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Abstract: In this study, we establish some properties of Bronze Fibonacci and Bronze Lu-
cas sequences. Then we find the relationships between the roots of the characteristic equa-
tion of these sequences with these sequences. What is interesting here is that even though 
the roots change, equality is still maintained. Also, we derive the special relations between 
the terms of these sequences. We give the important relations among these sequences, 
positive and negative index terms, with the sum of the squares of two consecutive terms 
being related to these sequences. In addition, we present the application of generalized 
Bronze Fibonacci sequences to hyperbolic quaternions. For these hyperbolic quaternions, 
we give the summation formulas, generating functions, etc. Moreover, we obtain the Binet 
formulas in two different ways. The first is in the known classical way and the second is 
with the help of the sequence’s generating functions. In addition, we calculate the special 
identities of these hyperbolic quaternions. Furthermore, we examine the relationships be-
tween the hyperbolic Bronze Fibonacci and Bronze Lucas quaternions. Finally, the terms 
of the generalized Bronze Fibonacci sequences are associated with their hyperbolic qua-
ternion values. 

Keywords: Bronze Fibonacci number; Bronze Lucas number; quaternions; generating 
function; Catalan identity 
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1. Introduction 
The Fibonacci and Lucas sequences are famous sequences of numbers. These se-

quences have intrigued scientists for a long time. Fibonacci and Lucas sequences have 
been applied in various fields such as algebraic coding theory [1], phylotaxis [2], biomath-
ematics [3], computer science [4], etc. Many generalizations of the Fibonacci sequence 
have been given. The known examples of such sequences are the Bronze Fibonacci, Bronze 
Lucas, 𝑘 -Fibonacci, 𝑘 -Lucas, Oresme, 𝑘 -Chebsyhev, 𝑘 -Jacobsthal-Lucas, Pell, Lenardo, 
Copper Fibonacci, Narayana, Padovan sequences, etc. (see details in [5–11]). 

For 𝑛 ∈ ℕ, the Fibonacci numbers 𝐹௡, Bronze Fibonacci numbers 𝐵𝐹௡, Copper Fibo-
nacci numbers 𝐶𝐹௡, Lucas numbers 𝐿௡, Bronze Lucas numbers 𝐵𝐿௡, and Copper Lucas 
numbers 𝐶𝐿௡ are defined by the recurrence relations, respectively, 
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𝐹௡ାଶ = 𝐹௡ାଵ + 𝐹௡, 𝐵𝐹௡ାଶ = 3𝐵𝐹௡ାଵ + 𝐵𝐹௡, 𝐶𝐹௡ାଶ = 4𝐶𝐹௡ାଵ + 𝐶𝐹௡ 𝐿௡ାଶ = 𝐿௡ାଵ + 𝐿௡, 𝐵𝐿௡ାଶ = 3𝐵𝐿௡ାଵ + 𝐵𝐿௡, 𝐶𝐿௡ାଶ = 4𝐶𝐿௡ାଵ + 𝐶𝐿௡, 

with the initial conditions 𝐹଴ = 0 , 𝐹ଵ = 1 , 𝐵𝐹଴ = 0 , 𝐵𝐹ଵ = 1 , 𝐶𝐹଴ = 0 , 𝐶𝐹ଵ = 1 , 𝐿଴ = 2 , 𝐿ଵ = 1, 𝐵𝐿଴ = 2, 𝐵𝐿ଵ = 3, and 𝐶𝐿଴ = 2, 𝐶𝐿ଵ = 4. 
For 𝐹௡, 𝐿௡, 𝐵𝐹௡, 𝐵𝐿௡, 𝐶𝐹௡, 𝐶𝐿௡ the Binet formulas 𝐹௡ = ఈ೙ିఉ೙ఈିఉ , 𝐿௡ = 𝛼௡ + 𝛽௡, 𝐵𝐹௡ = ఒ೙ିట೙ఒିట , 

𝐵𝐿௡ = 𝜆௡ + 𝜓௡, 𝐶𝐹௡ = ఏ೙ିఙ೙ఏିఙ , and 𝐶𝐿௡ = 𝜃௡ + 𝜎௡. 

Hence, 𝛼 = ଵା√ହଶ  , 𝛽 = ଵି√ହଶ  , 𝜆 = ଷା√ଵଷଶ  , 𝜓 = ଷି√ଵଷଶ  , 𝜃 = 2 + √5 , and 𝜎 = 2 − √5  are 
the roots of the characteristic equation 𝑟ଶ − 𝑟 − 1 = 0, 𝑣ଶ − 3𝑣 − 1 = 0, 𝑠ଶ − 4𝑠 − 1 = 0, 
respectively. Here 𝛼 and 𝜆 numbers are the known golden ratio, and bronze ratio, re-
spectively. 

In [12], Hong et al. found among 𝐹௡, 𝐵𝐹௡, 𝐿௡, 𝐵𝐿௡ sequences the following relations: 

i. 𝐵𝐹௠ା௡ = 𝐵𝐹௠ିଵ𝐵𝐹௡ + 𝐵𝐹௠𝐵𝐹௡ାଵ, ii. 𝐵𝐹ଶ௡ାଵ = 𝐵𝐹௡ଶ + 𝐵𝐹௡ାଵଶ , 

iii. 𝐵𝐹ଶ௡ = 𝐵𝐹௡ିଵ𝐵𝐹௡ + 𝐵𝐹௡𝐵𝐹௡ାଵ, iv. 𝐹௠ା௡ − (−1)௡𝐹௠ି௡ = 𝐹௡𝐿௠, 

v. 𝐿௠ା௡ − (−1)௡𝐿௠ି௡ = 5𝐹௠𝐹௡, vi. 𝐿௠ା௡ + (−1)௡𝐿௠ି௡ = 𝐿௡𝐿௠, 𝐯𝐢𝐢. ∑ 2௜𝐹௜ = ଵହ (2௡ାଵ𝐿௡ାଵ − 2)௡௜ୀ଴ . 

In [13], Akbiyik and Alo defined the third-order Bronze Fibonacci numbers and made 
many applications of these numbers. Alo related the third-order Bronze Fibonacci num-
bers to quaternions and found out many properties of these quaternions such as the spe-
cial summation formulas, the special generating functions, the matrix representations, and 
the important identities [14]. Karaarslan worked on Gaussian Bronze Lucas numbers [15]. 
In [16], Özkan and Akkuş found many features for the generalized Copper Fibonacci se-
quences. In addition, they made applications related to these sequences [16]. Akhtamova 
et al. [17] worked on generating functions. 

The quaternions were first described by William Rowan Hamilton in 1843. In addi-
tion, quaternions are used to control rotational movements, especially in kinematics [18], 
3D games [19], mechanics [20], Eulerian angles [21], and chemistry [22]. In [23], Horadam 
defined complex Fibonacci quaternions, and various features were found. 

The algebra of hyperbolic quaternions is an algebra that is not related to the elements 
of the form over the real numbers: 𝑞 = 𝑥𝑖ଵ + 𝑦𝑖ଶ + 𝑧𝑖ଷ + 𝑡𝑖ସ, 𝑥, 𝑦, 𝑧, 𝑡 ∈ ℝ 

William Rowan Hamilton gave the properties of the 𝑞 components defined in Table 
1. 

Table 1. Hyperbolic quaternions units. 

. 𝒊𝟏 𝒊𝟐 𝒊𝟑 𝒊𝟒 𝑖ଵ 𝑖ଵ 𝑖ଶ 𝑖ଷ 𝑖ସ 𝒊𝟐 𝑖ଶ 𝑖ଵ 𝑖ସ −𝑖ଷ 𝑖ଷ 𝑖ଷ −𝑖ସ 𝑖ଵ 𝑖ଶ 𝑖ସ 𝑖ସ 𝑖ଷ −𝑖ଶ 𝑖ଵ 

In [24], Macfarlane did a lot of research on hyperbolic quaternions and their proper-
ties. An expression of the general form of hyperbolic quaternions is as follows: 
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ℏ = ℏଵ𝑖ଵ+ℏଶ𝑖ଶ + ℏଷ𝑖ଷ+ℏସ𝑖ସ = (ℏଵ, ℏଶ, ℏଷ, ℏସ) 

Here, ℏଵ, ℏଶ, ℏଷ, ℏସ are the terms of the sequence and 𝑖ଵ, 𝑖ଶ, 𝑖ଷ, 𝑖ସ are hyperbolic qua-
ternions. For several recent works on quaternions in relation to number sequences, see 
[25–31]. 

We separate the article into three parts. 
In Section 2, we obtain some of the properties of Bronze Fibonacci and Bronze Lucas 

sequences. In Section 3, we present the application of generalized Bronze Fibonacci se-
quences to hyperbolic quaternions. In addition, we give many features of these applica-
tions. 

2. Properties of Generalized Bronze Fibonacci Sequences 
In this section, we find some properties of Bronze Fibonacci and Bronze Lucas se-

quences and obtain the relationships between the roots of the characteristic equation of 
these sequences and these sequences. What is interesting here is that even though the roots 
change, equality is still maintained. Also, we derive the special relations between the 
terms of these sequences. 

Theorem 1. The ratio of the biggest to the smallest of two consecutive terms of the Bronze Fibo-
nacci and Bronze Lucas sequences converges to the bronze ratio. We obtain lim௡→ஶ ஻ி೙శభ஻ி೙ = 𝜆 and lim௡→ஶ ஻௅೙శభ஻௅೙ = 𝜆. 

Proof. If the Binet formula is used, we have 

lim௡→ஶ 𝐵𝐹௡ାଵ𝐵𝐹௡ = 𝜆௡ାଵ − 𝜓௡ାଵ𝜆 − 𝜓𝜆௡ − 𝜓௡𝜆 − 𝜓 = lim௡→ஶ
𝜆௡ାଵ ቆ1 − ቀ𝜓𝜆 ቁ௡ାଵቇ𝜆௡ ൬1 − ቀ𝜓𝜆 ቁ௡൰  

Thus, we obtain lim௡→ஶ 𝐵𝐹௡ାଵ𝐵𝐹௡ = 𝜆 

Similarly, we have lim௡→ஶ ஻௅೙శభ஻௅೙ = 𝜆. □ 

In the following theorems, we examine the relationships between the roots of the 
characteristic equation of these sequences and these sequences. 

Theorem 2. Let 𝑛 ∈ ℕ. We obtain 

i. 𝜆ଶ௡ = ஻ிమ೙ଷ 𝜆√13 − ஻௅మ೙షభଷ , ii. 𝜓ଶ௡ = ஻ிమ೙ଷ (√13 − 𝜆)√13 − ஻௅మ೙షభଷ , 

iii. 𝜆ଶ௡ାଵ = − ஻ிమ೙ଷ √13 + 𝜆 ஻௅మ೙శభଷ , iv. 𝜓ଶ௡ାଵ = ஻ிమ೙ଷ √13 + 𝜓 ஻௅మ೙శభଷ , 

v. √13𝐵𝐹௡ + 𝐵𝐿௡ = 2𝜆௡, vi. √13𝐵𝐹௡ − 𝐵𝐿௡ = −2𝜓௡. 

Proof. i. If the Binet formulas are used, we obtain 
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𝐵𝐹ଶ௡3 𝜆√13 − 𝐵𝐿ଶ௡ିଵ3 = 𝜆√13 𝜆ଶ௡ − 𝜓ଶ௡(𝜆 − 𝜓)3 − 𝜆ଶ௡ିଵ + 𝜓ଶ௡ିଵ3 = 𝜆ଶ௡ାଵ − 𝜆𝜓ଶ௡ − 𝜆ଶ௡ିଵ − 𝜓ଶ௡ିଵ3  

= ఒమ೙ቀఒିభഊቁାటమ೙ቀିఒି భഗቁଷ . 

Since, 𝜆 + 𝜓 = 3 and 𝜆𝜓 = −1 we obtain 𝜆ଶ௡ = ஻ிమ೙ଷ 𝜆√13 − ஻௅మ೙షభଷ . 

The proofs of others can also be shown in this way. □ 

Theorem 3. Let 𝑠 = 𝜆 or 𝑠 = 𝜓 and 𝑥, 𝑦, 𝑧, 𝑡 ∈ ℕ. We obtain 

i. 𝑠௫ = 𝑠𝐵𝐹௫ + 𝐵𝐹௫ିଵ, ii. 𝐵𝐹௫(௬ି௭) = 𝑠௫௭𝐵𝐹௫௬ + 𝑠௫௬𝐵𝐹௫௭ 

iii. 𝑠ଶ௫ = 𝑠௫𝐵𝐿௫ − (−1)௫, iv. 𝑠௫ = 𝑠௬𝐵𝐹௫ି௬ାଵ + 𝑠௬ିଵ𝐵𝐹௫ି௬, 

v. 𝑠௫௧ = ௦ೣ஻ிೣ ೟஻ிೣ − (−1)௫ ஻ிೣ(೟షభ)஻ிೣ , vi. 1 + 3𝑠 + 𝑠ଶ൫ଶೣశభାଵ൯ = 𝑠ଶ(ଶೣାଵ)𝐵𝐿ଶೣశభ. 

Proof. i. For 𝑠 = 𝜆, we have 𝑠𝐵𝐹௫ + 𝐵𝐹௫ିଵ = 𝜆 ቀఒೣିటೣఒିట ቁ + ቀఒೣషభିటೣషభఒିట ቁ = ఒೣషభ൫ఒమାଵ൯ିటೣషభ(ఒటାଵ)ఒିట = 𝜆௫. 

For 𝑠 = 𝜓, we have 𝑠𝐵𝐹௫ + 𝐵𝐹௫ିଵ = 𝜓 ቀఒೣିటೣఒିట ቁ + ቀఒೣషభିటೣషభఒିట ቁ = ఒೣషభ(ఒటାଵ)ାటೣቀିటି భഗቁఒିట = 𝜓௫. 

The proofs of others can also be shown in this way. □ 

In the following theorems, we give the special relations between the Bronze Fibonacci 𝐵𝐹௡ and Bronze Lucas 𝐵𝐿௡ sequences. 

Theorem 4. Let 𝑛 ∈ ℕ. The following equation is true: 

i. 𝐵𝐹௡ = ଶଵଷ 𝐵𝐿௡ାଵ − ଷଵଷ 𝐵𝐿௡, ii. 𝐵𝐿௡ = 2𝐵𝐹௡ାଵ − 3𝐵𝐹௡. 

Proof. The following relation is used for proofs: 𝐵𝐹௡ = 𝑎𝐵𝐿௡ାଵ + 𝑏𝐵𝐿௡. 

For these 𝑛 values, we obtain 𝐵𝐹଴ = 𝑎𝐵𝐿ଵ + 𝑏𝐵𝐿଴, 𝐵𝐹ଵ = 𝑎𝐵𝐿ଶ + 𝑏𝐵𝐿ଵ. 

We find 𝑎 = ଶଵଷ, and 𝑏 = − ଷଵଷ. 

The proof of others can also be shown in this way. □ 

Theorem 5. Let 𝑚, 𝑛 ∈ ℕ, and 𝑛 > 𝑚. We obtain 

i. 𝐵𝐹௡ା௠ାଵ = 𝐵𝐹௡ାଵ𝐵𝐹௠ାଵ + 𝐵𝐹௡𝐵𝐹௠, ii. 𝐵𝐿௡ା௠ାଵ = 𝐵𝐿௠ାଵ𝐵𝐹௡ାଵ + 𝐵𝐿௠𝐵𝐹௡, 

iii. 𝐵𝐹௡ଶ = ଵଵଷ 𝐵𝐿ଶ௡ + ଶଵଷ ஻ிష೙஻ி೙ , iv. 𝐵𝐿௡ଶ = 𝐵𝐿ଶ௡ + 2 ஻௅ష೙஻௅೙ , 
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v. 𝐶𝐿௡ଶ + 𝐶𝐿௡ାଵଶ = 𝐶𝐿ଶ௡ + 𝐶𝐿ଶ௡ାଶ, vi. 𝐵𝐹௡ଶ + 𝐵𝐹௡ାଵଶ = 𝐵𝐹ଶ௡ାଵ. 

Proof. If the Binet formula is used, we obtain 

i. 𝐵𝐹௡ାଵ𝐵𝐹௠ାଵ + 𝐵𝐹௡𝐵𝐹௠ = ఒ೙శభିట೙శభఒିట ఒ೘శభିట೘శభఒିట + ఒ೙ିట೙ఒିట ఒ೘ିట೘ఒିట  = ఒ೙శ೘శభ(ఒିట)ିఏ೙శ೘శభ(ఒିట)(ఒିట)మ = ఒ೙శ೘శభିట೙శ೘శభఒିట = 𝐵𝐹௡ା௠ାଵ. 

iii. 𝐵𝐹 ௡ = ఒష೙ିటష೙ఒିట = − ఒ೙ିట೙(ఒିట)ఒ೙ట೙ = − ஻ி೙ఒ೙ట೙. So, 𝜆௡𝜓௡ = − ஻ிష೙஻ி೙ . 

Then, we find 𝐵𝐹௡ଶ = ఒ೙ିట೙ఒିట ఒ೙ିట೙ఒିట = ఒమ೙ାటమ೙ିଶఒ೙ట೙(ఒିట)(ఒିట) = ଵଵଷ 𝐵𝐿ଶ௡ − ଶଵଷ 𝜆௡𝜓௡. 

Thus, we obtain 𝐵𝐹௡ଶ = ଵଵଷ 𝐵𝐿ଶ௡ + ଶଵଷ ஻ிష೙஻ி೙ . 

The proofs of others can also be shown in this way. □ 

Theorem 6. Let 𝑘, 𝑚, 𝑛 ∈ ℕ, and 𝑘 > 𝑚, 𝑛. We obtain 

i. 𝐵𝐹௞ା௠ା௡ = ଵସ 𝐵𝐿௞𝐵𝐿௠𝐵𝐹௡ + ଵସ 𝐵𝐹௞𝐵𝐿௠𝐵𝐿௡ + ଵସ 𝐵𝐿௞𝐵𝐹௠𝐵𝐿௡ + ଵଷସ 𝐵𝐹௞𝐵𝐹௠𝐵𝐹௡, 

ii. 𝐵𝐿௞ା௠ା௡ = ଵସ 𝐵𝐿௞𝐵𝐿௠𝐵𝐿௡ + ଵଷସ 𝐵𝐿௞𝐵𝐹௠𝐵𝐹௡ + ଵଷସ 𝐵𝐹௞𝐵𝐿௠𝐵𝐹௡ + ଵଷସ 𝐵𝐹௞𝐵𝐹௠𝐵𝐿௡. 

The proofs of Theorem 6. are shown using the Binet formulas in a similar way to 
Theorem 5. 

3. Applications 
In this section, we give an application of Bronze Fibonacci and Bronze Lucas se-

quences. We define the hyperbolic Bronze Fibonacci and Bronze Lucas quaternions, and 
the terms of these quaternions are given. Then we find some properties of these hyperbolic 
quaternions. İnformation is given about the characteristic equations of hyperbolic Bronze 
Fibonacci and Bronze Lucas quaternions. Then, we obtain the Binet formulas, generating 
functions, and the sum of terms of these hyperbolic quaternions. In addition, we examine 
the relationship of hyperbolic Bronze Fibonacci and Bronze Lucas quaternions. Moreover, 
we calculate the special identities of these hyperbolic quaternions. Finally, we associate 
the terms of the generalized Bronze Fibonacci sequences with their hyperbolic quaternion 
values. 

Definition 1. For 𝑛 ∈ ℕ, the hyperbolic Bronze Fibonacci 𝐻ෙ𝐵𝐹௡ and hyperbolic Bronze Lucas 𝐻ෙ𝐵𝐿௡ quaternions are defined by, respectively, 𝐻ෙ𝐵𝐹௡ = 𝐵𝐹௡𝑖ଵ + 𝐵𝐹௡ାଵ𝑖ଶ + 𝐵𝐹௡ାଶ𝑖ଷ + 𝐵𝐹௡ାଷ𝑖ସ = (𝐵𝐹௡, 𝐵𝐹௡ାଵ, 𝐵𝐹௡ାଶ, 𝐵𝐹௡ାଷ) 

and 𝐻ෙ𝐵𝐿௡ = 𝐵𝐿௡𝑖ଵ + 𝐵𝐿௡ାଵ𝑖ଶ + 𝐵𝐿௡ାଶ𝑖ଷ + 𝐵𝐿௡ାଷ𝑖ସ = (𝐵𝐿௡, 𝐵𝐿௡ାଵ, 𝐵𝐿௡ାଶ, 𝐵𝐿௡ାଷ) 

where 𝐵𝐹௡  is 𝑡ℎ𝑒 𝑛௧௛  Bronze Fibonacci number, 𝐵𝐿௡  is the 𝑛௧௛  Bronze Lucas number, and 𝑖ଵ, 𝑖ଶ, 𝑖ଷ, and 𝑖ସ are the hyperbolic quaternion units in Table 1. 
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Now, let the first four terms be given of the hyperbolic Bronze Fibonacci 𝐻ෙ𝐵𝐹௡ and 
hyperbolic Bronze Lucas 𝐻ෙ𝐵𝐿௡ quaternions, respectively, 

• 𝐻ෙ𝐵𝐹଴ = 𝑖ଶ + 3𝑖ଷ + 10𝑖ସ, 𝐻ෙ𝐵𝐿଴ = 2𝑖ଵ + 3𝑖ଶ + 11𝑖ଷ + 36𝑖ସ, 
• 𝐻ෙ𝐵𝐹ଵ = 𝑖ଵ + 3𝑖ଶ + 10𝑖ଷ + 33𝑖ସ, 𝐻ෙ𝐵𝐿ଵ = 3𝑖ଵ + 11𝑖ଶ + 36𝑖ଷ + 119𝑖ସ, 
• 𝐻ෙ𝐵𝐹ଶ = 3𝑖ଵ + 10𝑖ଶ + 33𝑖ଷ + 109𝑖ସ, 𝐻ෙ𝐵𝐿ଶ = 11𝑖ଵ + 36𝑖ଶ + 119𝑖ଷ + 393𝑖ସ, 
• 𝐻ෙ𝐵𝐹ଷ = 10𝑖ଵ + 33𝑖ଶ + 109𝑖ଷ + 360𝑖ସ, 𝐻ෙ𝐵𝐿ଷ = 36𝑖ଵ + 119𝑖ଶ + 393𝑖ଷ + 1298𝑖ସ, 
• 𝐻ෙ𝐵𝐹ସ = 33𝑖ଵ + 109𝑖ଶ + 360𝑖ଷ + 1189𝑖ସ, 𝐻ෙ𝐵𝐿ସ = 119𝑖ଵ + 393𝑖ଶ + 1298𝑖ଷ + 4287𝑖ସ. 

Definition 2. For 𝑛 ∈ ℕ, the conjugate of hyperbolic Bronze Fibonacci 𝐻ෙ𝐵𝐹௡∗ and conjugate hy-
perbolic Bronze Lucas 𝐻ෙ𝐵𝐿௡∗  quaternions are defined by, respectively, 𝐻ෙ𝐵𝐹௡∗ = 𝐵𝐹௡𝑖ଵ − 𝐵𝐹௡ାଵ𝑖ଶ − 𝐵𝐹௡ାଶ𝑖ଷ − 𝐵𝐹௡ାଷ𝑖ସ = (𝐵𝐹௡, −𝐵𝐹௡ାଵ, −𝐵𝐹௡ାଶ, −𝐵𝐹௡ାଷ) 

and 𝐻ෙ𝐵𝐿௡∗ = 𝐵𝐿௡𝑖ଵ − 𝐵𝐿௡ାଵ𝑖ଶ − 𝐵𝐿௡ାଶ𝑖ଷ − 𝐵𝐿௡ାଷ𝑖ସ = (𝐵𝐿௡, −𝐵𝐿௡ାଵ, −𝐵𝐿௡ାଶ, −𝐵𝐿௡ାଷ). 

Definition 3. For 𝑛 ∈ ℕ, the norms of the hyperbolic Bronze Fibonacci ฮ𝐻ෙ𝐵𝐹௡ฮ and the norms 
of the hyperbolic Bronze Lucas ฮ𝐻ෙ𝐵𝐿௡ฮ quaternions are defined by, respectively, ฮ𝐻ෙ𝐵𝐹௡ฮ = ට𝐵𝐹௡ଶ + 𝐵𝐹௡ାଵଶ + 𝐵𝐹௡ାଶଶ + 𝐵𝐹௡ାଷଶ  

and ฮ𝐻ෙ𝐵𝐿௡ฮ = ඥ𝐵𝐿௡ଶ + 𝐵𝐿௡ାଵଶ + 𝐵𝐿௡ାଶଶ + 𝐵𝐿௡ାଷଶ . 

In the following theorems, we examine the relations between the 𝐻ෙ𝐵𝐹௡ , 𝐻ෙ𝐵𝐹௡∗ , 𝐻ෙ𝐵𝐿௡, 𝐻ෙ𝐵𝐿௡∗ , ฮ𝐻ෙ𝐵𝐹௡ฮ, and ฮ𝐻ෙ𝐵𝐿௡ฮ quaternions. 

Theorem 7. Let 𝑛 ∈ ℕ. The following equations are true: 

i. 𝐻ෙ𝐵𝐹௡ାଶ = 3𝐻ෙ𝐵𝐹௡ାଵ + 𝐻ෙ𝐵𝐹௡, ii. 𝐻ෙ𝐵𝐿௡ାଶ = 3𝐻ෙ𝐵𝐿௡ାଵ + 𝐻ෙ𝐵𝐿௡, 

iii. 𝐻ෙ𝐵𝐹௡ାଶ∗ = 3𝐻ෙ𝐵𝐹௡ାଵ∗ + 𝐻ෙ𝐵𝐹௡∗, iv. 𝐻ෙ𝐵𝐿௡ାଶ∗ = 3𝐻ෙ𝐵𝐿௡ାଵ∗ + 𝐻ෙ𝐵𝐿௡∗ . 

Proof. i. If the definition is used, we have 3𝐻ෙ𝐵𝐹௡ାଵ + 𝐻ෙ𝐵𝐹௡ = 3(𝐵𝐹௡ାଵ𝑖ଵ + 𝐵𝐹௡ାଶ𝑖ଶ + 𝐵𝐹௡ାଷ𝑖ଷ + 𝐵𝐹௡ାସ𝑖ସ) +(𝐵𝐹௡𝑖ଵ + 𝐵𝐹௡ାଵ𝑖ଶ + 𝐵𝐹௡ାଶ𝑖ଷ + 𝐵𝐹௡ାଷ𝑖ସ) = (3𝐵𝐹௡ାଵ + 𝐵𝐹௡)𝑖ଵ + (3𝐵𝐹௡ାଶ +𝐵𝐹௡ାଵ)𝑖ଶ + (3𝐵𝐹௡ାଷ + 𝐵𝐹௡ାଶ)𝑖ଷ + (3𝐵𝐹௡ାସ + 𝐵𝐹௡ାଷ)𝑖ସ. 

Since, 𝐵𝐹௡ାଶ = 3𝐵𝐹௡ାଵ + 𝐵𝐹௡., we obtain 𝐻ෙ𝐵𝐹௡ାଶ = 3𝐻ෙ𝐵𝐹௡ାଵ + 𝐻ෙ𝐵𝐹௡. 

The proofs of others can also be shown in this way.  □ 

Theorem 8. We obtain 

i. 𝐻ෙ𝐵𝐹௡ + 𝐻ෙ𝐵𝐹௡∗ = 2𝐵𝐹௡𝑖ଵ, ii. 𝐻ෙ𝐵𝐹௡ଶ = 2𝐵𝐹௡𝐻ෙ𝐵𝐹௡ + ቀฮ𝐻ෙ𝐵𝐹௡ฮଶ − 2𝐵𝐹௡ଶቁ 𝑖ଵ, 

iii. 𝐻ෙ𝐵𝐿௡ + 𝐻ෙ𝐵𝐿௡∗ = 2𝐵𝐿௡𝑖ଵ, iv. 𝐻ෙ𝐵𝐿௡ଶ = 2𝐵𝐿௡𝐻ෙ𝐵𝐿௡ + ቀฮ𝐻ෙ𝐵𝐿௡ฮଶ − 2𝐵𝐿௡ଶ ቁ 𝑖ଵ. 

Proof. ii. If the definition is used, we have 
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𝐻ෙ𝐵𝐹௡ଶ = (𝐵𝐹௡𝑖ଵ + 𝐵𝐹௡ାଵ𝑖ଶ + 𝐵𝐹௡ାଶ𝑖ଷ + 𝐵𝐹௡ାଷ𝑖ଷ)(𝐵𝐹௡𝑖ଵ + 𝐵𝐹௡ାଵ𝑖ଶ + 𝐵𝐹௡ାଶ𝑖ଷ + 𝐵𝐹௡ାଷ𝑖ସ) = (𝐵𝐹௡ଶ + 𝐵𝐹௡ାଵଶ + 𝐵𝐹௡ାଶଶ + 𝐵𝐹௡ାଷଶ )𝑖ଵ + (2𝐵𝐹௡𝐵𝐹௡ାଵ)𝑖ଶ + (2𝐵𝐹௡𝐵𝐹௡ାଶ)𝑖ଷ + (2𝐵𝐹௡𝐵𝐹௡ାଷ)𝑖ସ = 2𝐵𝐹௡(𝐵𝐹௡𝑖ଵ + 𝐵𝐹௡ାଵ𝑖ଶ + 𝐵𝐹௡ାଶ𝑖ଷ + 𝐵𝐹௡ାଷ𝑖ସ) + (−𝐵𝐹௡ଶ + 𝐵𝐹௡ାଵଶ + 𝐵𝐹௡ାଶଶ + 𝐵𝐹௡ାଷଶ )𝑖ଵ. 

Thus, we obtain 𝐻ෙ𝐵𝐹௡ଶ = 2𝐵𝐹௡𝐻ෙ𝐵𝐹௡ + ቀฮ𝐻ෙ𝐵𝐹௡ฮଶ − 2𝐵𝐹௡ଶቁ 𝑖ଵ. 

The proofs of others can also be shown in this way. □ 

Theorem 9. We obtain 

i. 𝑖ଵ𝐻ෙ𝐵𝐹௡ − 𝑖ଶ𝐻ෙ𝐵𝐹௡ାଵ − 𝑖ଷ𝐻ෙ𝐵𝐹௡ାଶ − 𝑖ସ𝐻ෙ𝐵𝐹௡ାଷ = 90𝐵𝐹௡ାଶ𝑖ଵ. 

ii. 𝑖ଵ𝐻ෙ𝐵𝐿௡ − 𝑖ଶ𝐻ෙ𝐵𝐿௡ାଵ − 𝑖ଷ𝐻ෙ𝐵𝐿௡ାଶ − 𝑖ସ𝐻ෙ𝐵𝐿௡ାଷ = 90𝐵𝐿௡ାଶ𝑖ଵ. 

Proof. i. If the definition is used, we have 𝑖ଵ𝐻ෙ𝐵𝐹௡ − 𝑖ଶ𝐻ෙ𝐵𝐹௡ାଵ − 𝑖ଷ𝐻ෙ𝐵𝐹௡ାଶ − 𝑖ସ𝐻ෙ𝐵𝐹௡ାଷ = (𝐵𝐹௡ − 𝐵𝐹௡ାଶ − 𝐵𝐹௡ାସ + 𝐵𝐹௡ା଺)𝑖ଵ + (𝐵𝐹௡ାଵ − 𝐵𝐹௡ାଵ − 𝐵𝐹௡ାହ + 𝐵𝐹௡ାହ)𝑖ଶ +(𝐵𝐹௡ାଶ + 𝐵𝐹௡ାସ − 𝐵𝐹௡ାଶ − 𝐵𝐹௡ାସ)𝑖ଷ + (𝐵𝐹௡ାଷ − 𝐵𝐹௡ାଷ + 𝐵𝐹௡ାଷ − 𝐵𝐹௡ାଷ)𝑖ସ = (𝐵𝐹௡ − 𝐵𝐹௡ାଶ − 𝐵𝐹௡ାସ + 𝐵𝐹௡ା଺)𝑖ଵ = 90𝐵𝐹௡ାଶ𝑖ଵ. 

The proof of others can also be shown in this way. □ 

In the following theorem, we express the Binet formulas of the 𝐻ෙ𝐵𝐹௡, 𝐻ෙ𝐵𝐹௡∗, 𝐻ෙ𝐵𝐿௡, 
and 𝐻ෙ𝐵𝐿௡∗  quaternions. 

Theorem 10. Let 𝑛 ∈ ℕ. We obtain 

i. 𝐻ෙ𝐵𝐹௡ = ఒఒ೙ିటట೙ఒିట , ii. 𝐻ෙ𝐵𝐿௡ = 𝜆𝜆௡ + 𝜓𝜓௡, 

iii. 𝐻ෙ𝐵𝐹௡∗ = ఒ∗ఒ೙ିట∗ట೙ఒିట , iv. 𝐻ෙ𝐵𝐿௡∗ = 𝜆∗𝜆௡ + 𝜓∗𝜓௡, 

where 𝜆 = 𝑖ଵ + 𝜆𝑖ଶ + 𝜆ଶ𝑖ଷ + 𝜆ଷ𝑖ସ = (1, 𝜆, 𝜆ଶ, 𝜆ଷ), 𝜆∗ = (1, −𝜆, −𝜆ଶ, −𝜆ଷ), 𝜓 = 𝑖ଵ + 𝜓𝑖ଶ + 𝜓ଶ𝑖ଷ + 𝜓ଷ𝑖ସ = (1, 𝜓, 𝜓ଶ, 𝜓ଷ), and 𝜓∗ = (1, −𝜓, −𝜓ଶ, −𝜓ଷ). 

Proof. i. With the help of the characteristic equation, the following results are obtained: 
(𝐻ෙ𝐵𝐹௡ାଶ = 3𝐻ෙ𝐵𝐹௡ାଵ + 𝐻ෙ𝐵𝐹௡) 𝑠ଶ − 3𝑠 − 1 = 0 , 𝜆 = ଷା√ଵଷଶ , 𝜓 = ଷି√ଵଷଶ , 𝜆 + 𝜓 = 3, 𝜆 − 𝜓 = √13, 𝜆ଶ + 𝜓ଶ = 11, and 𝜆𝜓 = −1. 

The Binet form of the hyperbolic Bronze Fibonacci quaternions is 𝐻ෙ𝐵𝐹௡ = 𝑥𝜆௡ + 𝑦𝜓௡. 

With the initial conditions, the following equations are obtained: 𝐻ෙ𝐵𝐹଴ = 𝑖ଶ + 3𝑖ଷ + 10𝑖ସ = 𝑥 + 𝑦 

and 
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𝐻ෙ𝐵𝐹ଵ = 𝑖ଵ + 3𝑖ଶ + 10𝑖ଷ + 33𝑖ସ = 𝑥𝜆 + 𝑦𝜓. 

Thus, we have 

𝑥 = 𝐻ෙ𝐵𝐹ଵ − 𝜓𝐻ෙ𝐵𝐹଴𝜆 − 𝜓 = 𝑖ଵ + 𝜆𝑖ଶ + 𝜆ଶ𝑖ଷ + 𝜆ଷ𝑖ସ𝜆 − 𝜓 = 𝜆𝜆 − 𝜓 

𝑦 = ுෙ஻ிభିఒுෙ஻ிబିఒାట = ௜భାట௜మାటమ௜యାటయ௜రି(ఒିట) = ିటఒିట. 

so, we obtain 𝐻ෙ𝐵𝐹௡ = ఒఒ೙ିటట೙ఒିట . 

The proofs of others can also be shown in this way.  □ 

In the following theorems, we give special summation formulas and binomial sum 
formulas of the 𝐻ෙ𝐵𝐹௡ and 𝐻ෙ𝐵𝐿௡ quaternions. 

Theorem 11. Let 𝑛 ∈ ℕ. We obtain 

𝐢. 𝑆𝐻ෙ𝐵𝐹௡ = ෍ 𝐻ෙ𝐵𝐹௝ = 13 (4𝐻ෙ𝐵𝐹௡ + 𝐻ෙ𝐵𝐹௡ିଵ − 𝑖ଵ − 𝑖ଶ − 4𝑖ଷ − 13𝑖ସ)௡
௜ୀ଴ . 

𝐢𝐢. 𝑆𝐻ෙ𝐵𝐿௡ = ෍ 𝐻ෙ𝐵𝐿௝ = 13 (4𝐻ෙ𝐵𝐿௡ + 𝐻ෙ𝐵𝐿௡ିଵ + 𝑖ଵ − 5𝑖ଶ − 14𝑖ଷ − 47𝑖ସ)௡
௜ୀ଴ . 

Proof. i. Using the definition, we have 

𝑆𝐻ෙ𝐵𝐹௡ = ෍ 𝐻ෙ𝐵𝐹௝௡
௝ୀ଴ = 𝑖ଵ ෍ 𝐵𝐹௝௡

௝ୀ଴ + 𝑖ଶ ෍ 𝐵𝐹௝ାଵ +௡
௝ୀ଴ 𝑖ଷ ෍ 𝐵𝐹௝ାଶ +௡

௝ୀ଴ 𝑖ସ ෍ 𝐵𝐹௝ାଷ௡
௝ୀ଴ . 

Since, 

෍ 𝐵𝐹௝௡
௝ୀ଴ = 4𝐵𝐹௡ + 𝐵𝐹௡ିଵ − 13 . 

so, we get 𝑆𝐻ෙ𝐵𝐹௡ = ൬4𝐵𝐹௡ + 𝐵𝐹௡ିଵ − 13 − 1൰ 𝑖ଵ + ൬4𝐵𝐹௡ାଵ + 𝐵𝐹௡ − 13 − 1൰ 𝑖ଶ + ൬4𝐵𝐹௡ାଶ + 𝐵𝐹௡ାଵ − 13 − 1൰ 𝑖ଷ + ቀସ஻ி೙శయା஻ி೙శమିଵଷ − 4ቁ 𝑖ସ. 

and so, we obtain 𝑆𝐻ෙ𝐵𝐹௡ = ଵଷ (4𝐻ෙ𝐵𝐹௡ + 𝐻ෙ𝐵𝐹௡ିଵ − 𝑖ଵ − 𝑖ଶ − 4𝑖ଷ − 13𝑖ସ). 

The proof of others can also be shown in this way □ 

Theorem 12. Let 𝑥, 𝑦, 𝑧 ∈ ℕ. We obtain 

𝐢. ෍ 𝐻ෙ𝐵𝐹௫௬௡
௬ୀ଴ = (−1)௫𝐻ෙ𝐵𝐹௡௫ + 𝐻ෙ𝐵𝐹଴ − 𝐻ෙ𝐵𝐹௡௫ା௫ + 𝐻ෙ𝐵𝐿଴𝐵𝐹௫ − 𝐻ෙ𝐵𝐹௫1 − 𝐵𝐿௫ + (−1)௫ , 

𝐢𝐢. ෍ 𝐻ෙ𝐵𝐿௫௬௡
௬ୀ଴ = (−1)௫𝐻ෙ𝐵𝐿௡௫ + 𝐻ෙ𝐵𝐿଴ − 𝐻ෙ𝐵𝐹௡௫ା௫ − 𝐻ෙ𝐵𝐿଴𝐵𝐿௫ − 𝐻ෙ𝐵𝐿௫1 − 𝐵𝐿௫ + (−1)௫ , 
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𝐢𝐢𝐢. ෍ 𝐻ෙ𝐵𝐹௫௬ା௭௡
௬ୀ଴ = ⎩⎪⎨

⎪⎧ (−1)௫𝐻ෙ𝐵𝐹௡௫ା௭ − 𝐻ෙ𝐵𝐹௡௫ା௫ା௭ − 𝐻ෙ𝐵𝐹௭ − (−1)௫𝐻ෙ𝐵𝐹௫ି௭1 − 𝐵𝐿௫ + (−1)௫ , 𝑖𝑓 𝑧 < 𝑥(−1)௫𝐻ෙ𝐵𝐹௡௫ା௭ − 𝐻ෙ𝐵𝐹௡௫ା௫ା௭ − 𝐻ෙ𝐵𝐹௭ − (−1)௫𝐻ෙ𝐵𝐹௭ି௫1 − 𝐵𝐿௫ + (−1)௫ , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒, 
𝐢𝐯. ෍ 𝐻ෙ𝐵𝐿௫௬ା௭௡

௬ୀ଴ = ⎩⎪⎨
⎪⎧ (−1)௫𝐻ෙ𝐵𝐿௡௫ା௭ − 𝐻ෙ𝐵𝐿௭ − 𝐻ෙ𝐵𝐿௡௫ା௫ା௭ − (−1)௫𝐻ෙ𝐵𝐿௭ି௫1 − 𝐵𝐿௫ + (−1)௫ , 𝑖𝑓 𝑧 < 𝑥(−1)௫𝐻ෙ𝐵𝐿௡௫ା௭ − 𝐻ෙ𝐵𝐿௭ − 𝐻ෙ𝐵𝐿௡௫ା௫ା௭ − (−1)௫𝐻ෙ𝐵𝐿௭ି௫1 − 𝐵𝐿௫ + (−1)௫ , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 

Proof. With the help of definitions, Binet formulas, and geometric series, we have 

𝐢. ෍ 𝐻ෙ𝐵𝐹௫௬௡
௬ୀ଴ = ෍ 𝜆𝜆௡ − 𝜓𝜓௡𝜆 − 𝜓௡

௬ୀ଴ = 𝜆𝜆 − 𝜓 ෍(𝜆௫)௬௡
௬ୀ଴ − 𝜓𝜆 − 𝜓 ෍(𝜓௫)௬௡

௬ୀ଴  

= 1𝜆 − 𝜓 ቆ𝜆𝜆௡௫ା௫ − 𝜆𝜆௫ − 1 − 𝜓𝜓௡௫ା௫ − 𝜓𝜓௫ − 1 ቇ 

= ଵఒିట ఒఒ೙ೣశೣటೣିఒటೣିఒఒ೙ೣశೣାఒିటట೙ೣశೣఒೣାటఒೣାటట೙ೣశೣିటଵି஻௅ೣା(ିଵ)ೣ . 

Thus, we obtain 

෍ 𝐻ෙ𝐵𝐹௫௬௡
௬ୀ଴ = (−1)௫𝐻ෙ𝐵𝐹௡௫ + 𝐻ෙ𝐵𝐹଴ − 𝐻ෙ𝐵𝐹௡௫ା௫ + 𝐻ෙ𝐵𝐿଴𝐵𝐹௫ − 𝐻ෙ𝐵𝐹௫1 − 𝐵𝐿௫ + (−1)௫ . 

The proofs of others can also be shown in this way □ 

Theorem 13. Let 𝑛, 𝑟 ∈ ℕ. We obtain 

𝐢. ෍ ቀ𝑛𝑖 ቁ 3௜𝐻ෙ𝐵𝐹௜ = 𝐻ෙ𝐵𝐹ଶ௡,௡
௬ୀ଴  𝐢𝐢. ෍ ቀ𝑛𝑖 ቁ 3௜𝐻ෙ𝐵𝐿௜ = 𝐻ෙ𝐵𝐿ଶ௡,௡

௬ୀ଴  

𝐢𝐢𝐢. ෍ ቀ𝑛𝑖 ቁ (−1)௜ 𝐻ෙ𝐵𝐹௡ା௥ା௜3௜ = (−1)௡ 𝐻ෙ𝐵𝐹௥3௡ ,௡
௬ୀ଴  𝐢𝐯. ෍ ቀ𝑛𝑖 ቁ (−1)௜ 𝐻ෙ𝐵𝐿௡ା௥ା௜3௜ = (−1)௡ 𝐻ෙ𝐵𝐿௥3௡ .௡

௬ୀ଴  

Proof. i. With the Binet formula, we have 

෍ ቀ𝑛𝑖 ቁ 3௜𝐻ෙ𝐵𝐹௜௡
௬ୀ଴ = ෍ ቀ𝑛𝑖 ቁ௡

௜ୀ଴ 3௜ ቆ𝜆𝜆௜ − 𝜓𝜓௜𝜆 − 𝜓 ቇ = 𝜆𝜆 − 𝜓 ෍ ቀ𝑛𝑖 ቁ௡
௜ୀ଴ (3𝜆)௜ − 𝜓𝜆 − 𝜓 ෍ ቀ𝑛𝑖 ቁ௡

௜ୀ଴ (3𝜓)௜ 
= ఒఒିట (1 + 3𝜆)௡ − టఒିట (1 + 3𝜓)௡ = ఒఒమ೙ିటటమ೙ఒିట = 𝐻ෙ𝐵𝐹ଶ௡. 

The proofs of others can also be shown in this way.  □ 

In the following theorems, we give special generating functions of the 𝐻ෙ𝐵𝐹௡  and 𝐻ෙ𝐵𝐿௡  quaternions. In addition, we obtain Binet formulas of 𝐻ෙ𝐵𝐹௡  and 𝐻ෙ𝐵𝐿௡ 
quaternions with the help of the generating functions. 

Theorem 14. The special generating functions for hyperbolic Bronze Fibonacci and Bronze Lucas 
quaternions are given as follows, respectively: 

𝐢. 𝑓(𝑠) = ෍ 𝐻ෙ𝐵𝐹௡𝑠௡௜௡௙௧௬
௡ୀ଴ = (1 − 3𝑠)𝐻ෙ𝐵𝐹଴ + 𝐻ෙ𝐵𝐹ଵ𝑠1 − 3𝑠 − 𝑠ଶ , 𝐢𝐢. 𝑙(𝑠) = ෍ 𝐻ෙ𝐵𝐿௡𝑠௡ =௜௡௙௧௬

௡ୀ଴
(1 − 3𝑠)𝐻ෙ𝐵𝐿଴ + 𝐻ෙ𝐵𝐿ଵ𝑠1 − 3𝑠 − 𝑠ଶ , 
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𝐢𝐢𝐢. ෍ 𝐻ෙ𝐵𝐹௡𝑛! 𝑠௡௜௡௙௧௬
௡ୀ଴ = 𝜆𝑒ఒ௦ − 𝜓𝑒ట௦𝜆 − 𝜓 , 𝐢𝐯. ෍ 𝐻ෙ𝐵𝐿௡𝑛! 𝑠௡ =௜௡௙௧௬

௡ୀ଴ 𝜆𝑒ఒ௦ + 𝜓𝑒ట௦. 
Proof. i. The following equations are written for the hyperbolic Bronze Fibonacci 
quaternions: 

𝑓(𝑠) = ෍ 𝐻ෙ𝐵𝐹௡𝑠௡௜௡௙௧௬
௡ୀ଴ = 𝐻ෙ𝐵𝐹଴ + 𝐻ෙ𝐵𝐹ଵ𝑠 + ෍ 𝐻ෙ𝐵𝐹௡𝑠௡௜௡௙௧௬

௡ୀଶ  

= 𝐻ෙ𝐵𝐹଴ + 𝐻ෙ𝐵𝐹ଵ𝑠 + ෍ (3𝐻ෙ𝐵𝐹௡ିଵ + 𝐻ෙ𝐵𝐹௡ିଶ௜௡௙௧௬
௡ୀଶ )𝑠௡ 

= 𝐻ෙ𝐵𝐹଴ + 𝐻ෙ𝐵𝐹ଵ𝑠 + 3𝑠൫−𝐻ෙ𝐵𝐹଴ + 𝑓(𝑠)൯ + 𝑠ଶ𝑓(𝑠) = (ଵିଷ௦)ுෙ஻ிబାுෙ஻ிభ௦ଵିଷ௦ି௦మ . 

The proofs of others can also be shown in this way.  □ 

Theorem 15. For 𝐻ෙ𝐵𝐹௡ and 𝐻ෙ𝐵𝐿௡ quaternions, the Binet formulas can be obtained with the 
help of the generating functions. 

Proof. With the help of the roots of the characteristic equation of these quaternions, the 
roots of the 1 − 3𝑠 − 𝑠ଶ = 0 equation become ଵఒ and ଵట. For 𝐻ෙ𝐵𝐹௡ quaternions, we obtain (1 − 3𝑠)𝐻ෙ𝐵𝐹଴ + 𝐻ෙ𝐵𝐹ଵ𝑠1 − 3𝑠 − 𝑠ଶ = 1𝜆 − 𝜓 𝜆 11 − 𝜆𝑠 − 1𝜆 − 𝜓 𝜓 11 − 𝜓𝑠 

= ෍ ൬ 1𝜆 − 𝜓 𝜆𝜆௡ − 1𝜆 − 𝜓 𝜓𝜓௡൰௜௡௙௧௬
௡ୀ଴ 𝑠௡ 

= ෍ 𝐻ෙ𝐵𝐹௡𝑠௡௜௡௙௧௬
௡ୀ଴ . 

Similarly, the Binet formula of the 𝐻ෙ𝐵𝐿௡ quaternions is found. □ 

In the next lemma, we give the properties that will be used in the proof of many 
theorems. 

Lemma 1. We obtain 

i. 𝜆 + 𝜓 = 𝐻ෙ𝐵𝐿଴, ii. 𝜆𝜓 = (0, 2𝜓, 2𝜓ଶ, 36 + 𝜆 − 𝜓 ), 

iii. 𝜓𝜆 = (0, 2𝜆, 2𝜆ଶ, 36 + 𝜓 − 𝜆 ), iv. 𝜆𝜓 + 𝜓𝜆 = (0, 6, 22,72), 

v. 𝜆𝜓 − 𝜓𝜆 = (0, 1, 3,2) vi. 𝜆ଶ = 2𝜆 + (−1 + 𝜆ଶ + 𝜆ସ + 𝜆଺)𝑖ଵ, 

vii. 𝜓ଶ = 2𝜓 + (−1 + 𝜓ଶ + 𝜓ସ + 𝜓଺)𝑖ଵ, viii. 𝜆ଶ + 𝜓ଶ = 2𝐻ෙ𝐵𝐿଴ + 1426𝑖ଵ. 

Proof. ii. If the definition is used, we get 𝜆𝜓 = (𝑖ଵ + 𝜆𝑖ଶ + 𝜆ଶ𝑖ଷ + 𝜆ଷ𝑖ସ)(𝑖ଵ + 𝜓𝑖ଶ + 𝜓ଶ𝑖ଷ + 𝜓ଷ𝑖ସ) = 𝑖ଵ + 𝜆𝑖ଶ + 𝜆ଶ𝑖ଷ + 𝜆ଷ𝑖ସ +𝜓𝑖ଶ + 𝜆𝜓𝑖ଵ − 𝜆ଶ𝜓𝑖ସ + 𝜆ଷ𝜓𝑖ଷ + 𝜓ଶ𝑖ଷ + 𝜆𝜓ଶ𝑖ସ + 𝜆ଶ𝜓ଶ𝑖ଵ − 𝜆ଷ𝜓ଶ𝑖ଶ + 𝜓ଷ𝑖ସ −𝜆𝜓ଷ𝑖ଷ + 𝜆ଶ𝜓ଷ𝑖ଶ + 𝜆ଷ𝜓ଷ𝑖ଵ. 
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Thus, we obtain 𝜆𝜓 = 2𝜓𝑖ଶ + 2𝜓ଶ𝑖ଷ + (36 + 𝜆 − 𝜓)𝑖ସ = (0, 2𝜓, 2𝜓ଶ, 36 + 𝜆 − 𝜓 ). 

The proofs of others can also be shown in this way.  □ 

In the following theorems, we calculate some identities for 𝐻ෙ𝐵𝐹௡  and 𝐻ෙ𝐵𝐿௡ 
quaternions. 

Theorem 16. (Cassini Identity) Let 𝑛 ∈ ℕ. We obtain 

i. 𝐻ෙ𝐵𝐹௡ାଵ𝐻ෙ𝐵𝐹௡ିଵ − 𝐻ෙ𝐵𝐹௡ଶ = (−1)௡(0, 0, 2, 39), ii. 𝐻ෙ𝐵𝐿௡ାଵ𝐻ෙ𝐵𝐿௡ିଵ − 𝐻ෙ𝐵𝐿௡ଶ = (−1)௡ିଵ(0, 0, 26, 507). 

Proof. i. With the Binet formula, we get 

𝐻ෙ𝐵𝐹௡ାଵ𝐻ෙ𝐵𝐹௡ିଵ − 𝐻ෙ𝐵𝐹௡ଶ = ቆ𝜆𝜆௡ାଵ − 𝜓𝜓௡ାଵ𝜆 − 𝜓 ቇ ቆ𝜆𝜆௡ିଵ − 𝜓𝜓௡ିଵ𝜆 − 𝜓 ቇ − ቆ𝜆𝜆௡ − 𝜓𝜓௡𝜆 − 𝜓 ቇ ቆ𝜆𝜆௡ − 𝜓𝜓௡𝜆 − 𝜓 ቇ 

= −𝜆𝜓𝜆௡ାଵ𝜓௡ିଵ − 𝜓𝜆𝜆௡ିଵ𝜓௡ାଵ + 𝜆𝜓𝜆௡𝜓௡ + 𝜓𝜆𝜆௡𝜓௡(𝜆 − 𝜓)ଶ = 𝜆𝜓𝜆௡𝜓௡ ቀ− 𝜆𝜓 + 1ቁ + 𝜓𝜆𝜆௡𝜓௡ ቀ1 − 𝜓𝜆 ቁ(𝜆 − 𝜓)ଶ  = (ିଵ)೙ఒିట ൫𝜓𝜓𝜆 − 𝜆𝜆𝜓൯. 

With the help of Lemma 1., we obtain 𝐻ෙ𝐵𝐹௡ାଵ𝐻ෙ𝐵𝐹௡ିଵ − 𝐻ෙ𝐵𝐹௡ଶ = (−1)௡(0, 0, 2, 39). 

ii. With the Binet formula, we have 𝐻ෙ𝐵𝐿௡ାଵ𝐻ෙ𝐵𝐿௡ିଵ − 𝐻ෙ𝐵𝐿௡ଶ = ൫𝜆𝜆௡ାଵ + 𝜓𝜓௡ାଵ൯൫𝜆𝜆௡ିଵ + 𝜓𝜓௡ିଵ൯ − ൫𝜆𝜆௡ + 𝜓𝜓௡൯൫𝜆𝜆௡ + 𝜓𝜓௡൯ = 𝜆𝜓𝜆௡ାଵ𝜓௡ିଵ + 𝜓𝜆𝜆௡ିଵ𝜓௡ାଵ − 𝜆𝜓𝜆௡𝜓௡ − 𝜓𝜆𝜆௡𝜓௡ = 𝜆𝜓𝜆௡𝜓௡ ൬𝜆𝜓 − 1൰ + 𝜓𝜆𝜆௡𝜓௡ ൬−1 + 𝜓𝜆 ൰ = (−1)௡ିଵ(𝜆 − 𝜓)൫𝜆𝜆𝜓 − 𝜓𝜓𝜆൯ 

Then, with the help of Lemma 1., we obtain 𝐻ෙ𝐵𝐿௡ାଵ𝐻ෙ𝐵𝐿௡ିଵ − 𝐻ෙ𝐵𝐿௡ଶ = (−1)௡ିଵ(0, 0, 26, 507). □ 

Theorem 17. (Catalan Identity) Let 𝑐, 𝑛 ∈ ℕ. We obtain 

i. 𝐻ෙ𝐵𝐹௡ା௖𝐻ෙ𝐵𝐹௡ି௖ − 𝐻ෙ𝐵𝐹௡ଶ = (−1)௡ି௖𝐵𝐹௖(0, 2𝐵𝐹௖ିଵ, −2𝐵𝐹௖ିଶ, −36𝐵𝐹௖ − 𝐵𝐹௖ାଵ − 𝐵𝐹௖ିଵ), 

ii. 𝐻ෙ𝐵𝐿௡ା௖𝐻ෙ𝐵𝐿௡ି௖ − 𝐻ෙ𝐵𝐿௡ଶ = (−1)௡ି௖𝐵𝐹௖(0, −26𝐵𝐹௖ିଵ, 26𝐵𝐹௖ିଶ, 468𝐵𝐹௖ + 13𝐵𝐹௖ାଵ + 13𝐵𝐹௖ିଵ). 

Theorem 18. (Vajda Identity) Let 𝑛, 𝑎, 𝑏 ∈ ℕ. We obtain 

i. 𝐻ෙ𝐵𝐹௡ା௔𝐻ෙ𝐵𝐹௡ା௕ − 𝐻ෙ𝐵𝐹௡𝐻ෙ𝐵𝐹௡ା௔ା௕ = (−1)௡𝐵𝐹௔(0, 2𝐵𝐹௕ାଵ, 2𝐵𝐹௕ାଶ, 36𝐵𝐹௕ − 𝐵𝐹௕ିଵ − 𝐵𝐹௕ାଵ), 

ii. 𝐻ෙ𝐵𝐿௡ା௔𝐻ෙ𝐵𝐿௡ା௕ − 𝐻ෙ𝐵𝐿௡𝐻ෙ𝐵𝐿௡ା௔ା௕ = (−1)௡𝐵𝐹௔(0, 26𝐵𝐹௕ାଵ, −26𝐵𝐹௕ାଶ, −468𝐵𝐹௕ + 13𝐵𝐹௕ିଵ + 13𝐵𝐹௕ାଵ). 

Theorem 19. (D’ocagne Identity) Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 𝐻ෙ𝐵𝐹௕𝐻ෙ𝐵𝐹௔ାଵ − 𝐻ෙ𝐵𝐹௕ାଵ𝐻ෙ𝐵𝐹௔ = (−1)௔(0, −2𝐵𝐹௕ି௔ିଵ, 2𝐵𝐹௕ି௔ିଶ, 36𝐵𝐹௕ି௔ + 𝐵𝐹௕ି௔ାଵ + 𝐵𝐹௕ି௔ିଵ), 

ii𝐻ෙ𝐵𝐿௕𝐻ෙ𝐵𝐿௞,௔ାଵ − 𝐻ෙ𝐵𝐿௕ାଵ𝐻ෙ𝐵𝐿௔ = (−1)௔(0, 26𝐵𝐹௕ି௔ିଵ, −26𝐵𝐹௕ି௔ିଶ, −468𝐵𝐹௕ି௔ − 13𝐵𝐹௕ି௔ାଵ − 13𝐵𝐹௕ି௔ିଵ). 

The proofs of Theorem 17, 18 and 19 are shown similarly to Theorem 16., using Binet 
formulas and Lemma 1. 
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In the following theorems, we examine the relationships between hyperbolic Bronze 
Fibonacci and Bronze Lucas quaternions. 

Theorem 20. Let 𝑛 ∈ ℕ. The following equations are true: 

i. 𝐻ෙ𝐵𝐹௡ = ଶଵଷ 𝐻ෙ𝐵𝐿௡ାଵ − ଷଵଷ 𝐻ෙ𝐵𝐿௡, ii. 𝐻ෙ𝐵𝐹௡∗ = ଶଵଷ 𝐻ෙ𝐵𝐿௡ାଵ∗ − ଷଵଷ 𝐻ෙ𝐵𝐿௡∗ , 

iii. 𝐻ෙ𝐵𝐿௡ = 2𝐻ෙ𝐵𝐹௡ାଵ − 3𝐻ෙ𝐵𝐹௡, iv. 𝐻ෙ𝐵𝐿௡∗ = 2𝐻ෙ𝐵𝐹௡ାଵ∗ − 3𝐻ෙ𝐵𝐹௡∗. 

Proof. iii. The following relation is used for proofs: 𝐻ෙ𝐵𝐿௡ = 𝑎𝐻ෙ𝐵𝐹௡ାଵ + 𝑏𝐻ෙ𝐵𝐹௡. 

For these 𝑛 values, we obtain 𝐻ෙ𝐵𝐿଴ = 𝑎𝐻ෙ𝐵𝐹ଵ + 𝑏𝐻ෙ𝐵𝐹଴, 𝐻ෙ𝐵𝐿ଵ = 𝑎𝐻ෙ𝐵𝐹ଶ + 𝑏𝐻ෙ𝐵𝐹ଵ. 

We find 𝑎 = 2, and 𝑏 = −3. 

The proofs of others can also be shown in this way.  □ 

Theorem 21. Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 𝐻ෙ𝐵𝐹௔𝐻ෙ𝐵𝐹௕ − 𝐻ෙ𝐵𝐹௕𝐻ෙ𝐵𝐹௔ = ଵ√ଵଷ (−1)௔𝐵𝐹௕ି௔(0, 1, 3, 2), ii. 𝐻ෙ𝐵𝐿௔𝐻ෙ𝐵𝐿௕ − 𝐻ෙ𝐵𝐿௕𝐻ෙ𝐵𝐿௔ = (−1)௔𝐵𝐹௕ି௔(0, 26, 78, −26), 

iii. 𝐻ෙ𝐵𝐹௕𝐻ෙ𝐵𝐿௔ − 𝐻ෙ𝐵𝐹௔𝐻ෙ𝐵𝐿௕ = (−1)௔𝐵𝐹௕ି௔(0, 6, 22, 72), iv. 𝐻ෙ𝐵𝐿௔𝐻ෙ𝐵𝐹௔ାଵ − 𝐻ෙ𝐵𝐿௔ାଵ𝐻ෙ𝐵𝐹௔ = (−1)௔(0, 6, 22, 72), 

Proof. With the Binet formula, we obtain 

i. 𝐻ෙ𝐵𝐹௔𝐻ෙ𝐵𝐹௕ − 𝐻ෙ𝐵𝐹௕𝐻ෙ𝐵𝐹௔ = ൬ఒఒೌିటటೌఒିట ൰ ൬ఒఒ್ିటట್ఒିట ൰ − ൬ఒఒ್ିటట್ఒିట ൰ ൬ఒఒೌିటటೌఒିట ൰ = ିఒೌట್ఒటିఒ್టೌటఒାఒ್టೌఒటାఒೌట್టఒ(ఒିట)(ఒିట) = ఒೌటೌ(ఒ್షೌିట್షೌ)(ఒటିటఒ)(ఒିట)(ఒିట) . 

With the help of Lemma 1., we have 𝐻ෙ𝐵𝐹௔𝐻ෙ𝐵𝐹௕ − 𝐻ෙ𝐵𝐹௕𝐻ෙ𝐵𝐹௔ = ଵ√ଵଷ (−1)௔𝐵𝐹௕ି௔(0, 1, 3, 2). 

The proofs of others can also be shown in this way. □ 

In the following theorems, we associate the terms of the Bronze Fibonacci and Bronze 
Lucas sequences with their hyperbolic quaternion values. 

Theorem 22. Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 𝐵𝐿௔𝐻ෙ𝐵𝐹௕ = 𝐻ෙ𝐵𝐹௔ା௕ + (−1)௔𝐻ෙ𝐵𝐹௕ି௔, ii. 𝐵𝐹௔𝐻ෙ𝐵𝐿௕ = 𝐻ෙ𝐵𝐹௔ା௕ − (−1)௔𝐻ෙ𝐵𝐹௕ି௔, 

iii. 𝐵𝐿௔𝐻ෙ𝐵𝐿௕ = 𝐻ෙ𝐵𝐹௔ା௕ + (−1)௔𝐻ෙ𝐵𝐿௕ି௔, iv. 2(−1)௔𝐻ෙ𝐵𝐹଴ = 𝐻ෙ𝐵𝐹௔𝐵𝐿௔ − 𝐻ෙ𝐵𝐿௔𝐵𝐹௔. 

Proof. i. If Binet formulas are used, we get 

𝐵𝐿௔𝐻ෙ𝐵𝐹௕ = (𝜆௔ + 𝜓௔) ቆ𝜆𝜆௕ − 𝜓𝜓௕𝜆 − 𝜓 ቇ = 𝜆𝜆௔ା௕ − 𝜓𝜓௔ା௕ + 𝜆𝜆௕𝜓௔ − 𝜓𝜓௕𝜆௔𝜆 − 𝜓  

= ఒఒೌశ್ିటటೌశ್ఒିట + ఒೌటೌ൫ఒఒ್షೌିటట್షೌ൯ఒିట = 𝐵𝐿௔𝐻ෙ𝐵𝐹௕. 
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The proofs of the others may be found similarly. □ 

Theorem 23. Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 𝐻ෙ𝐵𝐹௔ାଶ௕ = ஻ிమ್ଷ 𝐻ෙ𝐵𝐿௔ାଵ − ஻௅మ್షభଷ 𝐻ෙ𝐵𝐹௔, ii. 𝐻ෙ𝐵𝐿௔ାଶ௕ = √13 ஻ிమ್ଷ 𝐻ෙ𝐵𝐹௔ାଵ − ஻௅మ್షభଷ 𝐻ෙ𝐵𝐿௔, 

iii. 𝐻ෙ𝐵𝐹௔ାଶ௕ = ஻ிమ್ଷ 𝐻ෙ𝐵𝐹௔ାଶ − ஻௅మ್షమଷ 𝐻ෙ𝐵𝐹௔, iv. 𝐻ෙ𝐵𝐿௔ାଶ௕ = ஻ிమ್ଷ 𝐻ෙ𝐵𝐿௔ାଶ − ஻ிమ್షమଷ 𝐻ෙ𝐵𝐿௔. 

Proof. iv. With the Binet formula, we have 𝐵𝐹ଶ௕3 𝐻ෙ𝐵𝐿௔ାଶ − 𝐵𝐹ଶ௕ିଶ3 𝐻ෙ𝐵𝐿௔ = 13 𝜆ଶ௕ − 𝜓ଶ௕𝜆 − 𝜓 ൫𝜆𝜆௔ାଶ + 𝜓𝜓௔ାଶ൯ − 13 𝜆ଶ௕ିଶ − 𝜓ଶ௕ିଶ𝜆 − 𝜓 ൫𝜆𝜆௔ + 𝜓𝜓௔൯ 

= 𝜆𝜆௔ାଶ௕ ቀ𝜆ଶ − 1𝜆ଶቁ − 𝜓𝜓ଶ௔ା௕ ൬𝜓ଶ − 1𝜓ଶ൰3(𝜆 − 𝜓)  

Since, 𝜓ଶ = ଵఒమ, 𝜆ଶ = ଵటమ, and 𝜆 + 𝜓 = 3 we obtain 𝐻ෙ𝐵𝐿௔ାଶ௕ = ஻ிమ್ଷ 𝐻ෙ𝐵𝐿௔ାଶ − ஻ிమ್షమଷ 𝐻ෙ𝐵𝐿௔. 

The proofs of others can also be shown in this way.  □ 

Theorem 24. Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 𝐻ෙ𝐵𝐹ଶ௔ା௕ାଵ = ஻௅మೌశభଷ 𝐻ෙ𝐵𝐹௕ାଵ − ஻ிమೌଷ 𝐻ෙ𝐵𝐿௕, ii. 𝐻ෙ𝐵𝐿ଶ௔ା௕ାଵ = ஻௅మೌశభଷ 𝐻ෙ𝐵𝐿௕ାଵ − ଵଷଷ 𝐵𝐹ଶ௔𝐻ෙ𝐵𝐹௕, 

iii. 𝐻ෙ𝐵𝐹ଶ௔ା௕ାଵ = ஻௅మೌశభଷ଺ 𝐻ෙ𝐵𝐹௕ାଷ − ஻ிమೌషమଷ଺ 𝐻ෙ𝐵𝐿௕, iv. 𝐻ෙ𝐵𝐿ଶ௔ା௕ାଵ = ஻௅మೌశభଷ଺ 𝐻ෙ𝐵𝐿௕ାଷ − ଵଷଷ଺ 𝐵𝐹ଶ௔ିଶ𝐻ෙ𝐵𝐹௕. 

Proof. i. If Binet formulas are used, we get 𝐵𝐿ଶ௔ାଵ𝐻ෙ𝐵𝐹௕ାଵ − 𝐵𝐹ଶ௔𝐻ෙ𝐵𝐿௕ = (𝜆ଶ௔ାଵ + 𝜓ଶ௔ାଵ) ቆ𝜆𝜆௕ାଵ − 𝜓𝜓௕ାଵ𝜆 − 𝜓 ቇ − ቆ𝜆ଶ௔ − 𝜓ଶ௔𝜆 − 𝜓 ቇ ൫𝜆𝜆௕ + 𝜓𝜓௕൯ 

= 1𝜆 − 𝜓 ൭𝜆𝜆ଶ௔ା௕ାଵ ൬𝜆 − 1𝜆൰ − 𝜓𝜓ଶ௔ା௕ାଵ ൬𝜓 − 1𝜓൰൱ 

Since, 𝜆 + 𝜓 = 3 and 𝜆𝜓 = −1 we obtain 𝐻ෙ𝐵𝐹ଶ௔ା௕ାଵ = ஻௅మೌశభଷ 𝐻ෙ𝐵𝐹௕ାଵ − ஻ிమೌଷ 𝐻ෙ𝐵𝐿௕. 

The proofs of others can also be shown in this way.  □ 

Theorem 25. Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℕ and 𝑐 < 𝑎, 𝑏. We obtain 

i. 𝐻ෙ𝐵𝐹௔ା௕ = 𝐵𝐹௔𝐻ෙ𝐵𝐹௕ାଵ + 𝐵𝐹௔ିଵ𝐻ෙ𝐵𝐹௕, ii. 𝐻ෙ𝐵𝐹ଶ௔ା௕ = 𝐵𝐿௔𝐻ෙ𝐵𝐹௔ା௕ − (−1)௔𝐻ෙ𝐵𝐹௕, 

iii. 𝐻ෙ𝐵𝐹௔௖ାௗ = ஻ிೌ ೎஻ிೌ 𝐻ෙ𝐵𝐹௔ାௗ − (−1)௔ ஻ிೌ ೎షೌ஻ிೌ 𝐻ෙ𝐵𝐹ௗ, iv. (−1)௔௖𝐵𝐹௔௕ି௔௖𝐻ෙ𝐵𝐹ௗ = 𝐻ෙ𝐹𝐵௔௖ାௗ𝐵𝐹௔௕ − 𝐻ෙ𝐵𝐹௔௕ାௗ𝐵𝐹௔௖, 

v. 𝐻ෙ𝐵𝐹௔ା௕𝐻ෙ𝐵𝐿௔ା௖ − 𝐻ෙ𝐵𝐹௔ା௖𝐻ෙ𝐵𝐿௔ା௕ = (−1)௔ା௕ାଵ(0,6, 22,72). 

Proof. i. If Binet formulas are used, we get 

𝐵𝐹௔𝐻ෙ𝐵𝐹௕ାଵ + 𝐵𝐹௔ିଵ𝐻ෙ𝐵𝐹௕ = ൬𝜆௔ − 𝜓௔𝜆 − 𝜓 ൰ ቆ𝜆𝜆௕ାଵ − 𝜓𝜓௕ାଵ𝜆 − 𝜓 ቇ + ቆ𝜆௔ିଵ − 𝜓௔ିଵ𝜆 − 𝜓 ቇ ቆ𝜆𝜆௕ − 𝜓𝜓௕𝜆 − 𝜓 ቇ 

= ଵ(ఒିట)(ఒିట) ቆ𝜆𝜆௔ା௕ ቀ𝜆 + ଵఒቁ + 𝜓𝜓௔ା௕ ቀ𝜓 + ଵటቁቇ. 
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Since, ଵఒ = −𝜓 and ଵట = −𝜆 we obtain 𝐻ෙ𝐵𝐹௔ା௕ = 𝐵𝐹௔𝐻ෙ𝐵𝐹௕ାଵ + 𝐵𝐹௔ିଵ𝐻ෙ𝐵𝐹௕. 

The proofs of others can also be shown in this way.  □ 

Theorem 26. Let 𝑎, 𝑏 ∈ ℕ, and 𝑎 < 𝑏. We obtain 

i. 2𝐻ෙ𝐵𝐹௔ା௕ = 𝐵𝐹௔𝐻ෙ𝐵𝐿௕ + 𝐵𝐿௔𝐻ෙ𝐵𝐹௕, ii. 2(−1)௔𝐻ෙ𝐵𝐿௕ି௔ = 𝐻ෙ𝐵𝐿௕𝐵𝐿௔ − 13𝐻ෙ𝐵𝐹௕𝐵𝐹௔, 

iii. 2𝐻ෙ𝐵𝐿௔ା௕ = 𝐵𝐿௔𝐻ෙ𝐵𝐿௕ + 13𝐵𝐹௔𝐻ෙ𝐵𝐹௕, iv. 2(−1)௔𝐻ෙ𝐵𝐹௕ି௔ = 𝐻ෙ𝐵𝐹௕𝐵𝐿௔ − 𝐻ෙ𝐵𝐿௕𝐵𝐹௔. 

Theorem 27. Let 𝑎 ∈ ℕ. We obtain 

i. 13𝐻ෙ𝐵𝐹௔ଶ − 𝐻ෙ𝐵𝐿௔ଶ = 4(−1)௔ାଵ(0, 3, 11, 36), 

ii. 13𝐻ෙ𝐵𝐹௔ଶ + 𝐻ෙ𝐵𝐿௔ଶ = 4𝐻ෙ𝐵𝐿ଶ௔ + (−2𝐵𝐿ଶ௔ + 2𝐵𝐿ଶ௔ାଶ + 2𝐵𝐿ଶ௔ାସ + 2𝐵𝐿ଶ௔ା଺)𝑖ଵ. 

The proofs of Theorem 26 and 27 are shown similarly to Theorem 25, using Binet 
formulas and Lemma 1. 

4. Conclusions 
In this study, we determined some properties of Bronze Fibonacci and Bronze Lucas 

sequences. Then we found many relations between the roots of the characteristic equation 
of these sequences and these sequences. Also, we obtained interesting relations between 
the terms of these sequences. We established relations between the positive and negative 
index terms of these sequences and tried to relate the sums of squares of two consecutive 
terms to these sequences. In addition, we presented the application of generalized Bronze 
Fibonacci sequences to hyperbolic quaternions. For these hyperbolic quaternions, we gave 
general summation formulas, general generating functions, exponential generating 
functions, etc. Moreover, we obtained Binet formulas in different ways. Furthermore, we 
calculated special identities of these hyperbolic quaternions such as the Cassini identity, 
and Vajda identity. We found relations between hyperbolic Bronze Fibonacci and Bronze 
Lucas quaternions. We produced some special results with the conjugates of these 
hyperbolic quaternions. Finally, we related the terms of the generalized Bronze Fibonacci 
sequences to the hyperbolic quaternion values. In the future, we can spread the new 
approach to hyperbolic Bronze Fibonacci and Bronze Lucas octonions and sedenions. 
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