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We introduce a new generalization of Gaussian Pell polynomials. We call it d-Gaussian
Pell polynomials. Then we present the sum, generating functions and Binet formulas of
these polynomials. We give the matrix representation of d-Gaussian Pell polynomials.
We introduce the matrix as binary representations according to the Riordan matrix
representation. Using the Riordan method, we obtain the factorizations of the Pascal
matrix involving the polynomial. In addition, we present the inverse of matrices of the
polynomial.
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1. General Appearance

Number sequences and their polynomials have attracted the attention of many
scientists for many years, as they find application in nature and in many sciences.
Of course, the Fibonacci numbers are the best known of the sequences of numbers
[, 6], (7, (13, 141, 241 25] 27, 28]. Many generalizations of number sequences were then
described and studied [2H5, [8 10, 17, 22], 29]. One of the most important of these
generalizations is those about Gaussian [9] [T} 12 I8H2T]. Some techniques used in
the paper are also available in [I5] [I6]. One of the latest works in this area is [23]
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where it is introduced d-Fibonacci and d-Lucas polynomials. In this paper, we give
new generalizations of the Pell polynomials. We find the matrix representations of
these polynomials and introduce these matrices as binary representations according
to the Riordan matrix representation. Using the Riordan method, we obtain the
factorizations of the Pascal matrix including these polynomials. Also, we present
the inverse of matrices of these polynomials.

2. Generalization of Gaussian Pell Polynomials

Let us give some basic definitions for this paper. The Pell numbers P, are defined by
Pn:2Pn—1+Pn—27 n=>3

with P1 =1 and P2 =2 m
The Pell polynomials are defined by

Pryo(x) = 22Pny1(x) + Po(2)
with Py(z) =0 and Pi(z) =1 []].

Definition 2.1. Let p;(x) be polynomials with a real coefficient for i = 1,...,d+1.
Then d-Fibonacci polynomials ARE defined by the following recurrence relation:

Foga(2) = pr(@) Fu(2) + pa(2) Fooa (2) + - - + pasa(€) Fra() (2.1)

with F,,(z) =0 for n <0 and Fy(z) =1 [23].
d-Lucas polynomials are defined by the following recurrence relation:

Lni1(x) = Fopa(2) + p2(e) Fooi () + -+ + pas1(z) Fua(z) (2.2)
with L, (z) = 0 for n < 0 and Lo(x) = 2 and Li(z) = p1(x) [23].
Now, we present a new generalization of Gaussian Pell polynomials.

Definition 2.2. Let p;(x) be a real coefficient for i = 1,...,d+ 1. Then d-Gaussian
Pell polynomials are defined by

GP,(z) = p1(2)GPp_1(z) + p2(2)GPr_2(x) + - - - + pat1(2)GPr_g_1(z) (2.3)
with GPo(z) =i and GP,,(z) = 0 for n < 0.

We give a few terms of d-Gaussian Pell polynomials in Table [T
From Eq. (Z3)), the characteristic equation of d-Gaussian Pell polynomials are
given by

d

r = pr(@)r? = pa(a)r?™ = = paga(e) = 0.

The roots of this characteristic equation are {aq(x), aa(x), ..., aqr1(x)}.
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Table 1. Same values of d-Gaussian Pell polynomials.

GPy(z)

p1(x)i
‘ p12(x)i + p2(z)i
p13(2)i + 2p; (z)p2(2)i + pa(w)i
p14(x)i + 3p12(@)p2(x)i + 2p1 (z)p3 ()i + p2?(x)i + pa(w)i

B W RO S

Theorem 2.3. Generating function of GP,,(x) is given as follows:

(I =pi(@)r —p2(2)r? — -+ = paj1(z)ri+t)’

G(z,t) = > GPp(a)" =
n=0

Proof. We have
G(z,r) = GPo(z) + GPy(x)r + GPy(x)r? +--- + GP,(z)r" 4+ --- . (2.4)

Let us multiply Eq. &4) by pi(z)r, p2(z)r?, ..., par1(z)ritl, respectively. So, the
following equations are obtained:

G(z,t) = GPy(z) + GP1(2)r + GPa(z)r? + -+ + GP,(z)r™ + -+,
p1(2)rG(z,t) = p1(x)rGPo(z) + p1(2)r*GPy(z) + p1(2)r*GPy(z) + -,
p2(2)r?G (2, 1) = pa(x)r?GPo(x) 4 pa(z)r*GPy () + pa(z)r*GPy(z) + -+ -,

Pa+1 (@)r G (x,t) = pati (2)GPo(x) + pat (2)r 2 GPy ()
+ pas1(x)r¢T3GPy(z) + - - - .
If we take the necessary calculations to take advantage of the recurrence relation,
we obtain the following equation:

Ga,r)(1 = pr(@)r = pa(2)r? — - = pasa (2)r* ™)

= GPg(x) + GPy(z)r — p1(z)rGPo(x)

(1 — P (117)?" — pQ(Qj)TQ .= pd+1($)7’d+1) . O

G(z,r) =

Binet formula of GP,,(x) has the following form:

d+1

GP,(z) = Z T;(z)[cvi(z)]".
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Let us write the following equations for each value of n for the equation:

d+1

GP()(CE) = Z Ti(fE),
i=1

d+1

GPy(z) = Z Ti(x) i (),

d+1

GPy(z) = Z T ()] (2)]?,

d+1

GPa(x) = > Tila)lay (o))"

If we multiply both sides of the last three equations by r,72,...,r

we obtain

d+1

(}Po(x):: zz:]}(w%

d+1

rGP1(z) = Z Ti(z)oi(z)r,

d+1

r*GP(e) = 3 Ti(@las(@)]'r?,

d+1

"GP, (r) = ZTi(x)[ai(x)]nr".

If we add up the left side of the equation, we have
i
(1 =py(@)r = pa(@)r? — - = paya()rdtt)’
If we add up the right side of the equation

d+1 d+1
ST (1+ o + ) ) = Y1)

So, we get the following equation:

7

, respectively,

i d+1
(1= pi(@)r = pa(@)r® == = paya(@)r®T) ~ Z (1 - ai(ﬂ?)?")'

i=1
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More precisely, the coefficients allow us to give the explicit form of d-Gaussian Pell
polynomials. Actually;

Theorem 2.4. Forn > 0, the following equality is true:

GP,(z) =i >

Mn1,M2,..,MNd+1
ni+2na+-+(d+1)ngii1=n

« [(n1+n2+"'+ Nd+1

n (o 2 (). e ()]
ny,n2,...,Nd4+1 )pl ( )p2 ( ) Pd+1 ( )

Proof. Let us use the generating function for proof:

;GPn(I)TH ~ A =p@)r = pa(@)r = = paga (@)rd )

—lZ Pr(@)r + pa(@)r® + - + paya (2)rtT)”

oo
N1, N2, ..., Nd+1

n=0 [ni+nas+--+ngyi1=n

% plnl (:Z?)p2n2 (x) B .pd+1’ﬂd+1 (x) P +2na+-4(d+1)ngq1

LS
Z Z ny+ng 4+ Ndq n1
=17 pl (:E)
ne0 n1M2 o Mdg1 ny,na,...,Nd+1

ni1+2na+-+(d+1)ngii1=n

X p2"?(x) ... pas1" ()| T

Thus, the proof is obtained. |

Theorem 2.5. Let SGP,,(x) be sum of the d-Gaussian Pell polynomials. Then we
have

SGPa( ZGP ST @ ;@) = — e (@)

Proof. We get the following equation:

SGP,( Z GP,(z) = GPo(z) + GPy(x) + GPy(x) 4 - --GP,,(z) +
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If we multiply the last equation by p1(z),pa(x),...,par1(x), respectively, then we
obtain

p1(x) SGPy(2) = p1(2)GPo(2) + p1(2)GP1(2) + - +py (2)GPr(2) +-- -,
P2(2)SGPy (2) = p2(2)GPo(2) + p2()GP1(2) + - - + pa(2)GPr(2) +- -+,

Pa+1(2)SGPr(2) = pat1(2)GPo(2) + pat1(z)GP1(z)
+ o+ pata(2)GPa(z) 4 -

If the necessary mathematical operations are done, we get
SGPy (z)(1 = pi(x) = pa(z) — - = pat1(x)) = i.
Thus, we have

T 1 (@) — pa(@) — o~ paa(@)’ D

SGP,(z) = i GP,(z)
n=0

Now, we give the d-Gaussian Pell polynomials matrix P, for GP,,(x).

Definition 2.6. The d-Gaussian Pell polynomials matrix Py is given by

pi(z)i pa(z)i - payi(z)i
) 0
P;=Qq = 0 ) (25)
0 0 0 |
where
[pi(z) p2(x) -+ payi(a)]
1 0
Qa=1| 0 . [23]
0o 0o 10 |

Now, we can give matrix representation for GP, () in the next theorem.
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Theorem 2.7. We have the following representation for GP,(z) as follows:
GPu(t)  pa()GPu1(2) + -+ + pusa(2)GPpa(e)

GPn-1(z)  p2(2)GPp2(x) + -+ + pat1(2)GPr_q-1(7)

GP—q(z) p2(2)GPp_g—1(x) + - - + pat1(2)GPp_24+2(x)

pa+1(7)GPp—1(2)
pa+1(7)GPy_2(z)

pat1(2)GPy_g_1(x)
where P;H = PlQq.

Proof. To prove the theorem, let us use mathematical induction over n. If we take
n =1 on the right side of Eq. ([2.0]), we get the following matrix:

pi(z)i pa(z)i - pap1(x)i]
7 0
Pi=1| 0 . (2.7)
L 0 0 0 |

From the recurrence relation of GP,,(z), it will be seen that the matrices in (Z.1])
and (Z7) are equal. Now, assume the matrix (Z0]) satisfies for n. That is, we have

GP(2) p2(2)GPr1(2) + - + pat1(2)GPr_q()
GPp_1(x)  pa(2)GPp—2(z) + - + pat1(z)GPr—a—1(z)
GP—q(z) p2(2)GPp_g—1(z) + - + pat1(2)GPp—2q12(x)

pa+1(2)GPr_1(2)

pa+1(2)GPy—2(7)

Pa+1(2)GPr_g_1(x)
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Let us show that it is true for n + 1. We know that
Pyt = PiQu

GPu(e)  po(@)GPur(2) + -+ pasa (@)GPr_a(s)
GPp_1(z)  p2(x)GPr2(x) + -+ + pat1(2)GPr—g-1(7)

GPy_q(z) p2(2)GPp_g—1(x) + -+ pat1(2)GPr_2442(x)
Pa+1(2)GPy—1(7)

Pa+1(2)GPy—2(7)

Pas1(€)GPp—g-1(2)

[p1(x) p2(x) -+ pay1(x)]
1 0
—| o
L0 0 1 0 |

[ GPryi(z)  p2(2)GPu(2) + -+ + pat1(2)GPr—at1 ()
GP,(z) p2(2)GPp_1(x) + - + pas1(x)GPy_a(w)

|GProg1(®) p2(2)GPp_a(z) + - + pat1(2)GPr_2a11(2)

pa+1(z)GP,(7)
pa+1(2)GPp_1(z)

pa+1(2)GPr_q(x) =
Corollary 2.8. For n,m > 0, the following equality is provided:
GPim(z) = GP,(2)GPp(z) + (p2(2)GPy—1(2)GP 1 () + - -
D1 ()P a(@)CPr 1 () + -+ + pass (2)GP o1 (1) GP (@),
Proof. From the product of P} and PJ*, we get
P}P = Py,

The result is the first row and the first column of matrix P;"’m. O
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Lemma 2.9. Forn > 1 the following equality is true:
GP,_1(z) = F,(x)i.

Proof. Let us show the proof inductively over n. For n = 1, equality is true because
GPo(z) =i = Fy(x)i. Let the equality be true for n = k. Thus,

GPr_1(x) = Fi(x)i.
Now, for n = k + 1, we have to show that the equation is true. So,
GPr(z) = p1(2)GPr-1(x) 4 p2(2)GPr—2(x) + - - + pat1(2)GPr—q-1(x)
= p1(2) Fi(2)i + pa (@) F—1(2)i + - + pay1(z) Fr—a(z)i
= Fiy1(2)1. |
Lemma 2.10. For n > 1, the following equality is true:
GP,(x) = ip1(x)Fue1(x) +ip2(x) Fp_a(x) + - - + ipas1(x) Fr_a—1(x).

Proof. The proof is easily done from Lemma [Z9 and Eq. 21]). O

Lemma 2.11. For n > 1, the following equalily is true:
GP,(2) = F,(z)ip1(z) +i(Ly(z) — Fry1(x)).

Proof. From Lemma 29 and Eq. (22),

GPp(2) = iFn1(2) = i(Ln () — p2(2) Fp1(2) = -+ = pata(2) Fra(2))
= iLn(z) —i(p2(x) Foa(z) — -+ = pay1(2) Fo—a(x)) from Eq. @.I)
= il (2) = i(Foga(2) = pi(e) F(z))
= Fn(@)ip1(z) +i(Ln(z) = Fopa(2)). O

3. The Infinite Pell Polynomials Matrix

Shapiro et al. described Riordan matrices and the Riordan group as a set of matrices
M = (myj), i, > 0 whose elements are complex numbers [26]. The Riordan group
was examined by Shapiro et al. as a set of infinite lower-triangular integer matrices
where each matrix is defined by pair of formal power series

g(z) = Zgnz" and f(z) = Z fnz"
n=0 n=0

with go # 0 and f; # 1. An infinite lower triangular matrix

D= [d”>k]n,k20

is called a Riordan array, if its ith column generating function is g(z)(f(x))" for
1 > 0 where the first column is indexed by 0. Generally, we assume dpg = go = 1.
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The matrix corresponding to the pairs g and f is denoted by (g, f). The group law
is then given by

(g f) % (h,1) = (g(ho f), Lo [).
The d-Gaussian Pell polynomials matrix polynomials are denoted by
GP(?L’) = [GPP17P2,---7Pd+1,i7j ({B)]
and defined as follow:
i i 0
p1(x)i i
GP(z) = |P1(@)%i +p2(2)i pi(@)i i

r1(z) ra(z)  pi(x)i

= (Yer(@) (1), fap@) (1)),
where 1 (x) = p13(2)i +2p; (z)p2(x)i + p3(x)i and ro(x) = p12(x)i + pa(x)i. We can
write the d-Gaussian Pell polynomial matrix as follows:
‘GPo(z) 0 0 0 -]
GPi(z) GPy(x) 0 0

GP(z) = |COP2(®) GPi(a) GPolz) 0

GPl(CB)

Notice that the matrix GP(z) is a Riordan matrix.

Theorem 3.1. The first column of GP(x) matriz has the form

(i, p1(x)i, p12(x)i + pa(2)i,r(x),.. .)T.

So, the generating function of the first column is as follows:

9ap () (t) = Z GPpy pas.cpair iy (X)L

n=0
(1 =py(2)t = pa(2)t? = -+ = paja (2)tiHh)”

Proof. Let us write the generating function of the first column of GP(x) matrix

as follow:
i+ (pi(2)i)t + (p2(2)i + pa(2)i)t? + - - = GPy(x) + GPy(z)t + GPo(z)t + - .

2250138-10
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From the generating function of GP,(x), we have

G(z,t) = GPy(z) + GP1(z)t + GPo(x)t* + - - - + GP (x)t™ + - -
(1= py (@)t = pa(2)t? — -+ = paya(2)t?H)”

Thus, the desired expression is obtained. So,

gGP(z)(t) = Z GtPPl,Pz,---,PdJrl,i,j(‘T)tn

n=0
(1= py(2)t = pa(2)t? — -+ = para (2)tiHh)”

From the Riordan matrix, we have fop(.(t) =t,

GP(x) = (9ap)(t), far@)(t))

- <1 —py ()t = pa(@)t? — -+ — pay1(w)tdH ’t> '

If the Gaussian Pell polynomial matrix GP(x) is finite, then the matrix is
GPy(x) 0 0
GPl(.’L') GPQ(.’L’) 0
GPy(x) =
GP,(z) GP,_i(x) --- GPy(x)
and

det GPy () = |GPy(x)] = (GPo(2))" = (i)".

We present two factorization of Pascal matrix including the d-Gaussian Pell Poly-
nomials matrix. First, we define a matrix K (z) = 1(k; ;(z)) as follows:

kij(z) = (;_1> —pi() (;_i> ~ po(a) (;_?i)
()

2250138-11
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So, we obtain

- 1 -

= 0 0
1-m(@) ! 0
1—p (x) —po(x) 2-— pl(x) l
K(z) = ! ! ! : (3.1)
my () m3(z)
ma(z) ma(x)
where
_ (1 —pi(@) —pao(x) — - — pa(@))
my(x) = ; ,
_(@=(d=Dpi(z) = (d—2)pa(z) —--- — pa—1(z))
ma(x) = : ,
_ (A =p(@) —pa(x) — - — pat1(2))
ms(x) ;
and
ey = (@4 D = (@) = (= Dpafa) =~ pat))

7

By using the infinite d-Gaussian Pell polynomial matrix and the infinite K (z) matrix
as in ([B), we present the first factorization of the infinite Pascal matrix with the
following theorem.

Theorem 3.2. The factorization of the infinite Pascal matriz is as follows:

P(z) = GP(z) x K(x).

Proof. We get the following generating function from the first column of matrix
K(x),

Ik () (1) = % (1 —pi(@)t —pz(:c)lti—t. . _pd+1<$)td+1> |

From the Riordan matrix definition, we write fx (,)(t) as follows:

t

K@) (t) = i3

2250138-12
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Then we write matrix K (z) as follow:

K () = (9K (2)(1), fr () (1))

_ ((1 —py (@)t — pa(@)t2 — - — paa (2)tHY) ¢ )
- i1—1) T=1)

By using the definition of infinite Pascal matrix and the infinite d-Gaussian Pell
polynomials matrix, we obtain the Riordan representation as follows:

1 t
P = PR B
1—-t 1—t¢

GP(z) = <

i
).
1 —py (@)t — po(@)t? — -+ — paj(x)tdt? )

Finally, we write K (z) and GP(x) matrices instead of the desired equation by using
the definition of Riordan matrix multiplication. Thus, the proof is completed. O

Now, we present other factorization of the Pascal matrix including the d-
Gaussian Pell Polynomials matrix. For that, let us define an infinite L(z) =
L(l; j()) as follows:

%

_ 1 T
- 0 0
1- 1?1(55) 1 0
L= 2p1(@) —po(@) 2-pi@) 1
L(x) =
ny(x) n3(x)
no(x) na ()
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1 0 0
1—pi(z) 1 0
1—2pi(z) —p2(x) 2—pi(z) 1
_ L
Z ny () n3(x)
na(z) na(x)
_ — (3.2)
where
@) (1 —dpy () - LD () - *pd(x)>
no(z) = (d = (d=1)py(@) = (d = 2)pa(w) = - ,pdfl(x)),
(=t Vo) 22,00 )
n3(z) = Z,
and
na(z) = ((d+1)—dpi(x) — (d - Dpo(x) — - _pd(l')).

7

From the infinite d-Gaussian Pell polynomials matrix and the infinite L(x)
matrix as in ([3.2)), we introduce the second factorization of the infinite Pascal matrix
with the following theorem.

Theorem 3.3. The factorization of the infinite Pascal matrixz is as follows:
P(z) = GP(z) * L(z).
Proof. The proof is like that of Theorem 3.2 O

Now, we can find the inverse of d-Gaussian Pell polynomials matrix by using
from the definition of reverse element Riordan group in [I7].

Corollary 3.4. The inverse of d-Gaussian Pell polynomial is given by the following:

i
).
1 —py (@)t — po(@)t? — -+ — pag(x)tdt? )

GP '(z) = <

2250138-14
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4. Conclusion

New generalized Gaussian Pell polynomials have been introduced and studied. We
gave the matrix representations of d-Gaussian Pell polynomials. We also introduced

these matrices as binary representations according to the Riordan matrix represen-
tation. Using the Riordan method, we found the factorizations of the Pascal matrix
involving these polynomials. In addition, we gave the inverse of matrices of these

polynomials.
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