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Summary. In this study, we define the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier
sequences and give some terms of these sequences. Then, we obtain the generating functions,
summation formulas, etc. Also, we obtain the Binet formulas in three different ways. The first
is in the known classical way, the second is with the help of the sequence's generating
functions, and the third is with the help of the matrices. In addition, the relations between the
terms of the k-Olivier, k-Olivier-Lucas, Modified k-Olivier, third-order Fibonacci-Pell,
Adjusted Pell-Padovan, Olivier, Olivier-Lucas, Modified Olivier, third-order Lucas-Pell, Pell-
Padovan, and Pell-Perrin sequences are presented. Finally, we associate the terms of these
sequences with matrices.

1 INTRODUCTION

The Fibonacci and Lucas sequences are famous sequences of numbers. These sequences
have intrigued scientists for a long time. Fibonacci sequences have been applied in various
fields such as engineering [1], chemistry [2], biomathematics [3], phylotaxis [4], cryptology
[5], etc. Many generalizations of the Fibonacci sequence have been given. The known
examples of such sequences are the k-Jacobsthal, k-Jacobsthal-Lucas, k-Oresme, Leonardo, k-
Fibonacci, k-Lucas sequences, etc (see for details in [6-14] and [22-26]).

For n € N, Fibonacci numbers F, and Lucas numbers L, are defined by the recurrence
relations, respectively,

Fooo=Fna+ Fy,withFp=0and F; =1,
For F, and L, Binet formulas are given by the following relations, respectively,

mn_pn

Fn= and L, =m" + p"

Where m = are the roots of the characteristic equation r>—r—1 = 0.

and p=

1+\/§ 1—\/§
2 2

Here the number m is the known golden ratio.
Olivier numbers, which are related to Fibonacci and Lucas numbers, were first introduced
by Yiiksel Soykan. The application of Olivier numbers in many areas has attracted the
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attention of scientists. Yiiksel Soykan found many interesting properties of Olivier sequences
and related these sequences to matrices.

In [15] and [16], for n € N, Soykan defined the third-order Fibonacci-Pell sequence G,
third-order Lucas-Pell sequence B,,, Pell-Perrin sequence C,,, Pell-Padovan sequence R,,, and
Adjusted Pell-Padovan sequence M,, are defined by the recurrence relations, respectively,

Gpaz = 2Gpeq + Gp, With Gy =1, G, = 0,and G, = 2,
Byys = 2Bpy1 + By, With By = 3, B, = 0, and B, = 4,
Cpaz = 2Cpeq + Cp With Co = 3,C, = 0,and C, = 2,
Ryss = 2Rysq + Ry, With Ry = 1,R, = 1,and R, = 1,
My, s = 2Mp,; + M, With My = 0, M, = 1, and M, = 0.

For G,, B,, C,, R,, and M, Binet formulas are given by the following relations,
respectively,

1

G, =ﬁm"—%p"+r", B, =m"+p"+r",
— _ i n i n__ ,n — _ i n i n_ .n
Cn—(Z \/g)m +(2+\/§)p r,Rn—(l \/g)m +(1+\/§)p r’,
mn+1 pn+1 Tn+1
"= aepmn | pemen | Gemr—py
Hence, m = 1+2\/§, p= %g and r = —1 are the roots of the characteristic equation
r3—2r—1=0.

In addition, for n € N, Olivier numbers 0,,, Olivier-Lucas numbers K, and Modified
Olivier numbers T,, are defined by the recurrence relations, respectively,

Opts = 20,41+ 0, +1,With0y = 0,0, = 1,and 0, = 1,
Kyiz3 = 2Kpeq + K, — 2, With Ky = 4, K, = 1,and K, = 5,
Thes =2Tp1 + T+ 1, WithTy =1,T; =0,and T, = 2.
For 0,, K, and T,, Binet formulas are given by the following relations, respectively,

0. = 2m+1 n 2p+1 n l n_
n T (4m+3)(m-1) (4p+3)(p—1) p 2 2!
K,=m"+p"+r"+1,
— m-1 n+2 p-1 pn+2 r-1 n+2
" (m-p)(m-r)(m-1) (p-m)(p—1)(p—-1) (r-m)(r-p)(r-1)
1+/5 15

Hence, m = S P=— and r = —1 are the roots of the characteristic equation

r3 —2r — 1 = 0. In [15] and [16], Soykan found many properties about these sequences.
With the help of the recurrence relation of the Fibonacci sequence, k-sequences were
introduced, and these sequences have an important place in number theory [17]. In [18],
Falcon and Plaza introduced the k-Fibonacci sequence and obtained many properties related
to this sequence. In addition, Falcon defined the k-Lucas sequences [19]. Moreover, Falcon
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applied the Hankel transform to the k-Fibonacci sequence. In [20], Ozkan and Akkus
obtained the terms of Fibonacci sequences by applying different transformations.

As seen above, many generalizations of Fibonacci and Lucas sequences have been given so
far. In this study, we give new generalizations inspired by the k-Fibonacci and Olivier
sequences. We call these sequences the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier
sequences and denote them as Sy, ,, Gk and Vy ,,, respectively.

We separate the article into three parts.

In chapter 2, we define the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier sequences.
Then, we give the characteristic equation, Binet formulas, the summation formulas,
generating functions, and some properties for these sequences. In addition, we obtain Binet
formulas with the help of generating functions of these sequences.

In chapter 3, we examine the relations among the terms of the k-Olivier, k-Olivier-Lucas,
Modified k-Olivier, Olivier, Olivier-Lucas, and Modified Olivier sequences. Then, we
associate the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier sequences with G,,, B, C,,
R,, and M,, sequences. Finally, we associate the terms of these sequences with matrices.

2 k-OLIVIER, k-OLIVIER-LUCAS, AND MODIFIED k-OLIVIER SEQUENCES

For k € R* and n € N, the k-Olivier Sy ,, k-Olivier-Lucas Gy ,, and Modified k-Olivier
Vi, are defined by, respectively,

Sk,TL+3 = Z'Sk,n+1 + Sk,n + k, Wlth Sk,O = 0, 'Sk,l = 0, and 'Sk,Z = 1,
Gkn+s = 2Gkne1 + Grn — 2k, With Gy o = 4, Gi,p = 1 and Gy, = 5,
Vk,n+3 = 2vk,1’l+1 + Vk,n + k, Wlth Vk,O = 1, vk,l = 0, and vk,Z = 2.

Also, the four-order recurrence relations of the sequences Sy, Gin, and Vi, are as
follows:

c5k,n+4 = 5k,n+3 + 25k,n+2 - 5k,n+1 - 5k,n1 with Sk,o =0, 5k,1 =0, Sk,z =1, 5k,3 =k,

Gknva = Grnes + 2Gkn+2 = Grnetr — G With Geo = 4, Gy = 1, G2 = 5, G 3 = 6 — 2k,
Vienta = Vinez ¥ 2Vinsz = Vinsr = Vin With Vi g = 0, Vi1 = 0, Vg, = 1, Vs = 1 + k.

Then, let’s give some information about the equations of these sequences.
The characteristic equation of the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier
sequences is
tf—t3 -2t +t+1=0=(t>—-t—-D(E+1D(t—-1) =0.
The roots of this equation are:

1+V5
m=—

The relationship between these roots is given below:

1-/5
2 T

=—lands =1.

m+p=1lmp=—-1lm+p+r+s=1 mprs =1,
mp + mr + ms + pr + ps +rs = —2, and mpr + mps + mrs + prs = —1.

The Sk n, Gk ny @and V. 5, values for the first six n natural numbers are given below:
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i cS‘k,o =0 gk,o =4 Vk,o =1,

i ‘Sk,l =0 gk,l =1 Vk,l =0,

o Sp2=1 Gk2 =5 Vi2 =2,

e Sp3=k Gr3 =6 —2k Vs =k +1,
o Spa=k+2 Gra=11—-2k Via =k + 4,
o Sps=3k+1 Grs =17 — 6k Vis = 3k + 4,

In the following theorem, the Binet formulas of the k-Olivier Sy ,,, k-Olivier-Lucas Gy ,,,
and Modified k-Olivier V, ,, sequences are expressed.

Theorem 2.1. Let k € R* and n € N. We obtain

. k—p n k—-m n k-2 n k
I. = .
Skn = Gy mor)m=D) o-monenP Tememen’ T Ema-pan
. 5-2k—p n 5-2k-m n 2k+3 n 2k-3
Il. = — — .
Gin = e mD ™ T ome-mneDP  eomepe—D | Gmama—
k+1-p k+1-m k-2 k
iV, ., = n n n )
kn = Tm—p)(m—r)(m-1) e-me-ne-0P T ememnen’ | t-ma-na-n

Proof. i. The Binet form of a sequence is as follows
Skn = xm™ +yp™ + zr™ + ts™.
For these n values, we obtain
Sko=x+y+z+t,
Sg1=xm+yp+zr + ts,
Sk = xm? + yp? + zr? + ts?,
Sia =xm3 +yp3 + zr3 + ts3.

We find

X = P Yy = feom , Z = =2 ,and t = i :
(m-p)(m-r)(m-1) ®-m)(p-1)(p-1) (r-m)(r-p)(r-1) 1-m)(1-p)(1-7)

The proofs of the others are shown similarly. O

In the following theorems, we give the generating functions of the k-Olivier Sy ,, k-
Olivier-Lucas Gy ,, and Modified k-Olivier V,, sequences. In addition, we obtain Binet
formulas of Sy ,,, Gk », and V, ,, sequences with the help of generating functions.

Theorem 2.2. The generating functions for k-Olivier Sy ,, k-Olivier-Lucas G, and
Modified k-Olivier V; ,, sequences are given as follows, respectively,

t2+(k—-1)t3 4-3t—4t?—(2k+11)t3

. oo n _ o I n_
I S(t) - Zn:OSk,nt - t4+t3-2t2—t+1’ i g(t) Zn:o gk‘nt t4+t3-2t2—t+1 '

1-t+kt3

_ oo n — —_—
1. U(t) = Zn:O vk,nt T A E3—2t2—t+1
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Proof. i. For the k-Olivier sequence, we have
s(6) = Xnzo Sint™ = t? + kt® + L7, Spnt™
=t? + kt> + Z?lo=4 Sk,n—ltn +2 Z?Lo=4 Sk,n—ztn - Z?LO=4 “Sk,n—Btn - Z?lo=4 Sk,n—4tn
=2+ kt® + t Xai s Spnt™ + 2t7 T Sint™ — 0 X1 Sent™ — tF X0 Sint™
_ 1+k—t3
tr+t3-2t2—t+1"

The proofs of the others are shown similarly. m|
Theorem 2.3. For 8 ,, Gk n, and V ,, the Binet formulas can be obtained with the help of the
generating functions.

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of
the t* + t3 — 2t — t + 1 = 0 equation become i %, % and % For Sy », we have

1+k-t3
t4+t3-2t2-t+1
_ k—p 1 k-m 1 k-2 1 k 1
B (m—P)(m—T)(m—l) 1-mt  (p-m)(p-m)(p-1) 1-pt  (r-m)(r-p)(r-1) 1-rt (1—m)(1—p)(1—r) 1-st
_ n k-m k-2 n £
= S ™ e e e
= Z%o=05k,nt
Similarly, the Binet formulas of the sequences Gy ,, and V, ,, are found. m|

Next, we give special sum formulas of the k-Olivier S ,, k-Olivier-Lucas G, and
Modified k-Olivier Vy ,, sequences.

Theorem 2.4. Let k € R* and n € N. We obtain

38k nt3Skn—1+Skn-—2—(M—2)k—1 3Gknt3Gkn—11Gkn—2+tM—2)2k-2
I Z OSks - 2 ’ ” Z ngs -

2

3Vin+3Ven—1+Vin—2 -(n-2)k-1

L an _
i Yo Vs = >

Proof. ii. From the definition of the k-Olivier-Lucas sequence, we obtain
Gk,3 = 2Gk1+Gr0 — 2k
Oka = 2Gy2 + Gra1 — 2k

gk,n = 2gk,n—z + Qk,n_g — 2k.
So, we have

_1O+Z ngs_zz 1 ks ?z_g k,s_(n_z)Zk’
—10 + X% Gks = 2(=Grn = Grn—1 = Gro + X0 Gi.s)
+(_gk,n - gk,n—l - gk,n—z + Z?:O gk,s) - (n - Z)Zk-
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Thus, we obtain

n _ 3Gknt3Gkn—1+Grn—2+t(M—2)2k—-2
s=0 gk,s - > .

The proofs of the others are shown similarly. m|

3 RELATIONS AMONG SPECIAL SEQUENCES

In this chapter, we examine the relationships among the k-Olivier, k-Olivier-Lucas,
Modified k-Olivier third-order Fibonacci-Pell, Adjusted Pell-Padovan, Olivier, Olivier-Lucas,
Modified Olivier, third-order Lucas-Pell, Pell-Padovan, and Pell-Perrin sequences. In
addition, we associate the terms of these sequences with matrices.

In the following theorems, we examine the relations among the k-Olivier Sy ,,, k-Olivier-
Lucas Gy, Modified k-Olivier V, ,, Olivier 0,, Olivier-Lucas K,,, and Modified Olivier T,
sequences.

Theorem 3.1. Let k € R*, and n € N. The following equations are true:

) —8k2%425k—19 6k%—-33k+38 4k?-7k
I Sien = 8k3—36k2+38K Grns + 8k3— 36k2+38kgk n+2 T 5T 36k2+38kgk n+1
—4k3+16k2—4k—19g
8k3-36k2+38k KM
. _ +1 k2-3
- Sien = k2+k 117"”*3 + k2+k 1V""+2 + k2+k w2t Vet F iy Vien
i Sin = (k = 2)Opss + (—2k + 3)Onsz + (=k + 3)0ps1 + (3k — 4)0p,
) 11k-13 —13k+24 ~11k+8 8k—19
V. Sk = —5 Knas + — 5 Knso + —— Knt1 + —5 Kn,

V.Skn = 2k — 4)Tpys + (—4k + DTpyp + (—k + 3)Tpyq + (4k — 6)T,.
Proof. i. The following relation is used for proofs:
Skn =AX Gy s tDXGy T CXGp TAXGy
For these n values, we obtain
Sko=axG,,+ bxgk’2 +exG, + dxgklo,
Sk1=axG,,+ bxgk’3 +exG,+ dxgkll,
Sk2 = axgk’5 + bxgk‘4 + cxgk,3 + dxgka,

Sk3 = axgk’6 + bxgk,5 +cxgk,4 +dxgk,3.

We find
—8k2+425k-19 6k%2—-33k+38 4k2-7k —4k3+16k%2-4k-19
= b= ,C = and d = .
8k3-36k2+38k 8k3-36k2+38k 8k3—-36k2+38k 8k3—-36k2+38k
The proofs of the others are shown similarly. m|

Theorem 3.2. Let k € R*, and n € N. The following equations are true:
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i G = 4k*—9k+4 -3k +8 ~2k43 ¢ 213 +7k*~10
IR T3 gk 2 TR T B i g T2 T2 TRl T3 2 kg TR
i G, = 6k*—5k—4 —5k*—Tk+14 _ 4k+1 —2I°+5kK° +11k—16
Tk T3 0 gz o3 T B i gy M2 G2 TRt T T3 2 gy ke
iii. G = (—2k + 7)0p13 + (4k — 10)0,,,+ 2k — 7)0, ,, + (—6k + 10)0,,
. —11k+11 13k—13 11k-11 —8k+13
V. Gin = —<— Knpz + = Knjo + ——— K1 + —— K,
V. Gin = (—4k + 7T i3+ (8k — 10) Ty + (2k — 7)Tpyy + (—8k + 10)T,,.
Proof. v. If Binet formulas are used for proofs, we get
(—4k + NTyy3 + (8k —10) T4y + 2k — 7)Tyy1 + (—8k + 10)T,
= (—4 7 m-1 n+5s p-1 n+5 r—1 n+5
A D o mmm ™ T omene P T emeeesn )
-1 m-1 n+4 p-1 n+4 r-1 n+4
Tk =10 G e ™ T emene P T ememen )
2k —7 m-1 n+3 p-1 n+3 r—1 n+3
T2k =T ammm ™ Y emmemenP T ememen "
—8k 10 m-1 n+2 p-1 n+2 r—1 n+2
Bk 10 e ™ T oo P T ememen
_ 5—2k-p n 5-2k-m n_ 2k+3 o 2k-3
~ (m-p)(m-r)(m-1) (p-m)(p—r)(p-1) p (r-m)(r-p)(r-1) 1-m)(1-p)(1-7)
= gk,n'
The proofs of the others are shown similarly.
Theorem 3.3. Let k € R*, and n € N. The following equations are true:
. k k+1 k k?
L. Vin = k2—k—15k'n+3 - kz_k_lsk,n+2 - k2—k—15k'n+1 + kz—k—lsk'n’
.. —12k?+35k—19 10k%-45k+38 8k—17
I Vign = 8k3—36k2+38k gk.n+3 8k3—36k2+38k gk,n+2 8k2—36k+38 gk,n+1
—4k3+12k?+8k—19
8k3-36k2+38k “kn’
||| Vk,n = k0n+3 - 2k0n+2+(_k + 1)0n+1 + (3k - 1)01’1’
. 11k-7 —-13k+16 —11k+2 8k—11
V. Vign = —5= Knsz + — 5 Knuz + —5— Kns + =5 K,
V. Ven = Rk = 2)Tpyz + (—4k + )Tyyy + (k + DTy + (4k = 3)T,,.
Proof. The proofs are shown similarly to Theorem 3.2.
Theorem 3.4. Let k € R*, and n € N. The following equations are true:
i.
. _ —k%+2k-1 k?-2k+1 _ 15 n —k+1
M T ga_334kZ42k KMA3 T g3 gp2i gy ChkMA2 s ga p Ckntl T g gpsig2 g Tk
—10k+19 —4k%2+4+16k—19 10k—-19

o 0,=——2 —4kZr1ok—19 4o 10k-19
n 8k3—36k2+38kgk'n+3 k3+32k2+128kgk'n+2 k3+32k2+128kgk'n+1
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1

+ 4k2—18k+19 Gk
—2k?+2k-1 k%+1 k-1 —3k+1
Op = 22l gy st = Vit Vg F L,
n T g4_k3-3k242k  KOMF3 T p3_g2 g4 RMF2 T p3gp2 g TRAFL T g 3 zp2gop Tkn
K. = 4k3—9k?+2k+2 n —-3k?+2k+6 n —4k2+3k+25 n k3+2k?—6k—-2
n_k4—32k3+k2+2k kn+3 K3-3k2 +k+2 kn+2 K3—k2—k kn+1l T pa_3gp3ypz4pk “ln
—8k2+27k—19 6k2—25k+19 8k2—27k+19 —2k+7
K = — _— _— + —
n 4k3—18k2+19kgk'n+3 4k3—18k2+19kgk'n+2 4k3—18k2+19kgk'n+1 4k2—18k+19gk'n’
4k3-3k%2—6k+2 —3k%-3k+8 —4k?%-3k+2 k34+3k%Z—4k-2

= oSk okr2 3K Z3k+8 a2y SO A2
n T kA—k3-3k24+2k  RME3 T g3 _p2_gpqp TRMF2Z T yaqgz g TRnAL T s g3 gp2op Tk

e T — k3-2k%+k-1 " —k2%43 _ 1 s n k3—-k2-2Kk+1
N T pa_3pd4k242k KNS T s _gp2ypyp CRNtZ s g2 Ckntl T opa g g2 o Sk
e T = —2k+4 G 4k%-20k+19 G 10k—19 G —4k2+20k—19g
n 4k’:3—1’§2k:1391 kn+3 8k3—3k62k22-I-k3_|£—3§ kn+2 8k3;3?k2+38k k’n+1k3+?clg3;3;(ik12+38k kn
* o= asasgrerar Vknts ¥ iasagieg Vhnt2 T iapasy Ykt T iasa garare Ve
Proof. The proofs are shown similarly to Theorem 3.1. O

In the following theorem, we examine the relationships between the k-Olivier, k-Olivier-

Lucas, and Modified k-Olivier sequences and special numbers sequences.

Theorem 3.5. Let k € R*, and n € N. The relationships of the k-Olivier Sy, k-Olivier-
Lucas Gy, and Modified k-Olivier V,, sequences with the third-order Fibonacci-Pell G,,
Adjusted Pell-Padovan M,,, third-order Lucas-Pell B,,, Pell-Padovan R,,, and Pell-Perrin C,
sequences. are as follows:

3k—4 —k+2 ~5k+8 k
Sk,n = TGn+2 + TGn+1 + Gn — Py
7k—12 —5k+18 —k+8 k
Skn = 17Cn+i ‘|1' chn+1 t— G~ 3
Skn = 5Rnp1 + Ry — 7,
—13k+24 11k—-18 19k—-32 k
S = g e B 2,
5k,n = Mo + EMn+1 + TMn Y
1
G, = m((z — k2)5k1n+2 + (2k2 — 3k)5k,n+1 + (kz — k)Sk,n + k3 —2k?* + k),
1
Cn = m((—3k2 + 4k + 6)Sk,n+2 + (Zkz - Sk)‘sk,n+1 + (7k2 - 11k - B)Sk,n

+3k3 — 6k2 — k),
1
Rn = m(ZSk,Mz + (—Zk + Z)Sk,n+1 + (Zkz - 4k - Z)Sk,n + k3 - 3k2 + k),
! (=3k2 4 2k + 6)Synsz + (4k2 — TK)Sins1 + (5k% — Tk — 4)Sy
+3k3 — 6k? + k),

N k3-3k2+k+2 (
i (K = K)Sinsz + (—k2 + 2)Si a1 — kSien + k—k?).

M, =5—5—
N k3-3k2+k+2

Gkn = (=3k + 71)Gpiz + (k = 3)Gpyq + (5k — 10)G,, + K,
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7k+5 5k+13 k+18

b gk,n:_TCn+2+TCn+1+ Cp + k,
—2k+7
b gk,n = __Rn+2 + 2Ry +——R, + k,
13k 13 —-11k+11 —19k+24
o G =R g enp ol

* gkn = (k - 3)1\4n+2 + (_k + 4‘)1\/In+1 + ( 3k + 7)Mn + k,

¢ G = ((2k? — 13k + 19)Gmsz + (—4K% + 17k = 19)Gynsa
+(—2k? 4+ 12k — 19)Gy n, + 4k> — 16k* + 19k),
1
L] Cn = m((6k2 — 11k — 19)gk,n+2 + (—4k2 + 3k + 19)gk,n+1
+(—14k? + 32k + 19)Gy + 12k3 — 24k? — 19k),
1
* Ry = mromren ((6k = 19)Gkniz + (=8k + 19) Gy nar + (—4k? + 4k + 19)Gi
+4k3 — 2k? — 19k),
1
[ ] Bn = m((6k2 - 25k + 19)gk,n+2 + (—8](2 + 27k - 19)gk,n+1
+(—10k? + 34k — 19)Gy, + 12k3 — 36k + 19k),
1
o My = —————((—2k? + 12k = 19)Gnsz + (2k? = 13k + 19)Gy ne1
+(=7k + 19)Gy., + 8k2 — 19K).
iii.
3k k —5k+2 k
¢ Vin= ?Gn+2 - EGn+1 + TGn -
7k—16 —5k+24 —k+18 k
e Vkn= TCn+2 — G+ ——C— 3,
* Vin=—3Rns2 + Russ + - Rp =3,
—13k+16 11k— 12 19k—-18 k
® Vk,n - 10 Bnya + 1_0Bn+1 + TBn -
k+2 3k k

k
b Vk,n=_2 n+2 T —— Mn+1+7Mn_Ev
1

* T e O (k2 + 3K Vignsz + (2k? + K)Vignaa + (K2 + 2k + 2) Vi
+k3 + k),
e C,= m(( 3k% + 3k + 16)Vy pnip + (2k? — 5k — 8)Vy s
+(7k?* — 6k — 26)Vy,, + 3k> — 4k* — 9k),
e R, = m ((2k + 6)Vy nyp — (4k + 2)Vi iy + (2k% — 4k — 10) Vi p,
+k3 + k% — 3k),
e B, = m ((—3k?% — 3k + 8)Vintz + (4k? — k — ) Vyns1 + (5k? — 10)Vi n
+3k3 — 2k? — 3k),
e M, = m((k2 + 2k + 2)Vi nyz — (k% + 3k) Vi ny1 — Bk + D)V n—2k? — k).
Proof. i. If Binet formulas are used for proofs, we obtain

3k—4 —5k+8 k 3k—4 1
Gz +—— 2 Gryr + G ——=—(—m"+2—— "+2+r"+2)
n+2 n+1 2 n 2 2 5 /—Sp

“k+t2(1  pn+1 1 nt1 n+1 —S5k+8(1 n 1 5 n) _k

+ 2 (\/Em x/§p tr )+ 2 (\/gm \/§p tr ) 2

_ k-p n k-m n k-2 n k
m-pmrm1 " T ome-ne-nP T rmepe-n | Ema-pa-n
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= ‘Sk,n-

The proofs of the others are shown similarly. m|
In the following theorems, we associate the terms of the k-Olivier Sy ,,, k-Olivier-Lucas
Gk n, and Modified k-Olivier Vy ,, sequences with matrices.
Theorem 3.6. Let k € R, and n € N. The following equations are true:

I. For the k-Olivier sequence,

n

[Sen+s] [1 2 —1 —17"[k [Skm ] [0 1 0 0]"[0
1 [Skne2| {10 0 0f |1 o |Skme1] _10 0 1 0] |0
1Sensa| "o 1 0 of o] USensz| "o 0 0o 1 [1]
Send oo 1 0llo Senssl 112 -1 1] [k
ii. For the k-Olivier-Lucas sequence,
[Gen+3] 1 2 —1 —1]"[6—2k] [Y«n] [0 1 0 O]'[ 4
1 |Gkns2] |1 0 0 0 5 | 5 |9knes|_JO 0O 1 0 1
| gk,n+1J 01 0 0 1| 'lgksz o0 o 1/| 5 |
G 00 1 0 4 Grnesd 11 2 =1 1l le—2k
iii. For the Modified k-Olivier sequence,
[Ven+3s] 1 2 -1 —1]"[k+1] [Yen] [0 1 0 O]'[ 1
1 Vensz| _[1 0 0 0 2 ) Vkn+1| _ |10 0 1 0 0
N Vinial 10 1 0 0 0 |" " |Vkns2| [0 O 0 1 2 |
Vien 00 1 0 1 Venssl 112 =1 1] lk+1
Proof. The proofs are shown by the induction method using definitions of sequences and
properties of multiplication in matrices. O

Theorem 3.7. (Simpson Formulas) Let k € R* and ¢t € N. The following equations are
satisfied.

[Sk,t+3 Skt+2z Okt+1 Okt ]
: [Ske+z Skt+1 Skt Ske-1| 2
i.detj .’ ! ’ ’ =k(k—2)(kc- =k —-1).
lsk,m Ser Seer See—a| FET 2 )
Skt Okt-1 Skt-2 Okit-3
[Qk,t+3 Oktvz Gret+r1 Gkt ]
.- gkt+2 gk t+1 gkt gkt—l
il. det ’ g ’ ’ = 4k?(4k?* — 18k + 19).
lgk,m Gee G Greo ( )
gk,t gk,t—l gk,t—z gk,t—3

[Vk,t+3 Vitvz  Vigt+1 vk,t]

vk t+2 vk t+1 vk t vk t—1
iii. det ., ’ ’ ’ =k(k—2)(k* + k —1).
Vits1r Vit Vit-1 Vit—2 ( ) )

vk,t vk,t—l vk,t—Z vk,t—?}

Proof. The proofs are shown by the induction method using definitions and determinant
properties. O
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Theorem 3.8. For 8 ,, Gk n, and V, ,, sequences, the Binet formulas can be obtained with the
help of the matrices.
Proof. The following relation is used for proof (see for details Corollary 3.1 in [21]).

1 .
ty = mZ}ﬂ rer1-jdet (A)).

Thus,
1 .
Skn = Tory 2i=1 Sker1-jdet (4y).
Letc =i =4,
m® m? m 1 mt1 m?2 m 1 m3 m"l m 1
3 2 1 n-1 2 1 3 n-—1 1
A= p3 p2 b Ay = pn—1 pz P RIVES p3 pn—1 P ,
r> rc r 1 T re r 1 r3 r r 1
s s s 1 sl s2 5 1 3 gn-1 g 1
m* m* m"! 1 m3 m?2 m mtl
3 2 n—-1 3 2 n—-1
N A N 1 p® p?r op o )
Az = P32 en-1qf and A, = Y So, we obtain
s3 s2 sm1 1 s3 2 ¢ gnt
1
Skn = Geem Xj=1 S5 jdet (A))
1
= qorcm Siea det(Ay) + Si 3 det(Az) + Si. 2 det(As) + Sy 1det (Ay)).
Similarly, the Binet formula of the G, ,, and V, ,, sequences are found. O

4 CONCLUSIONS

In this study, we defined the k-Olivier, k-Olivier-Lucas, and Modified k-Olivier
sequences. Then, we found the features of these sequences. In addition, we obtained the
relationships between the terms of these sequences. Moreover, we examined k-Olivier, k-
Olivier-Lucas, and Modified k-Olivier sequences with third-order Fibonacci-Pell, Adjusted
Pell-Padovan, Olivier, Olivier-Lucas, third-order Lucas-Pell, Pell-Padovan, and Pell-Perrin
sequences. Finally, we associated the terms of these sequences with matrices. If this study is
examined, such features can be found in other sequences such as Fermat, and Mersenne
sequences.

Acknowledgements: The authors would like to thank the referees who carefully read the
article and made valuable comments.
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