 10i5 + 33i, = xA + yi.
Thus, we have

_ HBF, —¢HBF, i+, + iz + 2%, 4

A—9 A= A=y
_ HBF,—AHBFy _ iy+pig+p2is+p3iy, _ -9
T vy -(-) Ay
S0, we obtain
= -y
HBE, ===/

The proofs of others can also be shown in this way. O

In the following theorems, we give special summation formulas and binomial sum
formulas of the HBF, and HBL, quaternions.

Theorem 11. Let n € N. We obtain

n
~ ~ 1 ~
i.SHBE, = Z HBF) = 3 (4HBF, + HBF,_y — iy — i = 4i3 = 13i,).
i=0
- 1
ii. SABL, = z ABL; = §(4HBLn + HBL,_; + i; — 5i; — 14i; — 47i,).
i=0

Proof. i. Using the definition, we have

n

n n n n
SHBE, = Z HBF; =i, » BF; +1i, Z BFj41 +1i3 Z BFy, + i4z BFj43
j=0 j=0 =0 j=0 j=0
Since,
= ABE, + BF 1
n n-1"—
BF; = 3 :
j=0
so, we get
SHBE, = (ALBF7l + L;Fn_l -1 _ 1) i+ (ALBFn+1 -;BFn -1 _ 1) i+ (45F7l+2 +3BF7l+1 -1 _ 1) i

4BFp43+BFp4p—1 .
+( n+3 . 2”1 4) iy

and so, we obtain
SHBF, = (4HBF, + HBF,_; — iy — i, — 4i5 — 13i,).

The proof of others can also be shown in this way O

Theorem 12. Let x,y,z € N. We obtain

]

Rl (-=1)*HBF,, + HBF, — HBF,,., + HBL,BF, — HBF,
i Z HBE,, =
1-BL, + (-1~

. i HBL. = (—1)*HBLy, + HBLy — HBF,,,, — HBLyBL, — HBL,
" v = 1= BL, + (—1)* '



Axioms 2025, 14, 14 9 of 16

n (_1)XHBan+Z _HBan+x+z _HBFZ - (_1)XHBFX—Z
iii Z HBF,,,, = 1=BLe+ (-1*
' V) (=1)*HBFpyy, — HBFyyixi, — HBE, — (~1)*HBF,_,

y=0 T=BL. + (—D* ,otherwise

Jfz<x

’

n (_1)XHBLnx+Z - HBLZ - HBLnx+x+z B (_1)xHBLZ—x
iv. Z HBL,,,, = . 1= Bl + (=D ~
v (=1)*"HBLypy4, = HBL, = HBLypy s34z = (“1)*HBL,_,
1—BL, + (—1)*

Jifz<x

,otherwise

Proof. With the help of definitions, Binet formulas, and geometric series, we have

1 (A/lnxﬂc _ l l,lJl,lJmH'x _ J)

T1-y\ -1 yr-1
1 Aanx+x¢x_a¢x Mlnx+x+l ¢¢nx+xlx+¢ax+¢wnx+x w
Iy 1-BLy+(-1)*

Thus, we obtain

zn: HBR. — (-=1)*HBF,, + HBF, — HBF,., + HBL,BF, — HBF,
W 1—BL, + (-1)* '

The proofs of others can also be shown in this way O

Theorem 13. Let n,r € N. We obtain

n n

L Z (Y:) 3'HBF; = HBFy, . Z (Y:) 3!HBL; = HBL,,,

y=0 y=0

~ ~ n ~
n . HBF, i HBE, HBL HBL
) (D = = ) () (R e = -y

—
—
=1
M 3
~
~

y=0 y=0
Proof. i. With the Binet formula, we have
- = on AL — Pyt E = on

'HBF,; = Z ! Z fe :
> (e = ()3 ()= i L (Dew - 755> (ow

y=0 i=0 i=0

- _
= 2oL +3D)" - %(1 +3yY)" = Tﬁw = [BF,,.

The proofs of others can also be shown in this way. O

In the following theorems, we give special generating functions of the HBE, and
HABL, quaternions. In addition, we obtain Binet formulas of HBF, and HBL,
quaternions with the help of the generating functions.

Theorem 14. The special generating functions for hyperbolic Bronze Fibonacci and Bronze Lucas
quaternions are given as follows, respectively:

infty infty ~ -
(1 -3s)ABF, + HBF1S = (1 —-3s)HABLy + HBL,s
i l(s) = Z HBL,s" =

1f(s)—ZHBFs - 1-3s— 1-3s—s2




Axioms 2025, 14, 14 10 of 16

infty _ infty _

HBF, Ae?s —pets HBL - —
i Z ngn 20T ZWe o, Z n s =Te’S + Pevs.
n! A=Y n!

n=0 n=0

Proof. i. The following equations are written for the hyperbolic Bronze Fibonacci

quaternions:
infty infty
f(s) = Z HBE,s™ = HBF, + HBF;s + Z HBE,s™
n=0 n=2
infty
= HBF, + HBF,s + Z (3HBF,_, + HBF,_,)s™
n=2

= HBF, + HBF;s + 3s(—HBF, + f(s)) + s2f(s)

_ (1-3s)HBFy+HBF;s
1-3s5-s2

The proofs of others can also be shown in this way. O

Theorem 15. For HBF, and HBL, quaternions, the Binet formulas can be obtained with the
help of the generating functions.

Proof. With the help of the roots of the characteristic equation of these quaternions, the
roots of the 1 —3s — s? = 0 equation become % and i For ABF, quaternions, we obtain

(1-3s)HBF, + HBF;s 1 3 1 1 — 1
1—3s—s2 TA-yY 1-12s A—¢¢1—¢s
infty
- 3 ()
A= A=y
n=0
infty

Z HBE,s™.
n=0

Similarly, the Binet formula of the HBL,, quaternions is found. O

In the next lemma, we give the properties that will be used in the proof of many
theorems.
Lemma 1. We obtain

i. A+ = HBLy, ii. 1 = (0,24, 202,36 + A — 1),
iii. YA = (0,24,24%,36 + 1 — 1), iv. 1P + P = (0,6,22,72),

—_ J— —2 —_
V. I —PA=(0,1,3,2) vi. A =22+ (=1 + A2 + 2% + 2%)i,,

—2 — 2 —2 ~
vii. P =2y + (=1 + P2 +¢P* +9©)iy, viii. A +¢ = 2HBLy + 1426i;,.
Proof. ii. If the definition is used, we get
w = (ll + Aiz + /121:3 + /131:4)(1:1 + lpiz + ¢2i3 + ¢3i4) = il + Aiz + /121:3 + /131:4

+¢i2 + /’h’bil - Azlpizl_ + /131’[)1:3 + lpzig + /11’021:4_ + lzlpzil - A3lp2i2 + 1!)3':4_
_/11/)31:3 + /121’031:2 + /1311)31:1.
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Thus, we obtain
P = 2iy + 20205 + (36 + 1 — )iy = (0,21, 2¢p%,36 + 1 — ).

The proofs of others can also be shown in this way. O

In the following theorems, we calculate some identities for HBF, and HBL,
quaternions.

Theorem 16. (Cassini Identity) Let n € N. We obtain

i. HBF,,,HBF,_, — HBF? = (-1)"(0,0,2,39), ii. ABL,,ABL,_, — HBL% = (—1)""1(0,0,26,507).

Proof. i. With the Binet formula, we get

Zlnntl _ EwnH) <I)Ln—1 _ Ewnﬂ) B <Iln _ alpn) <Iln _ len)

V _ s
fBF,,,HBF,_, — HBF? < T—v T—v =y =y

Fh A A PR
B _H}r&llpn—l _ W/ln—lwru-l 4+ wlnlpn + wlnlpn B WP (_J + 1) + YAy (1 - %)
N A=) - 1 -y)?

D" o=
== (W2 — ).

With the help of Lemma 1., we obtain

HBF,  HBF,_, — HBE? = (—-1)"(0,0, 2, 39).
ii. With the Binet formula, we have
HBLy 1 HBLy,_y — HBLE = (AA™*1 + yp™ 1) (A1 + 1) — (44" + Yyp™) (AA™ + Yyp™)
— ml”“lp"'l + Wﬂn_ll,bn"'l _ M/lnll}n _ Wlnlpn
— 2 _ -
= AP (E - 1) + YA (—1 + %) = (D" - ) (A — YPa)
Then, with the help of Lemma 1., we obtain
HBL,. HBL,_, — HBL% = (—1)""1(0,0,26,507). O

Theorem 17. (Catalan Identity) Let c,n € N. We obtain
i. ABF,,.HBF,_. — HBE? = (—1)"°BF,(0,2BF,_;,—2BF._,,—36BF. — BF,,; — BF,_;),
ii. ABLy, ABL,_. — HBIL% = (—1)"°BF.(0,—26BF,_,,26BF,_,,468BF, + 13BF,,, + 13BF,_,).
Theorem 18. (Vajda Identity) Let n,a, b € N. We obtain

i. ABF, ,4HBF,,, — HBE,HBF, 4., = (—1)"BF,(0, 2BF,,1,2BF}.,,36BF, — BF,_, — BF,.,),
ii. ABLyyqHBLyyp — HBL HBL, o, = (—1)"BF,(0,26BF,,1,—26BF,,,, —468BF, + 13BF,_; + 13BF,,1).
Theorem 19. (D’ocagne Identity) Let a,b € N, and a < b. We obtain

i. HBF,HBF,,, — HBF, ., HBE, = (—=1)%(0, —2BF,_,_1,2BF,_4_5,36BF,_g + BFy_g41 + BF,_4_1),

iiABL,HBLy g4y — HBLyy HBL, = (—1)%(0,26BF,_,_1, —26BF,_q_, —468BF,_, — 13BF,_o.1 — 13BF,_,_1).

The proofs of Theorem 17, 18 and 19 are shown similarly to Theorem 16., using Binet
formulas and Lemma 1.
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In the following theorems, we examine the relationships between hyperbolic Bronze
Fibonacci and Bronze Lucas quaternions.

Theorem 20. Let n € N. The following equations are true:

R~ 2 5 3 = ee TTD 2 oo 3 = .
i. HBE, = - HBLyyy — — HBLy, ii. ABF; = S HBLy,, — —HBL,
iii. ABL, = 2HBF, ., — 3HBE,, iv. HBL, = 2HBF,,,, — 3HBF;.

Proof. iii. The following relation is used for proofs:
HBL, = aHBF, ., + bABE,.
For these n values, we obtain
HBL, = aHBF, + bHBF,,
HBL, = aHBF, + bHBF,.
We find
a=2,and b = -3.

The proofs of others can also be shown in this way. O

Theorem 21. Let a,b € N, and a < b. We obtain

i. ABF,ABF, — HBF,HBF, = )*BF,_4(0,1,3,2), ii. HBL,ABL, — HBL,HBL, = (—1)*BF,_,(0, 26,78, —26),

1
N
iii. ABF,HBL, — HBF,HBL, = (—1)*BF,_,(0,6,22,72), iv. HBL,ABF,,, — HBL,,,HBE, = (—1)%(0,6,22,72),

Proof. With the Binet formula, we obtain

— — . - Saa T\ [F3b_Tpb Tab_T1 b\ [33a_TT.a
i. HBF,HBF, — HBF,HBE, = (“ vy )(“ by >_ (“ by )(“ by )

A=Y A=y A=y A=y
_ AP Ap-2byYarabypag+atpPypa _ 299t AP —ypPmHAy-9a)
A=) A-y) A=) A=)

With the help of Lemma 1., we have
HBF,HBF, — HBF,HBF, = \/% (—=1)*BF,_,(0,1,3,2).
The proofs of others can also be shown in this way. O
In the following theorems, we associate the terms of the Bronze Fibonacci and Bronze
Lucas sequences with their hyperbolic quaternion values.

Theorem 22. Let a,b € N, and a < b. We obtain
i. BL,HBF, = HBF,,, + (—1)*HBF,_,, ii. BF,ABL, = HBF,,, — (—1)*HBF,_,,

iii. BLoABL), = HBF,,}, + (—1)*HBL,,_,, iv. 2(—1)*HBF, = HBF,BL, — HBL,BF,.

Proof. i. If Binet formulas are used, we get

I/lb _ Ellib B I/la+b _ E¢a+b + Ilbll}a _ alpb/la
-y ) A=
_ Z)La+b_awa+b Aawa(zlb—a_alpb—a) _

i p = BL,HBF,.

BL HBF, = (A% + ¢%) (
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The proofs of the others may be found similarly. O

Theorem 23. Let a,b € N, and a < b. We obtain

BF;p BF,p

i. HBFqyop = "2 HBLqyy — 2= HBF,, ii. HBLyy2y = VI35

ABFoyy — 2= HBL,,

i, ABFqypp = =22 HBFqy, — “22HBF, iv. HBLayoy = 22 HBLqy, — 22 HBL,.
Proof. iv. With the Binet formula, we have
BE,, _ BF. g —y . 122072 —y2b2
20 ABLgy — —2= ZHBL R (22442 + Pypa+2) — T(/1/1 + )
= 1 — 1
a+2b 2~ _ 2a+b 2 _ _—
2 (12 = 35) = e (92 - )
3(A—1v)
Since, Y? = /1—2, A% = 1/}2, and 1+ 1 = 3 we obtain
HBLqyp = 22 HBLqy, — 22 HBL,.

The proofs of others can also be shown in this way. O

Theorem 24. Let a,b € N, and a < b. We obtain

228 HBLy, ii. HBLyqrpes = 22 HBLypy — = BF,oHBF),

i. HBFyqp41 = 222 HBFyq —

i, ABFqpp41 = 22 HBFys — 222 HBLy, iv. HBLyqype1 = 222 HBLy,s — = BFsq_oHBF,.

Proof. i. If Binet formulas are used, we get
BL2a+1HBFb+1 - BFZaHBLb

AN b+1 l/)l/)b+1 AZa_wZa
1= >_< P

— (/12'“'1 + ¢2a+1)<

)

Since, 1+ =3 and AP = —1 we obtain

) e+ 3)

BFyq

HBFqips1 = 22 HBFy 4y — “2% HBL),.

The proofs of others can also be shown in this way. O

Theorem 25. Let a,b,c,d € N and ¢ < a,b. We obtain
i. ABF,,, = BF,HBF,,, + BF,_HBF,, ii. HBF,,,, = BL,ABF,., — (—1)*HBF,,

iii. ABF g = ‘::F“a HABFypq — (—1)“%1’73@, iv. (=1)%BFy_oqcHBF, = HFByeqBFy, — HBFyy,qBFye,
v. HBF, . ,HBLy,. — HBF, . HBL,,, = (—1)%t"*1(0,6,22,72).

Proof. i. If Binet formulas are used, we get

_ _ lpa Ab+1 l/)l/)b+l -1 _ lpafl Iﬂb _ Elpb
BFaHBFb+1+BFa_1HBFb—(/1 1/)>< = )+< = )( = )

- m (I/la“’ (/1 + %) + Yapath (zp + i))
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Since, % = —1Y and % = —1 we obtain
HABF,,, = BF,HBF,,, + BF,_,HBF,.

The proofs of others can also be shown in this way. O

Theorem 26. Let a,b € N, and a < b. We obtain
i. 2ABF,,, = BF,ABL;, + BL,HBF,, ii. 2(—1)*HBL,_, = HBL,BL, — 13HBF,BF,,

iii. 2HBLg,, = BL,HBL, + 13BF,HBF,, iv. 2(—1)*HBF,_, = HBF,BL, — HBL,BF,.

Theorem 27. Let a € N. We obtain
i. 13HBF? — HBIL? = 4(—1)%*1(0,3, 11, 36),

ii. 13ABF? + HBL?% = 4HBL,, + (—2BLyg + 2BLygyp + 2BLygis + 2BLygie)is.

The proofs of Theorem 26 and 27 are shown similarly to Theorem 25, using Binet
formulas and Lemma 1.

4. Conclusions

In this study, we determined some properties of Bronze Fibonacci and Bronze Lucas
sequences. Then we found many relations between the roots of the characteristic equation
of these sequences and these sequences. Also, we obtained interesting relations between
the terms of these sequences. We established relations between the positive and negative
index terms of these sequences and tried to relate the sums of squares of two consecutive
terms to these sequences. In addition, we presented the application of generalized Bronze
Fibonacci sequences to hyperbolic quaternions. For these hyperbolic quaternions, we gave
general summation formulas, general generating functions, exponential generating
functions, etc. Moreover, we obtained Binet formulas in different ways. Furthermore, we
calculated special identities of these hyperbolic quaternions such as the Cassini identity,
and Vajda identity. We found relations between hyperbolic Bronze Fibonacci and Bronze
Lucas quaternions. We produced some special results with the conjugates of these
hyperbolic quaternions. Finally, we related the terms of the generalized Bronze Fibonacci
sequences to the hyperbolic quaternion values. In the future, we can spread the new
approach to hyperbolic Bronze Fibonacci and Bronze Lucas octonions and sedenions.
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