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Abstract. There has recently been renewed interest in the trace formula —
in particular, that of the initial case of GL(2) — due to counting applications in
the function field case. For these applications, one needs a very precise form of
the trace formula, with all terms computed explicitly. Our aim in this work is
to compute the trace formula for GL(2) over a number field in as full detail as
was done for the function field case and to give an accessible exposition, being
motivated by these applications to counting, but also by pure curiosity as to the
optimal form of this plastic formula. We also explain a correction argument in
our context here of GL(2). The idea is to introduce a global summand which does
not change the formula globally but changes the local weighted orbital integrals
at the hyperbolic terms, so that their limit at the identity becomes a unipotent
contribution to the trace formula. This gives a harmonious and pleasing form to the
formula. Finally, we put the trace formula in an invariant form; thus all its terms
are distributions whose value at a test function f¥(x) = f(y~'xy) is independent of
yin GL(2, A).
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1 Introduction

There has recently been a revival of interest in the trace formula, starting with that
of GL(2), following the computation in [DF 13] of the number of rank » local sys-
tems with principal unipotent local monodromy, equivalently, certain Galois rep-
resentations of dimension »n, or cuspidal (automorphic) representations of GL(rn)
unramified outside a set S of cardinality greater than 1 and Steinberg twisted by
an unramified character at the places in S, over a function field. This result uses
a simple form of the trace formula in the compact quotient case. To remove the
restriction |S| > 1, i.e., to count all cuspidal nowhere ramified representations of
GL(n) and those with |S| = 1, one has to use the full trace formula. In the case of
n =2 and |S| = 0, this was done in the seminal masterpiece [Dr 81] of Drinfeld.
In the case of n =2 and |S| = 1, this was done in [F1 15], which details the proof
also when S is empty. Both [Dr 81] and [FI 15] use the complete trace formula for
GL(2) over a function field. This trace formula for GL(2) over a function field is
given in [F1 14] in full detail, where the exact computation of all terms is crucial
to get a precise count, and verify in [Fl 15] a case of a conjecture made in [DF 13].

The trace formula for GL(2) over a number field was introduced by Selberg
and computed in full by Jacquet and Langlands [JL 70] for the group GL(2) over
the ring A of adeles of any global field F. Jacquet and Langlands gave not only
a clear idea of the proofs, but also striking new applications to comparison with
automorphic representations of the multiplicative group of any quaternion alge-
bra, as well as a comparison of the Tamagawa number of GL(2) with that of its
inner forms. The proof in [Fl 14] differs from that in [JL 70]; in particular, a new
approach for the study of Eisenstein series is exposed in [Fl 14]. In light of this,
to study the relations between the two approaches, we thought is helpful to review
[JL 70, Chapter 16] well enough, say, to use for a graduate course.
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There are several worthy expositions to the sketch of [JL 70]. The exposition
given by Gelbart and Jacquet [GJ 79] is valuable, even though it does not compute
the formula completely but only concentrates on the application of vanishing of
most terms once the test function has two components coming from the quaternion
algebra. Another useful exposition is by Knapp [Kn 97], which concentrates on
analytic details in the context of SL(2, R) and the discrete subgroup SL(2, Z), and
summarizes the adele case for F = Q; see also Gelbart [Ge 96].

Our aim in this work is to compute the trace formula for GL(2) over a number
field in as full detail as in [FI 14]. We hope the exposition is detailed enough
for a graduate course and for a future comparison with [FI 14]. Further, we need
this base case to compare with work of [FI 16] on the trace formula for reductive
groups of any rank. We hope this will help to generalize the results of [Fl 14]
from the case n = 2 to that of general n. However, it seems easier to prove the
trace formula for GL(2) than to deduce it from the higher rank case, which relies
on the theory of Eisenstein series for higher rank groups. We concentrate on the
computational aspects of the trace formula, rather than the theoretical aspects.

In addition to applications to counting automorphic representations of special
kind, working on an explicit closed form of the formula — rather than something
most of whose terms vanish for certain test functions — is “curiosity driven” in
the sense of Deligne [De 13]. We wonder whether the formula, which does not
involve any truncation parameter, can be obtained without using truncation.

All developments of the trace formula beyond [JL 70] are due to Arthur, who
extended the formula to the context of a reductive linear algebraic group over a
number field; see [Ar 05] for an excellent exposition. In [Ar 78] and [Ar 80], he
deals with the question of absolute convergence, which we ignore, and introduces
the truncation, which we use. We do not think that reproducing the discussion of
absolute convergence in the case of GL(2) will clarify things further, but we hope
that computing the terms in the formula will lead to applications.

We also explain the correction argument introduced by the second author in
[F1 82] in our context here of GL(2). The idea is to introduce a global term which
does not change the formula globally, but which changes the local weighted orbital
integrals at the regular hyperbolic terms so that their limit at the identity becomes
the non-invariant unipotent contribution to the trace formula. We then compute
the difference of the non-invariant weighted orbital integrals and the logarithmic
derivatives in the spectral side of the trace formula at f*(x) = f(y~'xy) and at f.
After applying the Poisson summation formula, we can incorporate the logarith-
mic derivatives with the non-invariant weighted orbital integrals to create invariant
distributions.
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The correction argument of [Fl 82] was generalized by Arthur in [Ar 88.1], and
the invariant trace formula was developed in [Ar 81], [Ar 88.2], and [Ar 88.3]. In
Section 18, we explain the correction; and in Section 22, we obtain the invariant
trace formula in our context of GL(2).

As stated above, our aim in this work is to give an accessible exposition of the
trace formula for GL(2), being motivated by the applications to the counting of
automorphic representations of certain type found in [Dr 81], [DF 13], [F1 15] and
[F1 17]. Since we do not deal with applications in this work, let us mention some
of them here.

The original application of [JL 70, Chapter 16] is a comparison with cuspidal
representations of the multiplicative group G’ of a quaternion algebra, using test
functions f on GL(2, A) matching those that come from G’(A). Deligne and Kazh-
dan observed that when dealing only with automorphic representations that have
two cuspidal (the local notion of “cuspidal” is defined in [BZ 76]) components,
a simple form of the trace formula suffices, and the full trace formula considered
here is not needed. A simple proof of this comparison for division algebras of any
rank is found in [F1 90] and, for simple algebras and representations with at least
one cuspidal component, in [FK 88]. Thus the full trace formula that we develop
here is needed — in the context of this application — only to transfer automorphic
representations with no cuspidal components. These are the representations stud-
ied in [Dr 81], [DF 13], [F1 15], and [F1 17].

Other comparison, or lifting, applications in rank one using the trace formula
are the metaplectic correspondence of [Fl 80], base change for GL(2) (a simple
and short proof is in [F1 88]), the symmetric square lifting from SL(2) to PGL(3),
and base change for U(3) [F1 06].

Another application is a comparison of Tamagawa numbers, for GL(2) and
its inner forms in [JL 70] (see 16.1.8 and the paragraph following it), and for
any reductive connected F-group G and its quasi-split inner form G* by Kottwitz
[Ko 88], proving Weil’s conjecture on Tamagawa numbers. Here, one uses the
trace formula for G and its quasi-split inner form G*. With a test function with a
cuspidal component, only traces of cuspidal representations are left in the spectral
sides of trace formulas. With matching functions, all terms in the difference of
the geometric sides of the trace formulae cancel, except for the contribution from
the identity multiplied by the Tamagawa number. In other words, a comparison
of trace formulae gives that (¢(G) — ©(G*))f(e), which is a continuous sum of
traces by the Plancherel formula, equals the discrete sum > trz(f) (minus the
analogous sum for G*). This implies that both sums vanish, and the Tamagawa
number 7(G) of G equals that of G*. In this application, the term f(e) plays a key
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role, so we cannot use a simple form of the trace formula for test functions which
vanish on the singular set. The full formula is needed.

Chapter I
Statement of the Trace Formula

In this chapter, we state the trace formula for GL(2) over a number field and gather
definitions of terms which appear in the formula.

2 Notation and definitions

2.1 The field. Let F be a global field, i.e., a number field or the field of
rational functions on a smooth projective absolutely irreducible curve over a finite
field F, of g elements. Whereas in this paper we concentrate on the number fields,
much of the theory applies to the function fields; for the case of function fields,
see [F1 14]. However, the statement of the trace formula in Section 7 applies only
to number fields.

For any place v of F, let F,, be the completion of F at v. We denote by A
the ring of adeles of F. Its multiplicative group A* is the group of ideles of F.
Let F* and F,* be the multiplicative groups of F and F,,, respectively. When v
is non-Archimedean, the ring O, of integers in F,, is a local ring. Denote by «, a
generator of the maximal ideal in O, . Let g, be the cardinality of the residue field
F, =0,/(z,). Denote by |-|, the absolute value on F),, normalized by |z,]|, = q;'.
If F, = R, set |x], =x-sgnx. Set |z], =zzforz € F, = Cand |x| =], |xl»
for x = (x,) € A*. Embed F, in A as the component at v and F in A diagonally.
Then |x| =1 for x € F*. Let V be the set of places of . Embed RX in A* by
mapping ¢ to the ideéle with Archimedean components ¢ and other components 1.
Denote the image of this embedding by F,.

2.2 The group. Let G be the affine group scheme GL(2) over Z. It asso-
ciates to an algebra 2( the group of invertible 2 x 2 matrices with entries in 2(. Thus
G(F)is GL(2, F) and G(A) is GL(2, A). We denote by A the subgroup of diagonal
matrices in G and by Z the center of G. Let N be the subgroup of unipotent upper
triangular matrices in G. The group B = AN = NA of upper triangular matrices in
G is a minimal parabolic subgroup of G. We write G, for G(F,), Z, for Z(F,), N,
for N(F,), A, for A(F,), B, for B(F,), etc. We denote by K, the standard maximal
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compact subgroup of G,. Let K =[], K, C G(A). If v is non-Archimedean, then
K, =G(0,);if F, is R, then K, = O(2); and if F,, is C, then K, = U(2).

2.3 Central characters. A unitary character w of F*\A* takes values on
the unit circle C! in C*. Denote by w, the restriction of @ to F . Then w = ®,w,.
It defines a character of Z(F)\Z(A). A character w, of F,* is called unramified
if v is non-Archimedean and w, |0 =1.

2.4 The Weyl group. A torus is an algebraic group isomorphic to G¥,
where k a positive integer. A torus is F-split or split over F if it is isomorphic
to GX over F as an algebraic group. Every maximal torus in GL(2) which is not
F-split splits over a quadratic field extension E of F. Let T be a maximal torus in
G over F. Denote by N(T) the normalizer of 7 in G. The centralizer of T in G is
T. The Weyl group W(T, G) of the torus 7 in G is N(T)/T.

2.5 The Bruhat decomposition. The Bruhat decomposition of G by

B is defined by G = UyewBwB = B U NwB, where W = W(A, G) is the Weyl
group of A in G. In our case G = GL(2), the Weyl group is

vefree(80)
u(x)=<(1) j).

2.6 The Iwasawa decomposition. The Iwasawa decomposition of

Set

the group G, is defined by G, = A,N,K,. If g, = a,n,k,, then a, is determined
uniquely by g, up to A, N K,,. Hence the Harish-Chandra J-function

/

5v(gu) =1,

a//

ifa, =d(d’,a"”), where d(d’,a’) = (a 0,/> ,
0 a

v

is well-defined. Globally, d(g) =[], J,(g») if ¢ =(g,) € G(A). Almost all factors
in the product equal 1.

If x = (x,), y = (), are adeles, define (x, y) to be any adele with components
(x4, Vy), Where

max([x, |y, [yu|,) if v is non-Archimedean,
[(X05> Yo)lo = 5 N2 . .
(Ix,12 + [y, 1>)1/?  if v is Archimedean.
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Put |(x,y)| = II, |, y)l,. We are interested in the quantity Inod(wu(x)),
which is —2In|(1,x)] = —2>, In|(1,x,)|,. Indeed, wu(x,) = ndk, where
d =d(/(1,x,),(1,x,)). If v is non-Archimedean and |x|, > 1 (x € F,), then
wu(x) = u(—x"1 - d(—=x"', —x) - wu(—x"Hw=!. A similar explicit computation
applies in the Archimedean case.

2.7 Haar measures. Fix a Haar measure dg, on Z,\G, for all v such that
IL, 1(Z, N K,)\K, | converges. The product measure dg = ®,dg, is a left-invariant
measure on Z(A)\G(A) and defines a measure — which we denote by d ¢ if we wish
to emphasize the quotient — on the homogeneous space Z(A)G(F)\G(A). Here,
we use the atomic measure on discrete sets. Thus, for all f € C.(Z(A)\G(A)), set-
ting f(g) = EyeZ(F)\G(F) f(7g), we have fz(A)\G(A) f(g)dg = fz(A)G(F)\G(A)f(g)dg-
Each dg, and each dg is unique up to a non-zero scalar multiple. We denote the
volume of a set X, in G, by vol(X,) = |X,| = qu dg,.

A Haar measure dx = ®,dx, on A satisfying |0,|, = 1 for almost all v and
|[F\A| =1 defines a measure on N (F)\N (A) via the mapping x — u(x).

Let A! be the group of ideles of norm 1 and A! be the group of diagonal matri-
ces with entries in Al. We denote by A%, (respectively, Z% ) the group of diagonal
(respectively, scalar) matrices with entries in F}. We transfer the usual mea-
sure on RX to F} via the natural isomorphism RX, =~ FZ . Let ¢t — |¢| signify
FZ — RX,.

Fix a Haar measure d*a on A*. Give F*\A* the quotient measure. We use
the isomorphism F>*\A* ~ F* x F*\A! to get a Haar measure on F*\A'. We
also use the isomorphism d(a) = (¢9) —> a to get a measure on Z(A)\A(A).
We select measures dk, on K, and dk on K such that for all smooth compactly
supported complex valued functions f on Z(A)\G(A),

/ f(g)dg = / / / f(nak)d(a)~" dk da dn
Z(AM\G(A) N(A) JZ(AN\AA) JK

_ /K /A x /A Fuo)d(ayk)dx dl;“ dk

where ¢ = nak € Z(A)\G(A),n € N(A), a € Z(A)\A(A), and k£ € K. Note that
vol(K) is not necessarily 1.

Put v,(x) = |x|,. Let x;, be a character of F* into C*. Suppose that v is
non-Archimedean. Define

1/(1 — u1,(my)), if @y, is unramified,
Luy) = X . .
s if p 1, is ramified.

Let L(S, /uln) = L(,u lnvf) .
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IfF, =R, uy, : RX = C*is uy,(x) =xV|x|* with N € {0, 1} and s € C, let
L(u1,) be Tr(s) = 772I(s/2). f F, =C, 1, : C* — C*is u1,(z) = z7Vzl%,
let L(ut1,) be Te(s) =2 - 227°T(s).

Let u; be a character of F*\A* into C*. The restriction uj, of u; to the
subgroup F,* of A* is a character of F,* into C*. The global L-function L(s, u1) =
L(u,v*) is defined to be the product of L(s, u1,) = L(u1,v)) over all o. If u; is
unitary, the product converges for Re(s) > 1 and has analytic continuation as a
meromorphic function to the entire complex s-plane. This extended function is
entire if 1| does not factorize through v and has a simple pole at s = 1 if u; = 1,
where 1 is the trivial character of A* /F*. For details, see [Lang 94].

We further normalize the Haar measure on A* as follows. Let ¢ =[], &, be
a non-trivial additive character of F'\A. For each place v, let dx, be the self-dual
Haar measure on F, with respect to the Fourier transform defined using ¢,; see
Subsection 6.5. Using this normalization, we prove in (6.5.1) the Poisson summa-
tion formula. Then the Haar measure we take on F* is d*x, = L(1, 1,)dx, /|x,|,.
Note that on A, the Haar measure dx = ®,dx, is self dual. On A*, the Tamagawa
measure is

1 A_
d*x = — ®,d"x,, where L(s, 1p) = ——
Aoy 5T

o+
1 0

The map x —> |x| allows us to identify A'\A* with RX,. The Tamagawa measure
ron A! is such that the quotient measure d*x/7 is dt/t. As shown in Tate’s thesis
(see [Lang 94, Chapter XIV]), |F*\A!| = 1.

2.8 Elements in GL(2, F'). In this subsection, F' is either a global or a local
field. An element g € GL(2, F) is called regular if its eigenvalues are distinct.
If the eigenvalues of g are distinct and lie in F*, g is called hyperbolic. Each
such element is conjugate in G(F') to an element of A(F). An element g is called
elliptic if it is regular and its eigenvalues do not lie in . Each elliptic element
y generates a quadratic field extension E over F. Its centralizer G, in G is a
maximal torus over F which splits over E. A singular element of GL(2, F) is one
whose eigenvalues are equal. Each singular element is conjugate to an element of
Z(F)N(F). The singular elements are: (1) the scalars in Z(F'), (2) the unipotent
non-scalar elements - those which have a conjugate in N(F)-Z(F), and (3) the
products of these.

2.9 Centralizers. The centralizer of y € G in G is denoted by G,. If
z€ Z,then G, = G;ifa € A — Z, then G, is the F-split torus A. If y € G(F)
is elliptic, then G, is a torus non-split over F. The latter is an algebraic group T



TRACE FORMULA FOR GL(2) 11

over F such that there exist a quadratic field extension E of F and an isomorphism
T =~ G2 over E. In particular, G,(E) ~ E*?, G,(F) =~ E*. If x # 0, then
Gu(x) =ZN.

2.10 Quadratic extensions. Let Q be a set of representatives of the set of
isomorphism classes of quadratic extensions of . Then Q parametrizes the set of
conjugacy classes of non-split maximal F-toriin G. Thus E — Tg, where T is an
F-torus in G which splits over E, is an isomorphism of sets, namely, a bijection.

2.11 Test functions. For every place v of F, let CZ%, (G,) be the space of
smooth functions f, : G, — C with f,(zg) = ®,'(2)f,(g), z € Z,, which are
compactly supported modulo Z, (thus supp(f,) C C,Z,, where C, is a compact
subset of G,).

If v is non-Archimedean, we call f, smooth (see [BZ 76]) if it is locally
constant, thus bi-invariant under some open compact subgroup of G,; namely,
f, is Ky-finite, i.e., {g — f,(kigk2); k1, k, € K,} is finite dimensional. If v is
Archimedean, we call f, smooth if it is infinitely differentiable and K, -finite,
i.e., {g — f,(kigks); k1, k, € K, } is infinite dimensional.

Using a Haar measure dg, on Z,\G, we write H,, for the space C, (G,)
viewed as a convolution algebra. This H,,, is called the Hecke algebra at v.

At v where ®, is unramified, let f° be the element of Coo, (Gy) supported on
Z,K, equals |K,/K, N Z,|~! on K,. It exists, is unique, and is the unit element
of the convolution Hecke algebra H,, = CZ, (G,) with respect to the implicitly
chosen Haar measure on Z,\G,,.

Let CZ7,(G(A)) be the span of ®,f,, where f, € C2, (G,) for all v, and
fo = f9 for almost all v. Its elements f are called test functions. Using a
Haar measure dg = ®,dg,, we write H,, for the space CZO(U(G(A)) viewed as a

convolution algebra. It is called the (global) Hecke algebra.

2.12 Orbital integrals. Let G, be the centralizer of y € G, = G(F,,) in G.
The orbital integral of f, € H,, =CZ2, (G,) at y € G, is defined by

OI(y, fudgo) :/ fv(g_lyg)dgoa Gy,o = Gy(Fu)

G}uu\ v
Here dg, is the quotient dg, /dt, of the Haar measure dg, by a measure df, on
Gyo.
For ge G, anda € A,, set

FE(g) = /K ol gk )by, f5: (@) = 6,(a) 2 /N 5 any)dn, .
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In particular, for a € F;* — {1}, the orbital integral of f, at d(a) is

Old(a), f,dg,) = / folg dg)dg, = [ 5@ d(oony)dn, .

A\G, Ny

The Jacobian A,(y) of any y in G, with eigenvalues a, b is |(a — b)z/ablzl)/z.

Thus an element y € G, is regular precisely when A,(y) # 0. The normalized
orbital integral of f, at a regular y € G, is defined by

OI/(V: fodgy) = Ay (y) Oy, f,dg,).

The reason for introducing the Jacobian A,(y) is that as a — e in A,, where e
denotes the identity in the group A,, the normalized orbital integral OI'(a, f,dg,)
has a finite limit, which we denote by OI'(e, f,dg,); see Subsection 18.1.

The weighted orbital integral of f, at a € A%, where A,® is the set of
regular elements in A,, is defined by

WOI(a, f,dg,) = / (g \ag)w()dg,

Ap\Gy
where w(g) =1nd,(g)+Ind,(wg) dependsonlyonn € N, if g =ank € G,,a € A,,
k € K,. The weight w(g) can be explicitly computed using the Iwasawa decom-
position (Subsection 2.6). Stated differently, for a € F* — {1}, the weighted
orbital integral of f, at d(«) is

WOI(d(a), f,dg,) = /N £ d(@yny) In 6, (wny )dn,

The normalized weighted orbital integral of f, atd(a), a € F* — {1}, is
defined by
WOI'(d(a), fodgy) = Ay(d(a)) WOI(d(a), f,dgy)-

Recall that the orbital integral of f, at u(1) is

Olu(l), f,dg,) = / Fole (D )d .

ZU NI) \GU

By the Iwasawa decomposition g, = n,a,k,, with dg, = d(a,)”'da,dn,dk, and
d*ae, =L(,1,)

IZ‘:‘I’U , we obtain
Ol(u(1), f,dg,) = /F FEouaDlasly d*ay = L(1, 1,) /F £50 (e,

Define the normalized orbital integral of f, at d(1) (or u(1))

OI'(d(1), f,dg,) = Ol (1), fodg,) = L(1,1,)”" Ol(u(1), f,dg,).
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We shall see in Subsection 18.0.1 that the right side is the limitas o — 1 in F* of
OI'(d(a), f,dg,), which explain the notation d(1) on the left-hand side.

In Section 18, we introduce the normalized corrected weighted orbital integral
CWOI'(d(a), fdg) and study its limit as a — 1.

2.13 Convolution operators. For non-Archimedean v, a representation
(7, V) of G, is called smooth (algebraic in [BZ 76]) if every vector & in V is
fixed by some compact open subgroup of G,. A representation is called admissi-
ble if it is smooth and the space VY = {& € V;z,(y)é =& forally € Y} is finite
dimensional for every compact open subgroup Y of G,.

If 7, is admissible and f, € H,, , then dimc VY < oo for every open sub-
group U, of G,, and the convolution operator z,(f,dg,) = fZD\GD fo(gy)m,(gy)dg,,
which acts on the space V of «,, has finite rank (its image is finite dimensional).
Hence it has a trace, denoted by trz,(f,dg,), which depends on a choice of a
Haar measure dg,. If dg, is fixed, it is often deleted from the notation. Similar
conclusions hold in the Archimedean case (see, e.g., [BJ 79]) using the theory of
(g, K)-modules. We do not discuss this here.

Analogously, in the global case, given a test function f € H,, a Haar mea-
sure dg, and an admissible representation (x, V) of G(A) with central character w
(thus a representation of finite length whose irreducible subquotients are ®,7,,
all =, are admissible and almost all are unramified), the convolution operator
n(fdg) = [ f(g9r(g)dg (g € Z(A)\G(A)) is an endomorphism of the space V,
of the representation 7.

Integrating = against f produces an operator g € G(A), smoother than z(g) in
the sense that it is of trace class, i.e., it has finite trace.

If r = Qmy, f = Qyfy, then tra(fdg) =[], trz,(fodg,). As f, is the unit
element £ for almost all v, almost all factors in the product over v are 1.

3 Induced representations

3.1 Definition of induced representations. Let x, and x5, be charac-
ters, not necessarily unitary, of F.*, with 1, u2, = w,. Let u, = (t1,, u2,) be the
associated character of B, that is trivial on N,,.. Thus u,(d(a, b)n) = pui,(a)uz,(b).
Recall that 6,(g) = J,(ank) = |ai/az|, if a = d(a,, a»). Put (z,,, H(u,)) for the

induced or principal series representation ;&> = ig”“ 6" Uyp) . Itis the rep-
resentation of G, by right translation: (igu“(yu)(g) w)(g1) = w(g1g), on the space

H(u,) of functions y for which there exists an open compact subgroup U, of G,



14 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

such that
w(d(a, byu(x)gu) = 1,(a) 2, (b)la/bll*w(g)

foralla,b e F},xe F,,g € G,,u € Uy,. If u, is unramified, the space H(u,)

contains a unique member y° = 9 whose value on K, is |K, /K, N Z,|~".
Analogously, starting with global u;, u2, we form the induced representation

(w0, H(u)) = i§(6'? ), where i signifies ig((ﬁ)). The factor ¢ is introduced to

preserve unitarity: if u is unitary, then so is 7, ; see Subsection 3.3.

3.2 The space H(u(s)). Letsbeacomplex number. Let u(s) be the charac-
ter (u1v°, uav™"), where v(x) = |x|, of A(A). It extends to B(A) trivially on N (A).
Let H(u(s)) be the space of the induced representation ig( u(s)), normalized by the
factor 6'/2. Thus H(u(s)) is the space of complex-valued functions y for which
there exists an open compact subgroup U,, of G(A) satisfying

ylau(x)gu) = u1(b)ua(c)lb/c* y(g)

foralla =d(b,c) € A(A),x € A, g € G(A), and u € U,,. Moreover, y is K, -finite
at the Archimedean places.

The function y € H(u(s)) is determined uniquely by its restriction yw|A'K to
A'K . This w|A'K lies in the space Hg (u) of complex-valued functions ' on A'K
for which there exists an open compact subgroup U, of K with

y/(aku) = u(a)y/'(k), forallae A', ke K, ue U,.

Conversely, any function ¥ € Hg(u) extends uniquely to an element in
H(u(s)). The space Hg () is independent of s. The spaces H(u(s)) depend on
the parameter s € C; they form a vector bundle over C which is trivial via the
trivialization H(u(s)) ~ Hx (1), w — w]A'K.

The group G(A) acts on H(u(s)) by the right translation. Denote the action by
i§ ((s)). Then (ig (u()(Q)w)(81) = w(g1g) forall g, g1 € G(A) and y € H(u(s)).
The representation i$ (u(s)) is continuous, but not always unitary. It is unitary
when s is purely imaginary and u is unitary; see Subsection 3.3.

To repeat, the family H(u(s)) is a holomorphic vector bundle with base C. In-
deed, the sections over an open set U of C are the functions w(g,s) on
G(A) x U satistying w(nagu, s) = (6" u(s))(a) - w(g, s). This bundle is trivial,
since every y in H(u(s)) is determined uniquely by its restriction to the set A'K;
so all H(u(s)) are isomorphic to Hx (1), which is independent of s, and isomorphic
to each other.

Thus the family H(u) over all characters u of A(F)\A(A) whose restriction
to Z(A) is w is a trivial vector bundle over a complex manifold of dimension 1



TRACE FORMULA FOR GL(2) 15

with infinitely many connected components. In each component, the character
a— u(a)of Al is fixed.

3.3 Sesquilinear pairing. The space Hg(u) is a Hilbert space with inner
product

(w1, ¥2) =/ / w1(ak) yy(ak)da dk,
A(F)Z(M)nANAL JK

which extends to a sesquilinear pairing H(u(s)) x H(z~!(—s)) — C. Indeed,
if y1 € H(u(s)) and y, € H(u~'(—s)), then

yi(d(a, Du@k) = pi(@ua(b)la/bl** 2 yi(k)

wa(d(a, byu(x)k) = ﬁl_l(a)ﬁz_l(b)la/bl_a% wa(k).

Hence y(ank)y,(ank) = d(a)y(k)y>(k) and
(p12 p2) = / v1(2)2(8)ds,
NA)AM\G(A)

since dg = J(a)~'dndadk; see Subsection 2.7. This sesquilinear form is non-
degenerate and satisfies

G5 (U@ w1, ig (W (=)@ v2) = (w1, y2)

for all y; € H(u(s)), w2 € H(u"'(—s)). We conclude that when x is unitary
(uu = 1) and s is purely imaginary, then i$ ((s)) is unitary.

4 Intertwining operators

4.1 Definition of intertwining operators. For a function y, on G,, in-
troduce the integral

(My)(g) = / wo(wng)dn.

v

Let u, be a character of A, whose restriction to Z, is w,. If u, = (u1,, t2,), put
Uy = (U2, f1o). The restriction of the operator M to the Hilbert space H(u,)
defines an operator M (u,) : H(u,) — H(u,). It converges if wy,/p2 is (1)
ramified, or (2) unramified, thus of the form v} with s € C, and Re(s) > O; see
Proposition 4.1.2 below. It is called the local intertwining operator, as it
intertwines the representations i§ (u,) and i$ (1i,).

Proposition 4.1.1. Forall g € G, and u,, we have

M(,uv) . lg(,uv)(g) = lg(ﬁn)(g) . M(#n)-



16 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

Proof. Forevery g; € G, and v € H(u,), we have

(M (1) - i§ ()@ w)(g1) = (M (u,)(i§ (1)@ y))(g1)

- /N (G (110)(£)w)(wng)dn = / w(wngig)dn

v

On the other hand,
(5 (@)@ - M (1)) (g1) =if (11,)(g) - (M (1) w)(g1)

= (M (1) p)(g18) = / pwngigdn.

v

Recall that the unit element l/lg , of H(x, ) is the unique element of H(, ) which
is |K, /K, N Z,|"! on K,,.

Suppose v is non-Archimedean and u, is unramified. Multiplying u, ori§ (u,)
by a)v_lﬂ, where w1, 12, = w,, we assume that w, =1 and u, = ,uz_vl =5

Proposition 4.1.2. Suppose u, is unramified. If Re(s) > 0, then

M (uo)yy, =m(un)yy, ,
where m(u) = 2480521
Note that m(u,) is defined for all u, (not necessarily unramified) in (5.2.1)
below.

Proof. To compute M (,uv)t//gv, note that since it is right-K, -invariant, it is a
multiple of l//%n and determined by its value at e. We have

(M (uo)yh, )(e) = / vy, (wne)dn = / Wy, (wu(0))dx.

v v

0 1 1 x _ 1 =1 —1 0
-1 0/\o 1) \o «x —x' =1)”
if x| > 1,

x b -1
(M )y, ) (@) =/M<l sf/iixe)d“/lxbl Vi < 0 x ) &

dx dx

0 —2s —2sn

=y (e)<1+/ x| — =1+ / q )
fo Jx|>1 | x| ; x| =g v | x|

Changing variables x =z "y and observing that

Since

dy:l—/ dy =1—gq;"' dy=1-gq,",
l=1 <1 yl<1
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we obtain
(M ()5, (e) = w‘,i,,(e)(l + g /| | 1dy)
n>1 M
1 —zSn
= wiv@(l + (1 - ) > a4, )
D
1 — q—Zs—l
— .0 v
- )
=y, (m(u,).
The sum converges if Re(s) > 0. U

Corollary 4.1.3. Let v be non-Archimedean. Suppose Re(s) > 0 if u, is
unramified and w1,/ 12, = v,. Then the local intertwining operator M (u,) con-
verges.

Definition 4.2. Define R(u,) = m(u,)~'M(u,). Itis called the normalized
intertwining operator. If v is non-Archimedean and u, is unramified with
Re(s) > 0, then R(u,) v, = v/} .

S5 Normalized intertwining operators

5.1 Sections of H(x,). The group G, operates by right matrix multiplica-
tion on F, x F,. The stabilizer of the line F, (0, 1) is the group B,.

Proposition 5.1.1. Forall ® € C°(F, x F,), the integral

1oV *(det g)

(5.1.1) (8, 1v) =
vis i L(Vn,ulv//uZU)

| 09 a0l a1

converges if w1,/ sy is ramified or uy, /s, = v with Re(s) > —1/2. For such
U, the function y defines an element of H(u, ) which extends to a regular function
on the entire s-plane. Every element of H(u,) can be represented by w(g, it,) in
the domain of convergence.

Proof. This follows from Tate’s theory of the local zeta function ([Lang 94,
Section XIV]. Clearly, for f € CZ°(F,), the integral

Z(f ) =2 1a%)) = [ FOROIL; a*
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converges if u, is ramified. If y, is unramified, we may assume u«, = 1. For f the
characteristic function of |¢|, < 1, this integral is

1
l,S d)(l, = _nSXm, = —ns = =L VS ,
| o= g 0" = o = L)

n>0 7 1t =q;" n>0 v

which converges if Re(s) > 0. Then Z(f, u,, s)/L(v]) extends to an entire func-
tion of s. For the integral in our proposition, f(t) = ®((0, t)g) € C°(F,*). For

s € C, write ,u,)vzlfzs for v, 1,/ 12, where u, is a unitary character, which is 1 if

1+2s

» % in the unramified case, we obtain

U1y /U2y 1s unramified. Since v, w1,/ 2, =v
L(v, pt1,/ 12y), which explains the factor in the denominator in front of the integral.
Here we have convergence for 1 +2 Re(s) > 0, or Re(s) > —1/2. Using the factor

in the numerator in front of the integral of the proposition, it is easy to check that
w(g, 1) € H(uy). U]

5.2 Functional equation. Let ¢, : F, — C* be a non-trivial additive
character. For f € C2°(F,), define the Fourier transform f by

f@ = /F FOG (xn)dx.

The functional equation for the quotient Zlf{sl;;)S) = ZL({;‘” ’U‘f’;) asserts that for all

s € C, f € CX(F,), and characters u, : F,* — CX, there exists an exponential

function (s, u,, &) (of the form ce®, complex ¢ # 0 and d) satisfying

Z(f, 1" 1 —s) Z(f, tto» 9)
L(l -4, qu—l) L(S, /uv) .

Define the Fourier transform of ® € C°(F, x F,) to be

= S(S, Mo, Cv)

D((x, y)) =/F /F O((u, ))& ((u, V)W - "(x,y))du do,

where “(x, y) is the transpose of the row vector (x, y).

Proposition 5.2.1. The function y(u,) : g — w(g, u,) of (5.1.1) is mapped
by the operator M (u,,) to the product of

LO, p10/p20)

5.2.1 v) =
(5.2.D ") = T v 10200200, 10/ 1205 60)
and
oo *(detg) [~ <
(5.2.2) Wy (=1) 2= / D((0, D) (p20/ 1) (Dt]od 1.
L(1, pay/p1o) Jry
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Note that m(u,) is defined for all (not necessarily unramified) y,,.

Proof. Applying the operator M (u,) to yw(u,) of (5.1.1), changing variables
(x, 1) = (x/t, —t), and using the fact that u, 4, = w,, we obtain

(M () p(p))(g) = / w(wu(R)g, 1,)dx

Fv
1,0y > (det g)
L(Vv/u lv//uZU)

1/2
H1vVo (detg) )
LA, 11,/ 112)) o/ 12)1) d

L, 10/ 1) Jrx FO1o/ 120)®) d*t

p1pvo* (det g)
L(1> //‘11)/,“21))

= 0,(=1) | [ oo w0

(5.2.3) = w,(—1)

=60,)(—1) Z(fa #11)/#21})0)3

where f(2) = |, F, @((z, x)g)dx. Now by the functional equation of Subsection 5.2
with s =0,

1oy *(detg) -
(M (o) w(p))(g) = m(ﬂv)wu(_l)mz(fa Hon/ 1y, 1).

So it suffices to show that
2(F w1 = | F@e mooid*
= (e /pra)letg) [ B0 0w /Ol
To show the second equality, we compute
o= [ 0 e = / ,, / (. )b ()

- /F v /F (018G, 0)gg™ w0 - (O, D)

-/ D / D D) D) - et g™ O, )
Change variables (i, v)g — (i, p) to obtain

70 = | detgl;! /F /F O((u, )¢ (1, V) - “g(detg)™ - (0, H)du do

= | det g|; ' ®((0, r)g(det ) ™).
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Hence

/ f(z)(“ 2“>(t>|z|ud*z:|detg|;‘ / D((0, Ng(det §) ™) pan /1) D)Ntl,d <1
Fx Hiv Fx

=Idetg|§l/F D0, 8) (w20 / 11,)(t det @)|1], | det g, d*t

= (/‘21}/,“ ll))(detg)/px (/I\)((O, t)g)(,uz,)/,ul,))(t)|l|,,dxt,

as required. (]

Note that we obtain (5.2.2) (5.1.1) by replacing u, with 7, and ® with ®, and
by multiplying by w,(—1).

5.3 Properties of the normalized operator. As at the end of Section 4,
define the operator R(u,) : H(u,) — H(u,) (on |Re(s)| > —1/2if py,/p2, is
unramified of the form v{) by mapping (5.1.1) to (5.2.2).

Since /i, = iy, ®(x) = d(—x), and w3(—1) = 1, we have
(5.3.1) R(1)R(uy) =1d.

Hence R(u,) extends to a meromorphic function of u, for all x,.

For all u,, with Re(s) > 0 if u, is unramified, we have M (u,) = m(u,)R(uy)-
Since m(u,) is meromorphic on the entire manifold of u,, this also gives the
analytic continuation of the operator M (u,(s)) in the domain Re(s) > —1/2.

Recall from Proposition 4.1.2 that the operator R(u,) is normalized by map-
ping the unit element 1//20 to the unit element W%U when 4, is unramified and ¢,
has conductor O,,.

A well known result of [JL. 70], generalized in [BZ 76] to GL(n), asserts the
following proposition in both the Archimedean and non-Archimedean cases.

Proposition 5.3.1. The induced G,-module H(u,) is irreducible unless u, =
(n1vy, tiv,Yands =1/2 or —1/2. Puts = 1/2. Then H(u,) consists of y,
with y,(bg) = u1,(detb)y,(g) (b € B,). It has length 2 and a unique subspace,
which is one-dimensional, whose members are the complex multiples of the func-
tion y,(g) = p1,(detg). The space H(u,) also has length 2 and a unique subspace
of codimension 1, which is the kernel of M (u,). The image of M (u,) is the one-
dimensional subspace C - u,(detg) of H(u,). Hence, for the sesquilinear pairing
() H(E@,) x H@, ) = C defined by (1, w2) = [ y1(k)wa(k) dk, we have

(R(ﬂl))Wﬂl,’ Wﬁ:l) = cl(l//,uvs Ho © det)(l//ﬁ;‘ » Uy o det)

for some ¢’ € C*.
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6 Automorphic forms

6.1 Definition of automorphic forms. Throughout this paper, a unitary
character w of A*/F*, that is, of Z(A)/Z(F), is fixed. A complex-valued smooth
measurable function ¢ on G(A) is slowly increasing if |¢(g)| < Cd(g)V for
some C > 0and N € Z.y and all g with d(g) > 1; ¢ is rapidly increasing
if for each N € Z., there exists C > 0 with 5(g)V|p(g)] < C for all g with
J(g) > 1. An automorphic form on G(A) with central character w is a complex-
valued smooth measurable function ¢ on G(A) that is right K -finite and Z(g)-finite,
where Z(g) is the center of the universal enveloping algebra of the complexified
Lie algebra of G, such that

P(yz8) = w(2)p(g) forall y € G(F), z € Z(A)

and ¢ is slowly increasing. By an automorphic form we mean one with central
character w.

We are interested in the space L2(G) of C-valued functions ¢ on G(A) satis-
fying ¢(yzg) = w()¢(g) for all y € G(F), z € Z(A), and which are square-
integrable modulo the center, namely,

/ |p(e)dg < oo
Z(A)GI\G(A)
and in its subspace of cusp forms, described in Section 6.3 below.

There exist automorphic forms, such as the Eisenstein series (see below), which
are not in Lf](G).

Denote the inner product in Lg)(G) by (-, -). The space ng(G) is a G(A)-module
under the right regular representation r. Thus, for all ¢ € L2(G) and g, h € G(A),
(r(Q)P)h) = Phg).

6.2 One-dimensional automorphic forms. Let u : F*\A* — C' be
a character with x> = w. Then g — u(detg) is an example of an automorphic
form. The space L%,w(G) spanned by these automorphic forms for all such x is a
submodule of L2(G).

6.3 Cusp forms. The constant term ¢y of a function ¢ on N(F)\G(A) is
on(g) =/, NN (A) ¢(ng)dn, g € G(A). A cusp form is an automorphic form ¢
whose constant term @y is 0. Every cusp form lies in L2(G); see [JL 70, Proposi-
tion 10.7].
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The space L%’w(G) of cusp forms is a submodule of Lé(G). It decomposes as a
direct sum of irreducible representations of G(A), called cuspidal representa-
tions.

Recall that a bounded operator 7 on a separable Hilbert space H is called a
Hilbert-Schmidt operator if there exists an orthonormal basis {e,;n > 1} of
H such that anl |Te, > < oo. If { fu;n > 1} is another orthonormal basis,
>t ITfull? = 3,21 ITe,lI>. The adjoint of a Hilbert-Schmidt operator is also
Hilbert-Schmidt. Every Hilbert-Schmidt operator is compact, namely, it is the
limit of a sequence {7,;n > 1} of finite rank operators.

The following theorem, which we prove below, shows that these representa-
tions occur with finite multiplicities in L%’W(G).

Theorem 6.1. Forevery f € CZ(G(A)), the convolution operator r(fdg) on
Lg’w is Hilbert-Schmidt, hence compact.

Corollary 6.3.1. The G(A)-module L%jw(G) is the orthonormal Hilbert space
direct sum of irreducible representations, each occurring with finite multiplicity.

Proof. To decompose ngw(G) into discrete irreducible closed invariant sub-
modules, it suffices, by Zorn’s lemma, to show that every non-zero invariant closed
submodule Y of Lé,w(G) contains an irreducible submodule.

The operator r(fdg) is self-adjoint on Y if f(x~') = f_(x) and is non-zero if f
is non-zero and supported on a sufficiently small neighborhood of the identity. By
Theorem 6.1, r(fdg) is compact. Hence it has a non-zero eigenvalue A, which has
finite multiplicity, m. Let ¢ be a non-zero eigenvector of 4 and ® the closed sub-
module generated by ¢. We claim that ® decomposes as a direct sum of at most m
irreducible closed submodules. Indeed, if not, there exist m + 1 mutually orthog-
onal closed submodules in ®. Let pry, pry, - - - , pr,, be the orthogonal projections
onto these submodules. Then r(fdg) has eigenvalue 4 on each of the linearly in-
dependent vectors pry ¢, ..., pr, ¢. Thus A has multiplicity greater m, which is
impossible. Any of these m subspaces is the sought after irreducible submodule
of Y.

Consequently we may write L%’w(G) as the orthogonal Hilbert space direct sum
of irreducible submodules. Let Y be a submodule in this decomposition. Choose
f e C(G) with f&xhH = f_(x), so that r(fdg)|Y # 0. Now r(fdg) is a compact
self-adjoint operator on Y. Hence r(fdg) has a non-zero eigenvalue A on a non-
zero submodule of Y. On each irreducible submodule of L(z)’w(G) that is equivalent
to the irreducible Y, the operator r(fdg) must act as the scalar 4. If Y occurs with
infinite multiplicity, then A occurs with infinite multiplicity as an eigenvalue of
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r(fdg). But this contradicts the compactness of the self-adjoint operator r(fdg) on
L3 (G). O

Proof of Theorem 6.1. For ¢ > 0, compact C C A, and compact C’ C A%,
consider the Siegel domain

S =S, C,C)
={g =zu(x)d(ta, )k, z€ Z(A), x € C, t € F} witht > ¢, ae C', k € K}.

For sufficiently large C, C’, and sufficiently small ¢, we have G(A) = G(F)-S; see
[PR 93, Proposition 5.7].

The image SV under G(A) — N(F)\G(A) of a Siegel domain § C G(A) is
called a Siegel domain in N(F)\G(A). For such SV, let L2(SV) be the space
of functions ¢ : SV — C with ¢(zg) = w(2)P(g) (z € Z(A), g € SV) and
Jzansy |p(9)|>dg < co. When G(A) = G(F) - S, the space L2(G) is isomorphic
to a closed subspace V of L2(SV). In this case, there exists a bounded operator
A : L2(G) — V with bounded inverse A~!.

For f e CX,(G)and ¢ € L2(G), we have

(r(fdg)$)(x) = / F@)pGrg)dg = / $(e)f (xg)dg
Z(A\G(A) Z(A\G(A)

P(QK (x, g)dg

/Z (AN (FO\G(A)

with K}V(x, 8 = X enr) f(x7'yg). If ¢ € L§ (G), the change of variables
g — mg, ng € N(F)\N(A), followed by the change of variables n — nnl_1

yields
/ $(s) / FGng)dn dg = 0.
Z(A)N (F)\G(A) N(A)
In this case,
(r(fdg)p)(x) = / Y (x, 9)p(e)dg
N(F)Z(A\G(A)

with E}V(x, Q) = KN (x,8) = [y f(x™ ' ng)dn. N
If x € S, there exists another domain S} such that g ¢ SY implies K (x, g) =
0. The term subtracted in K }V (x, g) is the Fourier transform of y — f(x~'u(y)g) at

/ / IKY (x, g)|Pdx dg < oo.
Z(AN\S JZ(ANS)

Indeed, consider F, ((y) = f(x~'u(y)g) with x € SV, g € SV which determine

0. Hence

t,¢ > c¢ (> 0). Since f has compact support, d(¢)~'u(y)d (') lies in a compact.
Hence ¥ < ¢”, and |y|t'/t < ¢"(for some ¢’ = c”(f) > 0). Thus ¢ < |y|~'t =¢
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(as y € F — {0}), from which it follows that the integrals over x, g in SV /Z(A),
SN'/Z(A) range over compacts. Hence the sum over y € N (F) ranges over a finite
set, depending on the support of f. This means that K ;" defines a Hilbert-Schmidt
operator B : L2(SY) — L2(SM).

Enlarging S|, we may assume that G(A) = G(F) - S;. Then r(fdg)lL(z)’w(G)
is the composition of the injection Lgﬂw(G) —> LfU(Sf/ ), the operator B, the pro-
jection L2(SV) — V, and the operator A~! : V — [2(G). Hence the operator
r( fdg)lL(z),w(G) is Hilbert-Schmidt. O

Corollary 6.3.2. The operator ro(fdg) = r( fdg)lL%’w(G) is of trace class
(has finite trace).

Proof. The function f can be written as Y, f;' = f2, where f!, f# € C2%,(G)
are smooth at the finite places and highly differentiable at co (m-differentiable for
large m). Hence ry(fdg) is a sum of products of Hilbert-Schmidt operators, so is
of trace class. (]

6.4 Discrete spectrum. The discrete spectrum L} ,(G) in L7(G) is the
sum of all irreducible submodules of Lg)(G). We have L%’w(G) - Lﬁ’w(G). Also,
L1 (G) C L3 ,(G). We now show that L} (G) = L7 (G) @ L§ ,(G). Define
H(u(iR)) to be the direct integral over s in R of the Hilbert spaces H (u(is)) with
respect to usual measure on R.

Let us recall the definition of a direct integral (see [Di 81]) of a family of
Hilbert Spaces. Let Z be a Borel space. Let yz be a measure on Z. Let H; =
{H, : z € Z} be a family of Hilbert spaces. A family F; ={#n =(5, € H;;z € Z)}
of sections of the vector bundle H; — Z, H, —> z, is called measurable, and
its members, the sections 7, are called measurable if they satisfy the following
conditions:

(a) asection £(: z —> &, € H) of H; — Z lies in Fy if and only if for each

section # € Fz, the function z —> (&, #,) is measurable;
(b) there exists a countable set of sections {#,;a € A} in Fz such that for every
zin Z, the set {(#,);; o € A} is dense in H,.
Two sections are called equivalent if they differ only on a subset of measure zero.

Given such Z, Hz, and Fz, define the direct integral H = fz H.duz of
the family H; to be the space of equivalence classes of the measurable sections
n:z+—> n, € H,, the square of whose norm ||5||> = [, l|7.]I?duz is finite. The
space H is a Hilbert space.

The key result underlying the trace formula is the following spectral decompo-
sition theorem, proven in Sections 8-10.



TRACE FORMULA FOR GL(2) 25

Theorem 6.2. For any character o of F,F*\A*, the space L2(G) decom-
poses as the direct sum L%,w(G) &) Liw(G) &) Lg’w(G). Here L(z)jw(G) is the space
of cusp forms, L%,w(G) is the direct sum of all one-dimensional subrepresentations
g — x(detg), y* = o, in L2(G), and the continuous spectrum Lf,w(G) is the or-
thogonal complement ofL%’w(G) EBL%@(G). This Lg,w(G) is isomorphic as a G(A)-
module to the G(A)-representation H, the orthogonal direct sum of H(u(iR)) over
a set of representatives u = (u1, 12) for the set of equivalence classes of pairs
of characters u; : FXF*\A* — C* with u,us = w, the equivalence relation
being generated by yu ~ w and pu ~ (u1v°*, uov™"). Thus Lg’w(G) = GBﬂLg’w(G)#,
and there exist G(A)-equivariant isomorphisms S,, : Lg’w(G)/, — H(u(@R)), S =
>y Su: LE’W(G) — H =&, H(uGR)).

The trace formula for GL(2) is an analogue of the following proposition, which
can be viewed as the trace formula for the additive group G,.

6.5 Poisson summation formula ([Lang 94]). Let f € CX(A). Let
¢ =11, & be a non-trivial character of A/F into C'. Let f(x) = [, FO¢(xy) dy be
the Fourier transform of f at x € A. As in Subsection 2.7, since A can be identified
with its Pontryagin dual group, there exists a unique normalization of the Haar

measure, called self-dual, for which the Fourier inversion formula f(x) = f(—x)
holds.
Proposition 6.5.1 (Poisson summation formula). For every a € A\{0} and
f e ),
> flaa) =1al™ Y fa/a).
acF acF
Also, vol(A/F) = 1.

Proof. It suffices to show

(6.5.1) Yo f@ =) f@.

aeF aeF

Indeed, if f“(x) = f(ax) for a fixed a € A\{0}, then
Fac) = / FUONCGx)y = / Flay)cy)dy
A A
=l / FOIGx/ady = lal™ F(e/a).
A

Applying (6.5.1) with f“ instead of f, we get > p f%a) = > J/‘Z(a). The
acF

formula of the proposition follows.
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It remains to prove (6.5.1), i.e., the case of @ = 1. For x € A define g(x) =
> uer f(x+a). Note that all non-trivial characters of A/F are given by x — ¢ (fx),
p € F*; see [Lang 94]. Since g is a continuous function on the compact abelian
group A/F, it has a Fourier expansion in terms of the characters of A/F given by
g(x) =3 pcr cp¢(—px). The coefficients ¢y can be computed as follows:

D = i o p 8OO = s [ 3 sk @ pods
- WKJ\W / DG s
_ ml(ix/m /A F@ (e = A NG F(B).
On the other hand,
aez;f(a)=g(0)=ﬁze;cﬂ I(A/F)Zf(ﬂ)

Applying this formula with fA instead of f and using the Fourier inversion formula
f(x) = f(—x), we obtain

> Sl = 1(A/F))2Zf( ).

aeF

This implies that vol(A/F) = 1. O

7 Trace Formula

The trace formula for GL(2) over F is an equality, for each test function f € H,,
of two expressions for the trace of the restriction r;(fdg) of the convolution oper-
ator r(fdg) on Lé(G) to the discrete spectrum Liw(G) of Li(G). This Lfi,w(G) is
the sum of all irreducible invariant subspaces of LfU(G). It is the direct sum of the
cuspidal spectrum L%,w(G), and the residual spectrum L%,w(G), which consists of
one-dimensional representations. Thus one side of the formula is just the sum of
the traces tr z(fdg) of the convolution operators z( fdg) associated with the equiv-
alence classes 7 of the irreducible cuspidal representations with central character
w, each counted with its multiplicity m(z) in L(Z)’w(G), plus the sum of the traces
x(fdg) = tr x(fdg) of the convolution operators of the one-dimensional represen-
tations g — x(g) = y(detg), where y is a character of F*\A* with > = . The
other side is given by a sum of orbital integrals, weighted (normalized, corrected)
orbital integrals, weighted traces of some representations. as follows.
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Theorem 7.1. For every test function f € CZ(G), and Haar measure dg on
Z(A\G(A), the trace of the convolution operator ry(fdg) on the discrete spectrum
is equal to either side of the following equality.

Y. m@m wr(fdg)+ Y x(fdg) =

”EL&{U(G) XGL%,{U(G)
i) VOl(Z(A)G(F)\G(A); dg) f (e)
1
(i) +32. D VOZMTENT @A) dn - [[OT'(, frdg,)
TeQ yeZ(F)\T(F) v
YEZ(F)
A_
(iiiy =5 2> WOI'd(@). fudg.) - [ OT@(@). f,dg.)
a#l u v #u
(iv)’ + -1y WOI'(u(), fudg.,) [ O (1), f,dg,)
u v #u
L'(1,1, ,
(iv) + (zo — AL {u;%,-O} L((ll)i) IO, fuds.)
1
V) =7 2 M, w)ig (s ), fdg)
Hi=o
. 1 oo . -1 7 . .G .
(vi) - / - m(u(iy) T (uiy) troig (u(iy), fdg)dy
u —100
1 100
=20 | IR T Rl (i), fudg)]
u u —1i00
(vii) e i§ oy, £o dgo)dy
v #u

Here, u and v range over V. The sums are finite, depending on f. Also, u
ranges over a set of representatives for the pairs u = (u1, u2) of characters
wi: AXJF*FY — Cluptopu~ i =(uz, 1)

The geometric terms (i), (ii), (iii)’, (iv)’, and (iv) are computed in Sections 16,
17, and 19; the spectral terms (v), (vi) and (vii) are calculated in Section 21. Recall
that we fix a character w of FZ F*\A*. Let F be a number field. Recall that
p(s) = (uiv's v, v(o) = |al.

The spectral side of the trace formula is the left-hand side minus (v), (vi), and
(vii). The geometric side of the trace formula is the sum of (i), (ii), (iii)’, (iv)’, and
(iv). For the group GL(n), the multiplicity one theorem of [JS 81a] asserts that the
multiplicities m(x) of the cuspidal representations in the cuspidal spectrum are 1.
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A more elegant form of the trace formula is obtained on observing that the non-
invariant part (iv)’ of the unipotent contribution is the limit of the terms in (iii)’,
giving the missing term of a = 1 in (iii)’. To see this, we introduce in Section 18
a correction argument and the distributions CWOI'(d(a)), a € F*. The latter are
obtained by adding zero globally, which is obtained as a sum of local terms each
regularizing the weighted orbital integrals which blow up at « = 1. Putting this
limit as the term of o = 1 in (iii)’, we obtain the following theorem.

Theorem 7.2. The sum of the terms (iii) and (iv)’ in the trace formula can
be replaced by

A_
(iif) =57 > D CWOl'd(@). fudg.) - || OV@d(@). f,dg.).)

acF>* u v Fu

Observe that all terms of the trace formula are invariant, i.e., take the same
value at f € C2,(G) and at f7, where f7(x) = fO~xy), for any y € G(A), except
the terms (iii) and (vii). In the final Section 22, we apply the Poisson summation
formula to (vii) to incorporate it into (iii) and obtain purely invariant terms in the
trace formula.

Chapter 11
Continuous Spectrum

In this chapter, we compute the kernel of the convolution operator on the continu-
ous spectrum, and consequently give an expression for the kernel on the cuspidal
spectrum.

8 B-series

In this section, we begin the proof of Theorem 6.2 and study inner products of
automorphic forms in the continuous spectrum.

8.1 Siegel domains. Recall that F} is the group of ideles whose compo-
nents at the finite places are 1 and whose components at the infinite places are
positive and equal to each other. The isomorphism FZ — RZX is denoted ¢t — |¢|.
Let ¢ > 0. Fix a compact subset C of A and a compact subset C’ of A*. A Siegel
domain S=S(c, C, C’) in G(A) is a set of points of the form g = zu(x)d(ta, 1)k,
where x € C,t € FX with |t| > ¢, a € C', z € A%, and k is in the standard
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maximal compact subgroup K of G(A). For sufficiently large ¢~!, C, C’ we
have G(A) = G(F)S; see [PR 93]. Then S contains a fundamental domain for
GFO\G(A).

Proposition 8.1.1. For a Siegel domain S = S(c, C, C') and ¢’ > 0, the set
{y € BF)\G(F) : 6(yg) > ¢ for some g € S} is finite.

Proof. Note that 6(pyg) = J(yg) for all p € B(F), so we can indeed deal with
yin B(F)\G(F). A proof when F = Q is given in [Kn 97, Proposition 7.8], where
the key step, Lemma 7.7, relies on Lemma 6.7.

This computation is also done in [PR 93, Subsection 5.2], but in the context of
a reductive connected group over Q, reducing it to reduction theory for G(R) and
G(Z) (which reduces to [Kn 97, Lemma 6.7] when G = GL(2)). The general case
of a group over F follows on applying the result over Q to the Q-group Rr/oG
obtained from G by restriction of scalars from F to Q; see also [Ar 05, p. 37] for
references to Borel and Harish-Chandra. O

8.2 B-automorphic forms. Assume the central character @ is 1 on FZ.
Thus it is a (unitary) character on F*\A! = F¥ F*\A*. Let u = (41, u») be a
pair of characters on FF*\A* with u; x> = w.

A (u, B) -automorphic form ¢, is a function on G(A) that is a linear combi-
nation of a (u, B)-automorphic form and a (u,, B)-automorphic form. We often
delete the word automorphic here. A (u, B)-form ¢, satisfies

Pu,(znd(a)g) = w(z)u1(@)p,,(8)

foralln € N(A), g € G(A),a € A' and z € Z(A), and is square integrable on G(A)
modulo Z(A)N(A)B(F). For a (u;, B)-form, replace u; by w,. Thus a (u, B)-
form is a (i, B)-form. Note that B(F) c N(A)Z(A)A!, and F*\A! is compact.

Let L, , 5 = L, ,(Z(A)N(A)B(F)\G(A)) denote the space of such functions ¢,,.

2
Ww,w,B*

We also call ¢ on G(A) B-automorphic if ¢p(znag) = w(z)p(g) (z € Z(A),
acA(F),ne N), g e GA)).

Denote by (-, -) the inner product on L

8.3 B-series. The B-seriesof ¢, € L,%,w, g is the sum
D= Y. 0.0
YEBI\G(F)

To simplify notation, we sometimes write ¢ for ¢, and ® for ®,, but write ¢, and
®, when the dependence on u needs to be emphasized.
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Proposition 8.3.1. If ¢, is a (u, B)-automorphic form compactly supported
mod Z(A)N (A)B(F), then the sum which defines @, is finite and hence converges.

This follows from Proposition 8.1.1.

Proposition 8.3.2. Let ¢ be an automorphic form in L2(G). Let ®, be the
B-series of 9, € L3, , . Then (¢, @) = (v, 9u)s-

Proof. We compute the scalar product:

(¢, ®,) = / $(0)D,(g)dg = / s Y auOedg
Z(A)G(FO\G(A) Z(A)GFI\G(A)

yE€B(F)\G(F)
= / > p(reu(yg)dg = / $(2)¢,(2)dg
ZWGENGD) g (TG BIMZMANG(A)
-/ u@dg [ pngrdn =y, 00n. .
B(F)N(A)Z(A\G(A) N(F)\N(A)

Corollary 8.3.3. If ¢ is cuspidal, then (¢, ®,) =0 for any B-series @ ,.

Proof. Indeed, (¢, ®,) = (¢n, 9.5, and (¢n, ¢, )p =0as ¢y =0. O
Recall that the Haar measure on N (A) is normalized by vol(N (F)\N(A)) = 1.

Proposition 8.3.4. Let ®, be the B-series of ¢,. Then the constant term of

D, is
(8.3.1) Dun(8) = pu(8)+ Mp,)(g),
where

(83.2) Mo, = | |, PuCiomein

is a (1, B)-automorphic form.
Proof. By the Bruhat decomposition for G,

. 0 1
D,(8) =pu(g)+ Z ¢ (wvg) with w:( )

veN (F) -10

Thus

D,y (g) = / u(ng)dn + / > pu(wvng)dn
NF)\N(8) NEWNA) Sy

= 0u(8) + (Mg,)(g). 0
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If ¢, is a (11, B)-automorphic form, then Mg, is a (x>, B)-automorphic form.
For this reason, we define (u, B)-automorphic forms to be in the span of (¢, B)
and (u;, B) forms, so that the space of (u, B)-forms is the same as the space of
(i, B)-forms and is invariant under the intertwining operator M .

Note that the assumption that ¢, is compactly supported on G(A) modulo
Z(A)N (A)B(F) need not imply that Mg, is compactly supported.

Corollary 8.3.5. Let ®y,, Oy, be the B-series associated with functions ¢,
P2 € Li’w’B. Then

(q)l/u (DZ/.t) = (CDI/LN’ ¢2/1)B = ((01/1: ¢2/4)B + (M(”l/u (02#)3-

If n and p' are in different connected components, then (9, ®,,/) = 0. Here,
u, 1’ range over the manifold of the start of Section 8.2. They are in the same
connected component when p/ = u(v*,v="), s € C.

Proposition 8.3.6. For any two (i, B)-automorphic forms ¢, and ¢3,, we
have

Mo, 02,)8 = (@14, Mp2,)B.
Proof. We have

((pl/u (02#)3 + (M(pl/u (02#)3 = ((Dly» (I)Z,u)
= ((DZ/u q)l/t) = ((sz, (01/4)3 + (M(p2/u (01/4)39

((Plﬂa (/)2y)B = ((sz (01/1)35 and (M(ﬂ2,ua (Plﬂ)B = ((Pl/u M(pZﬂ)B- O

9 Mellin transform

9.1 Mellin’s inversion formula. Let y : RX, — C be integrable. The
function ¢ : C — C given by

¢ = [y

R>0

is called the Mellin transform of y. For ¢ € R, ¢ is invertible via the Mellin
inversion formula

1 c+ioo '
w(x) = 7/ P(s) x°ds, x € RX,,.
2ri c—ioo

The Mellin transform is closely related to the Fourier transform and to the Laplace
transform; see [Ti 76, p. 443].
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9.2 Definition of the Mellin transform. The Mellin transform of a
(¢, B)-automorphic form ¢, is

Gues) = [ puali=t ax

whenever the integral converges. By the Mellin inversion formula, the set of func-
tions ¢, (s) : g — 9,(g, s) of G(A) is a dense subspace of H(u(s)) for each s € C
as ¢, varies over Li,w’ g- The Mellin inversion formula also implies

1 X+i00 R
Pu(8) = 5 /  Pulg s

with x € R, where the integral converges.
Note that ¢,,(d(t)g, s) = |t|**'/?9, (g, s), t € FX, by definition of ¢,,; recall that
|?| is defined in Section 2.7.

Proposition 9.2.1. The function ¢, defines a section of the vector bundle
H(u(s)).

Proof. We have
Pu(u(x)d(d',a"g,s) = /F . P (dux)d(a, aNl~ " d*t
= /Fgo 0 (u(tx)d(a, d")d(D)g)|t| ™7 d*t
) /Fgf‘”“)(d (@, a Mg Al "2d*t
= (67 u)d(d,a")Pu(gs 9.

As{d(d,a")d(t);a’ € A',a" € AX} = A(A), since A = Al x F*, it follows that
Puu(x)ag, s) = (2 u())(a)p,(g, s), and ¢, defines a section of H(u(s)). O

Lemma 9.3. If ¢;, is the Mellin transform of the (u, B)-automorphic form
Qiu, then

B1(d(@K, ), (d(@hk, —3) = /F d@a Rl

where
E(zya, k) = /F+ @1,(d(zta)k) %ﬂ(d(ta)k)|t|_ldxt.
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Proof. We have

P14 (d(@k, )9, (d(@)k, —5)

:/F PRI ™z /F Bru(d )l ™
/F" /F‘f (ﬂl/x(d(z a)k)lZlH—ZdXZ wzﬂ(d(ta)k)ltls——
/ r / . POz By, (@l R

= / (/ ¢1#(d(zta)k) . ¢2#(d(la)k)|t|_ldxl> |Z|_S_jdxz
zeFg, \JieFy,

= E(a, k)zl " d 2
zeF% O

Proposition 9.3.1. The inner product (¢1,, 92,)p On Li’w’B is

X+ 00

1 ~ . _
(¢l/u (02/4)3 = 7 (¢lﬂ(s)a (02;1(—5)) ds.

2 xX—ioo

The scalar product (91,,(s), §2,(—5)) on H(u(s)) x H(u =1 (—s)) is as in Section 3.3.

Also, u is unitary; thus z~! = u.

Proof. Using Lemma 9.3 and the Mellin inversion formula of Subsection 9.1,
we have

((!A’lﬂ (s), (32/1 (—5))ds

2mi X—i00

X+i1 00
" 2ni /x /X\Al/ 1u(d(@)k, S)¢2ﬂ(d(a)k —35) dk d*ads

X+i00
— ds/ d*t / /f(t a, k)|t~ 2dk d*a
27'L'l xX—ioo F2, x\Al

=/>‘\A1 /K(plu(d(a)k)(ﬂ_u(d(a)k)dxa dk =(¢1lt3¢2/1)3-

Proposition 9.3.2. The scalar product (M@, ¢2,)p on Li’w’ g for the func-
tions M @y,(—s) € H(ii(—s)), and ¢,(s) € H(ﬁ_l(s_)), is equal to
1 X+i 00

Tﬂi e (M(/o\l,u(_s)a 52;4 (5))ds.
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Proof. We integrate on a line x > 1/2 on which 1\//Ig\o1 «(—s) is convergent. For
Re(s) > 1/2,

Mon(.9) = [ M@0~

-,
-,
-,
=/F;

- / 7. (wng, —s)dn = (M,)(g, —).
N &)

1= /A 0, (W) (Dg)dx

+
=)

1=*"2d" /A ¥ (d (Du(x/Dg)dx

+
=S}

% [ s
A

+
=S}

td”e /A pu(dwu(x)g)dx

O

Write M (u) for the operator M : H(u) — H(u) defined by (8.3.2). Thus, for
?,(s) € H(u(s)), we write M (u(s))@,(s) for M@, (s).

Corollary 9.3.3. Let ®, be a B-series of ¢1,, and ®,, a B-series of ¢z,.
Then

1 =N . - 1 N P
(D@, Oyy) = i /((Dly(s), ©02,(—5)) ds + i /(M(ﬂ(s))(l’lﬂ(s), 27 (s))ds,

where the integrals are taken over any vertical line Re(s) > 1/2 and the pairings
_ _ _ —1
are on H(u(s)) x H(z~"(—5)) and H(@i(=s)) x HE ' ().

Proof. Since (®y,, ©P2y) = (@14, 92,)8 + M1y, 92,)p by Corollary 8.3.5,
this corollary follows from Propositions 9.2.1, 9.3.1, and 9.3.2. O

Proposition 9.3.4. For Re(s) > 1/2, w1, € H(u(s)), and y», € H(ﬁ"l(s‘)),

M) W1 o) = Wi MGE () wag).

On the left-hand side, the pairing is on H(u(—s)) x H(ﬁ_l(s_)). On the right-hand
side, the pairing is on H(u(s)) x H(u~'(=5)).

Proof. The Mellin transform ¢, — ¢,(s) provides an inner product preserv-
ing isomorphism Li’w, g — H(u(s)), by Proposition 9.3.2. The identity of this
proposition then follows from Proposition 8.3.6. 0
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Corollary 9.3.5. The adjoint M (u(s))* of the operator M (u(s)) from H(u(s))
to H(u(s)) is

1 _ —1
M(u(s)* =M@ () =M(u(s) ).

When u is unitary (thus pu = 1) and s is imaginary, M (u(s)) is unitary, R(u(s))
is unitary, and so is each local R(u,(s)) if u, is unitary and s is imaginary.

Proof. The last claim follows as 7' = x and s = —s implies ﬁ_l(s_) =

fi(—s); thus M(u(s)* = M(fi(—s)) = M(u(s))™". Replacing u by i yields
m(u) = L(1, u73)/L(1, u12), where 1o = p1/u> is replaced by m(u) if 112 =
,ul_zl. Hence R(u(s)) is unitary. Each local u(, can be embedded as a component
of a global wov*. (]
If ¢, is replaced by r(g)p, : h — ¢,(hg), then @, (respectively, ¢,(s)) is
replaced by its right translate, i.e., by r(g)® (respectively, iBG(u, 2)Pu(s)).

10 Global intertwining operators

10.1 Local-global relations. Let u be a character of A(A) whose restric-
tion to Z(A) is w. As in 8.3.4, define the operator M (u) from H(u) to H(u) by

M()(g) = /N |, vong)dn. v € H(),

We cannot define M (u) to be the product ®,M (u,), as the product does not
converge. However, the product ®,R(u,) does converge in the following sense.
Denote by u;, and u, the restrictions of x; and u, respectively, to F* — A*.
Then u; = ®, 1y, (i = 1,2). The space H(u) of the global induced representa-
tion i$(u) is spanned by the local products ®, y, with y, € H(u,) for all v and
w, = y° for almost all v, where x, is unramified. Then R(u,)y° = 9 for such v,
and R(u) is defined to be the operator ®,R(u,) which takes ®, y, to @, R(u,) vy,
a well defined vector in H(,).

10.2 The intertwining operator. Recall that M (u,) = m(u,)R(u,) for
all u,. The product m(u) over all v of

L(Oa ﬂln//qu)
L(la ,ulu/,u2v)3(0: ,ulu/,uQDa C’u)’

where ¢, is the component at v of a fixed non-trivial additive character ; of A/F,
converges for all u with |/ u2| =%, s > 1/2. Itis independent of ¢. Thus

L0, p1/p2)
L(1, 1/ u2)e0, i/ p2)

m(uy) =

M) =m(Rw),  m(u) = [[mu,) =
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This gives the analytic continuation of M (u) to Re(s) > 0, since m(u) has mero-
morphic continuation to the entire complex plane by the functional equation for
the L-function L(u ), and since the operator R(u«) depends analytically on x« on
this domain.

10.3 Unitarity. The functional equation for the L-function expresses m (i)

_ LA, o/ p)

T LA, /)

Since R(u)R(n) = 1, we conclude that M ()M (n) = 1, and from M(u)* =
M(ﬁ_l) (see Corollary 9.3.5), that M (u)* = M(u=")~'. If u is unitary, thus
wt =, then M(p)* =M (u)™".

We summarize the analytic behavior of M (u) as follows. Write |/ 2| = v?*
with s real. Then M (u) is meromorphic in the half-plane s > 0, and its only poles
V2 4y = pgv=1/?
on FZ, C A*, up =1 on FZ, also. The residue there is a scalar multiple of the

as

m( )

there are simple and occur for u; = uov , u% =w. Aswis1
operator R(u). By Proposition 5.3.1, the range of R(u) is the one-dimensional
space spanned by the function g — u(detg). Returning to M (u) we obtain the
following result.

Theorem 10.1. Let u = (w1, u2) with u; characters of F*\A* and ppu, =
. Let v¥* = |uy/p2|. As a function of u, the operator M(u) is meromorphic in
the complex half-plane Re(s) > 0. It satisfies the functional equation

(10.3.1) MM (p) =1d.

Its only pole in the half-plane Re(s) > Oisats = 1/2 when u = (uov'/?, uov="?).
The residue Resg—1,2 M (u(s)) = limg_1,2(s — %)M(,u(s)) satisfies

(Ress=1/2 M (u()@1,(1/2), 92,(1/2)) = c(p1,(1/2), noodet)(p2,(1/2), uo o det),
where c is a known constant.

The last assertion follows from Proposition 5.3.1.

10.4 Proof of Theorem 6.2. The orthogonal complement of L(z),w(G) in
L2(G) is spanned by the B-series, for all u, by Proposition 8.3.2. Their inner
product is given by Corollary 9.3.3. Using the analytic continuation of M (u(s)) to
Re(s) > 0 and the description of the only possible pole in the half-plane, ats = 1/2
and u = u, of Theorem 10.1, we apply the Cauchy Residue Theorem and move
the line of integration in Corollary 9.3.3 from x+iR to iR, picking up the residues.
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We obtain, for the B-series @, O»,,, obtained from the (x, B)-automorphic forms
@1y P24, the formula

L[~ . NS )
(D@, Do) = o / (@1.(1y), 92, (1Y) + (M (u(@y)@1,(iy), p2z(—iy))dy

(10.4.1) +c-0(u, @) - (91,(1/2), uy 0 det)(@2,(1/2), py o det)

for an explicitly computable constant c. Here, d(u, @) is 1 if 4y = u, and itis O
otherwise. Note that x; o det € H(u(—1/2)). Using the sesquilinear pairing as in
Subsection 3.3, we have

@1a(1/2), sty o det) = / 01,.(9) i1 (det g)dg
B(F)N(A)Z(A\G(A)

/ @, (g)u1(detg)dg,
G(F)Z(A\G(A)

as @y, is the B-series associated with ¢;,. So we may write the second term in
(10.4.1) as

(10.4.2) C - 8(py 1) - (D1, 11 0 det)( Dy, 1 0 deb),

the scalar product being now in L2(G).
Recall that M (u(iy))* = M (u(iy))~", namely, M (u(iy)) is unitary, as u is uni-

tary and iy is on the imaginary axis s = —s. Introduce the element of the direct
integral

. L. N
(10.4.3) (@(p))iy) = Z(@u(iy) + M(u(=y)pu(—iy)).

Then M (u(—iy)a(pi)(—iy) = (alp,))(iy), and

Aa(p1,)y), al@2,)(iy)) = (@1,(1y), P2, (i) + (@17 (=1y), P2z (—iy))
+(@1,(), M(u(=iy)p2(—iy)) + (M (u(—iy))@1a(—iy), 2, (iy)).

Hence the sum of the first terms in (®y,, ®»,) and (O;, P,z) can be expressed
as

2 o0
z /_ (@l )). alps, i)y

Note that the map ¢, — @, is equivariant under right translation by G(A):
if ¢y, is replaced by h +—> ¢, (hg), then @, is replaced by r(g)®.
We obtained an isometric G(A)-equivariant isomorphism

o = Z @, = (Al s (O, 1) - 0, (1/2)) ),
y
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from L§ ,(G)* to H® (d,,C - u1(det)), where H = &, H(u(iR)).
Note that the sum of (10.4.2) over all x; with u? = w is equal to the scalar
product of the orthogonal projections of @y, ®,, on

Liw(G) = EB{,ui;,uf=w}(C - 1 (det).

Hence ¢ =1/ vol(G(F)Z(A)\G(A)).
This is summarized in the following corollary.

Corollary 10.4.1. The G(A)-module Lg)(G) is the G(A)-equivariant direct
sum of L(z),w(G), Liw(G), and LZ,Q(G). The map S = >, S, : Lf’w(G) — H,
defined by S,, : L2 ,(G),, — H(u(R)), (S, (®,)0) = (a(9,))iy) and S, (D) =0
if w and p’ are not equivalent as defined in Theorem 6.2, is a G(A)-equivariant
isomorphism of L2, ,(G) = ®,L% ,(G), with H = &,H(u(iR)).

11 Truncation operator

11.1 Properties of truncation operator. We use a truncation operator
to obtain the analytic continuation of Eisenstein series and to compute terms in the
trace formula. If T > 1, let 77 denote the characteristic function of [T, co). For
any function ¢ on G(F)\G(A), set

(11.1.1) AT =p@— > en(TrB(9)).
YEB(FO\G(F)
The second term here is a B-series attached to a function with support in the set
{g:0(g) > T}. Thus, if g is in a Siegel domain, the series has only finitely many
terms; see Proposition 8.1.1.
Clearly, if ¢ is a cuspidal function, i.e., ¢y = 0, then AT = . For the general
case, we use the following proposition.

Proposition 11.1.1. Suppose g in G(A) satisfies 6(g) > 1. Suppose
y € G(F) satisfies 6(yg) > 1. Then y € B(F).

Proof. By the Bruhat decomposition, G = B U BwN. Since d(pyg) = o(yg)
for p € B(F') by the product formula, if y &€ B(F'), we may assume that y = wu(v),
v € F*. So it suffices to show that d(g)d(wu(v)g) < 1. To see this, write g =
u(x)dk withd =d(a, b), x € A, a, b € A*. Then (see Subsection 2.6)

3(2)0(wu(v)g) = d(dwu(x +v)d) = 5(wu((x +v)b/a)w™")
=1, x+v)b/a)| "> < 1.
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Proposition 11.1.1 shows that, for a given g, the series in (11.1.1) has at most
one term if 7 > 1. In particular,

P(g) — Pn(g9)Tr(0(g)) ifd(g) > 1, T> 1,
?(g) — dn(g) ifo(g)>T> 1.

Let S be a Siegel domain. Let Q be the set of g in S such that 6(g) < T. Then Q
is compact mod Z(A). If T > 1, then AT ¢ is given on § — Q by the second formula

(11.1.2) AT p(g) = {

in (11.1.2). Thus A7 ¢(g) is bounded on S — Q under very mild assumptions on
¢. For instance, this is the case if ¢ is the convolution of a slowly increasing or
square-integrable function on G(F)\G(A) with a C>°-function. Then (11.1.2) is
rapidly decreasing; see 6.1, and [Ar 80] for the situation for a general group.

Proposition 11.1.2. If Q' is a compact set, then
(11.1.3) ATp(g) = ¢p(g) for g € Q and large T (T =T(Q)).

Proof. To the contrary, suppose g € Q' and AT¢(g) # p(g) with T > 1.
Then there exists a finite non-empty set of elements y € B(F)\G(F) such that
d(yg) > T > 1 (see Proposition 8.1.1 again; this finite set depends on Q' but not
on T'). Since the resulting elements yg must belong to a (common) compact set
mod B(F)N(A)Z(A), and since ¢ is continuous, d(yg) < Ty. Butif T > Ty, we get
a contradiction. Therefore (11.1.3) must hold. ]

Corollary 11.1.3. As T — oo, AT ¢ — ¢ uniformly on compact sets.

Proposition 11.1.4. The truncation operator AT is a continuous Hermitian
operator on Lg)(G) :

(11.1.4) (A1, o) = (1, AT ).

Proof. The left-hand side is (¢, ¢>) minus the scalar product of a B-series
with ¢,. In particular, as in the proof of Proposition 8.3.2, the left-hand side equals

(. b2) — / $1n ()T () Pan (9) dg.

B(F)N(A)Z(A\G(A)

Similarly, the right-hand side equals

(1. d2) — / b1 n ()P ()7 (5(2)) d.

B(F)N(A)Z(A\G(A)

Since 77 is real, the desired equality follows. (]
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Proposition 11.1.5. For T > 1, we have
(11.1.5) (1= ADgi, ATep) =0,
i.e., AT is an orthogonal projection in L2(G).

Proof. Indeed, (1 — AT)@, is a B-series. So the left-hand side of (11.1.5)
equals

18 (23 (5(2) ( /N AT dang) dn) ds.

/N(A)B(F)Z(A)\G(A) (F)\N(A)

But 77(d(g)) = 0 unless 6(g) > T > 1, in which case the inner integral is (by
(11.1.2))

(p2(ng) — dpon(ng))dn =0,
N(F)\N(A)

and (11.1.5) follows. (Note that ¢»; need not belong to LEU(G).) O

12 Eisenstein series

Let pr,, be the orthogonal projection from L2(G) onto L(z),w(G). To get an explicit
formula for the kernel of the Hilbert-Schmidt operator ry(fdg) = pr, r(fdg) pr, we
need an explicit description of the operator

S:LE,(G) > H, @ {ye (@@,
of Section 10. This description is given in terms of Eisenstein series.

Definition 12.1. Let ¢, be a section of the vector bundle H(z(s)). The series

(12.1.1) E@u.5.8)= Y. 0,089
yEB(F)\G(F)

is called Eisenstein series. It converges only for Re(s) > 1/2. For general
s € C, it has to be defined by analytic continuation. It is slowly increasing, hence
an automorphic form.

fx+ioo ~

xX—i00 (p,u(ga S) ds’
for x > 1/2. Interchanging summation and integration, we see that the B-series

Let ¢, be a (u, B)-automorphic form. Then ¢, (g) = (2zi)~!

®, defined by ¢, is given by

X+ 00

1 .
(12.1.2) D,(g) = 271/ E(pu(5), s, g)ds,

—ioo
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provided x > 1/2. To exhibit a dense subspace of Lg’w(G)l as a “continuous sum
of Eisenstein series”, we must continue £ analytically and shift the integration in
(12.1.2) to the imaginary axis.

Since E is a B-series, its constant term can be computed as in (8.3.1) and
(8.3.2), yielding

En(0p.5.8) = 9u(g, )+ /N | utuong.dn. Re(s) > 1/2.
Thus

(12.1.3) En(pu,s,8) = ¢u()(&) + (M(u(s)9.u(s))(g), Re(s) > 1/2.

To continue E analytically, we deal with sections obtained from identifying
H(u(s)) with H, = H(x(0)). In other words, if ¢, € H,, we define a section ¢ (s)
by

(12.1.4) ?,(8,5) =0,(8)0(g),

where the Harish-Chandra modular d-function is defined in Subsection 2.6.
We denote the corresponding Eisenstein series by E(g,, s, g).
The next result concerns the analytic continuation of the Eisenstein series.

Theorem 12.1. The function ATE(go# , 8, 8), and hence also E(p,, s, g), has
analytic continuation to Re(s) > 0 as a meromorphic function, with singularities
at most those of M (u(s)).

Proof. Using the truncation operator (11.1.1), we can write the Eisenstein
series as

(12.1.5)  E(@u. 5.8 =A"E(@u. 5.8+ Y, En(pu. s, 78)7r(0(78)).
yEBF\G(F)

The second term on the right-hand side is the B-series attached to a function with
support in the set {g;(g) > T'}. Thus, for g in a Siegel domain, the second term
has only finitely many terms. In particular, it represents a meromorphic function
of s whose singularities are amongst those of M (u(s)) (by (12.1.3)).

The first term on the right-hand side of (12.1.5) is defined initially only for
Re(s) > 1/2. Since it is square-integrable (by (11.1.2) and the remarks immedi-
ately following it), it suffices to continue it analytically as an L2(G)-valued func-
tion. Thus we need to examine the inner product

(12.1.6) (ATE(@14, 51, ATE (92, 52)).
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By (11.1.5) (which applies in this case), the inner product (12.1.6) is just
(E(p14,51), ATE(92,,52)), which, since ATE is a difference of B-series, we com-
pute (using Proposition 8.3.2) to be

/ En (@10, 51, 8){ 720 (8 53) — Ex(920, 53, )7 (3(8)))dg.
NA)B(F)Z(A\G(A)

Recall that Ey is given by (12.1.3) with ¢, (g, s) satisfying

| 0
(5 (9

forte Fi,ae Al and k € K. Recall that y is trivial on FZ . Using the Iwasawa
decomposition, we compute

(12.1.7)  (ATE(@1,51), ATE(p2,,52))

— — 1
) {(%, 20T — (M (1)1, M(#(&))q)m)r“‘”}
S1+ 52

_ . e 1
+ {((/)1/» M (p(52))92, )T ™ — (M (u(s1))@P115 (pzﬂ)T_blﬂle_Sz} :

Here, Re(s;) > Re(sy) > 1/2.

Note that the right-hand side of (12.1.7) is a meromorphic function of (sy, $7)
that seems to have a singularity on the line s;+s, = 0. However, by Corollary 9.3.5
and (10.3.1), the expression in the first bracket vanishes precisely along this line.
Similarly the expression in the second bracket vanishes when s; — s, = 0. Thus
we conclude that (12.1.7) is meromorphic in sy, s, with singularities at most those
of M(u(sy)) and M (u(s;)). In particular, for s =51 = —s, #0,

(ATE @11, 5), ATE(p2y, =5)) = 2(p1,, 92,)In T + (M (i(—)M'(u()P 14> P2,

— _ 1
(12.1.8) + {1 ME(=)p2,)T = (M (1()p1,05 (02,1)T_2S}g-

Now suppose that for ¢1, = @2, = ¢,, the right-hand side of (12.1.7) is ana-
lytic in the polydisc |s; — sg| < R, |s2 — so| < R, while M (u(s)) is holomorphic in
some small disc centered at s¢. Then the double Taylor series of the left-hand side
converges in this polydisc. Since

aﬂ
H ATE(py, )

2
" & _
= —=A"E , —ATE(p,,
pw < pw (@ 9), 5 (Pu s))

sn

2n

= n n
Os'[ Os)

(ATE(§0/1 b sl)a ATE(?’/J b s_2))|S] =52 =5
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the Taylor series of ATE((p#, s) converges in a disc |s — 59| < R, i.e., ATE((/)#, s)
is analytic in this disc. Thus ATE(p «» ) (and hence E(g¢,, s, g)) is meromorphic
in Re(s) > 0 with singularities at most those of M (u(s)). Note that in (12.1.7) and
(12.1.8), we needed to identify H(u(s)) with H(x(0)) to define the scalar products
and derivative M'(u(s)) of M (u(s)). O

Corollary 12.1.1. If ¢,(s) is a meromorphic section of the vector bundle
H(u(s)), then E(¢p,, s, g) extends to a meromorphic function of s on Re(s) > 0.

Proposition 12.1.2. Let ¢, be a (1, B)-automorphic form. Then
(12.1.9) EM(u()@u,s,8) = E(pu, s, 8).

forall g € G(A).

Proof. Since ¢, € H(u(s)) and (M (u(s))p,)(s) € H(u(—s)), the function
g— Ex(M(u(s))pu, s, g) is equal to the function of g, omitted from the next line,

(M (1 ()@, )(8) + M (u(—=s)(M (1 ()@,)(8) = @, () + (M ()@, )(s)
=En(pu(s), &).

Thus the difference between the two sides of (12.1.9) is a cuspidal function. Since
any B-series (or its analytic continuation) is orthogonal to all cuspidal functions,
this difference vanishes, as claimed. O

Remark. Analogous results can be proved similarly for any group whose de-
rived group has F-rank one. The only difference is that the operator M (u(s))
may have a finite — but greater than 1 — number of poles. These poles need to be
found. Yet, similarly, the operator M (u(s)) still controls the analytic behavior of
the Eisenstein series.

13 The kernel on the continuous spectrum

13.1 The kernel of r(fdg) in ijw(G). Let ®;,(g) be a B-series attached to
the (u, B)-automorphic form ¢, (of compact support mod Z(A)N (A)B(F)). The
orthogonal projection

S = ZSu 1 L7 ,,(G) = H = ®,Hu(R), (S (P)(Y) = (alp,))iy),
i

is defined at the end of Section 10.4. The set of u is described in Theorem 6.2.
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Proposition 13.1.1. Define E(p,, iy, g) by analytic continuation. For all
¥, eH,

: 1 N
(13.1.1) (Wi, SO1,.(y)) = */ ECYy, iy, 8)P1,(8)dg
G(F)Z(A\G(A)

for almost every y € R.

Proof. Let ®,, be the B-series attached to ¢,,. We then get from (12.1.2)

1 X+i 00 _
(@1 @) = | {2. / E(wlﬂ,s,g)ds} s, (2)dg
Z(A)G(F)\G(A) Tl Jx—ico
1 X+ 00 R _
—o | as E@1 5, 9)D2,,(9)dg
Tl Jx—ioco Z(A)G(F\G(A)

for Re(s) = x > 1/2. Shifting the integration to the imaginary axis gives

1 [ . .=
(13.1.2) (®y,, y,) = 2—/ dy/ E(p1u, 1y, )D2,(8)dg
T J-c0 Z(A)G(F)\G(A)
+c-o(u, p) - (Diy, p1 odet)(ug o det, @yy,).

But (12.1.9) says that the integral in (13.1.2) remains unchanged upon replacement
of @1, (iy) with (M (u (iy))g?lﬂ)(iy) and then y with —y. Thus, with a(¢,)(iy) as in
(10.4.3), (13.1.2) asserts that

1> o
@) =5 [ av [ Ea(p1,), i, 9)P2,()dg
T J— Z(A)G(FO\G(A)
+c-0(u, 1) (DPyy, uy odet)(uy o det, Dy,).

On the other hand, computing the inner product as in (10.4.1), we also have
that

1 o0
(D1, Pap) = ;/_ ((al@1))(@y), (a(p2,))(iy))dy
+c-o(u, p) - (Dyy, py odet)(ug o det, Dyy).

Thus we conclude that

(13.1.3) /_ ((a(@1,))(@y), S D2 (iy))dy

1 o
5[ 1] Bla(pr,. v 9)B2, () |
—00 Z(A)G(FO\G(A)

for all a(p,) € H. This formula is then also valid for any square-integrable
function (a(¢,))(iy) with values in H, since both sides remain unchanged when
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(a(p,))(y) is replaced by 3((a(@,))(iy) + M (fi(—iy))a(p;)(iy)). Thus we may take
(a(p))(iy) = c(y)p,(iy) with ¢ a scalar valued function and ¢, a constant section,
to conclude from (13.1.3) that (13.1.1) indeed holds. O
Extend the map S : Liw(G) — Hto L2(G) — H by setting it equal to 0 on
L§ ,(G)and L7 ,(G). Then S*S is the orthogonal projection of L},(G) onto L ,(G).
Recall that r is the right G(A)-action on L? ,(G), and i = if is this action on H.
Recall also that S intertwines r and i. This means that Sr(fdg)S* = i(fdg). Hence
S*Sr(fdg)S*S = S*i(fdg)S for all test functions f € CZ7(G); see Subsection 2.11.
O =3, @ O =), Oy € L;(G), then

(§7Sr(fdg)S™S®y, ®2) = (S7i(fdg)S D1, B2) = (i(fdg)S D1, SD)

1 o0
(13.1.4) =3 / i (u(iy), fdg)S, D1, (i), S, P2 (iy))dy.
P —0o0

Before applying the identity (13.1.1), we make the following observation.
Lemma 13.2. Formula (13.1.1) is valid for all ®, € L2(G), not only for in
®, € L§ (G)*.

Proof. If ® € L%’w(G), then S® = 0, by the definition of the extension of
S to L2(G). Every Eisenstein series is orthogonal to every cuspidal function (in
the domain of convergence of the Eisenstein series at first, but then for all s, by
analytic continuation). Hence the right-hand side of (13.1.1) is also identically
0. g

13.3 A formula for the kernel. We can finally apply (13.1.1) to (13.1.4)
to get, for an orthonormal basis { ¢/ } of H(«(iR)), the equality

(S*Sr(fdg)S*S D1y, D2y)

1 o0
= [ S i fd)S D1, g0k S, (9

1 o8} . . * .
- L / &y / O (QE R (u(iy), fdg)" ¢l iy, §)dg
T J-co = T JZMGENG)

- / O, (WE (", iy, hydh.
Z(A)GFI\G(A)

Interchanging the order of integrations and summations then yields

(S*Sr(fdg)S*SD1,, B2,) = / /
Z(A)G(FO\G(A) JZ(A)G(F)\G(A)

1 o0 —_
(13.3.1) : {Z E/ E(p, iy, DE(i§ (u(iy), fdg)* ¢, iy, g)dy} :

Dy, (g) D, (h)dg dh
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Let pr, denote the projection S*S onto Lg’w(G). Then the kernel of r.(fdg) =
pr, r(fdg) pr, is precisely the sum over u of the expression in brackets in (13.3.1).
Since ig (u(iy), fdg) o = 355 (u(iy), fdg)*¢i, 9s)¢), we also have that the
kernel Ky .(h, g) of the convolution operator on the continuous spectrum satisfies
(13.3.2)

I © o S
Kpeh®) = 3= S5 | GG, fdgralf, o E L iv. DE (g} i ).
uoap T

Let pr; be the the projection from L2(G) onto L%,w(G). Then the operator
ri(fdg) = pr, r(fdg) pr, is defined by the kernel

1
vol(Z(A)G(F)\G(A)) .

Kpi(h, g) = > xWx(e) f(@)x(det g)dg.

2 =) Z(MHGENGA)

The operator r(fdg) is still defined by the kernel

Ke(h,9) = Y. f(h'yg).

YEZ(F)\G(F)

Thus, for 2 € G(A) and ¢ € Lj ,(G), we conclude that

(ro(fdg)p)(h) = (r(fdg)l 2 (6®)(h) = (pro r(fdg) pro p)(h) = / Kro(h, 8)¢(8)ds,

where Kro(h, g) = Ky(h, g) — Ky (h, &) — Ky, 1(h, g).

14 The kernel on the cuspidal spectrum

Proposition 14.0.1. Let f € C(G). The kernel Ky is square-integrable,
continuous, and integrable over the diagonal.

Proof. The operator ry(fdg) is a trace class operator, by Subsection 6.3.2. [J]

Proposition 14.0.1 allows us to write

(14.0.1) trro(fdg) = / Krog, 9)dg.
Z(A)G(FO\G(A)

We now give an explicit formula for the right-hand side of (14.0.1).
Proposition 14.0.2. The function y — Kyo(x,y) lies in L%@(G(A)).
Proof. For ¢ € L%,w(G(A))L, we have fZ(A)G(F)\G(A) Kyo(x, y)¢p(y)dy = 0. In

other words the function y — K f(x, y) is orthogonal to L ,(G(A))*. Conse-
quently Kzo(x, y) € L§ 5(G(A)). O
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Let Al be the truncation operator with respect to the second variable. By
Proposition 14.0.2, ATK ;o = K. Hence
(14.0.2) Kro(r,y) = ALK (r,y) — AJKo(x,y) — ALK f(x, ).
As discussed in the paragraph following Proposition 11.1.1,

Proposition 14.0.3. Each term in (14.0.2) is integrable over the diagonal.

Thus
(14.0.3) tr ro(fdg) = / AT K¢ (x, x)dx — / AT Ko (x, x)dx — / AT K1 (x, x)dx.

Proposition 14.0.4. Let Q be a compact subset of Z(A)\G(A). Then there
exists a number dg > 0 such that if y € G(F) and n € N(A) satisfy x 1ynx € Q
for some x in G(A) with 6(x) > dgq, then y € B(F).

Proof. Let sl(2) be the three-dimensional vector space of 2 x 2 matrices with
trace 0. Consider the adjoint action of GL(2) on sl(2) given by

Ad(g): X — gXg~!, geGL(2),X eslQ2).

Since Ad(zg) = Ad(g) for g € GL(2) and z € Z, this action factorizes via
PGL(2) = Z\GL(2). By the action of GL(2) on sl(2), we get an algebraic
homomorphism Sym2 : PGL(2) — GL(@3); in fact, an isomorphism onto
SO@3) c SL(3) ¢ GL(3). With the choice of basis

X = 01 C H= 1 0 v = 00 ’
00 0 —1 1 0
this isomorphism is given explicitly by
2 —2ab  —b?
a b 1(° . a b
J — T —ac ad+bc bd |, x=det al
¢ —c? 2cd d? ¢

Let ¢ = miaiky € G(A). Then ay'ny'ynnia; € Q, where Q' = KQK is
compact in Z(A)\ GL(2, A).

Let
na_ll * _Clb "= 1 =
M=o ) " e a) "Tlo 1)
11 (k=
alnlynnlal—%c*.

Then



48 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

If this lies in the compact subset Q' C Z(A)\ GL(2, A), its image under Sym2 lies
in the compact image Sym? Q' of €’ in GL(3, A). Then there exists an M > 0 such
that |1/x| |c*3/£3| is bounded by M. But x = det(y) € F*, and so |x| = 1. Hence
lc] < \/Mltztl_ll. Asc e F,|c] =0or 1. Soif d(g) = |t1 /1| is large enough, ¢
must vanish, which means y € B(F). ]

15 The truncated kernel over the entire spectrum

Proposition 15.0.1. The truncated kernel AY Ky satisfies

(15.0.1) AJKx,x) = Y fG"'w
yEZ(FO\G(F)

_ Z /N(A) Z F e d(a)nex)Tr (5 (ex))dn.

eeB(F)\G(F) aeF >

Proof. By (11.1.1), we may write

AzTKf(x, X) = Z f(x_l yX)

YEZ(F)\G(F)

(/ K, "8x>dn>?r(5<ex>)
ceB(F\G(F) N/ NENNA)

> fayx

YEZ(F)\G(F)

_ B R
Z ( /N W ( Z fx ynsx))dn) TT(J(sx))

e€B(F)\G(F) YEZ(F)\G(F)

Y. faT)

YEZ(F)\G(F)

B Z /N(F)\N(A) Z Fo e Yynex))dn | Tr(6(ex) |,

¢eB(F)\G(F) yEZ(F)\G(F)

where in the last line we have replaced y with e~'y. Applying Proposition 14.0.4
to the support of f, we conclude that when T is sufficiently large, the last sum
ranges only over y in Z(F)\B(F). Such y has the form d(a)v, a € F*,v € N(F).
Thus we may combine vn € N(F) x N(F)\N(A) into a single integral over N (A)
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to obtain that A7 K, (x, x) is

ATK (x,x) = Z fexyx)

yeZ(F)\G(F)
- > ( / ( > f(x_lg_ld(a)ngx))dn> ?T(a(gx)> ,
eeB(FN\G(F) \"N@®) \yepx
as asserted. O

We now split the terms in (15.0.1) according to whether y is the identity e, ellip-
tic regular, hyperbolic regular, or unipotent regular, grouping them with the terms
from the second sum with the same semisimple part. The result is the following
corollary.

Corollary 15.0.2.

(15.02a) ATK;(x,x) = f(e),

(15.0.2b) + Z f(x_lyx) (y F-elliptic regular)
YEZ(FO\G(F)

(15.0.2¢) + Z f(x_1 yx) (y F-hyperbolic regular)
YEZ(F\G(F)

- Y / > e e d(anex)zr (3 (ex))dn,

¢eB(F\G(F) YNV ;41

(15.0.24d) + Z Ff&xlyx)  (y unipotent regular; i.e. y # €)
yEZ(F)\G(F)
- Z FO e nex)Tr (0(ex))dn.

ceB(F)\G(F) Y N

Chapter I11

Computation of the Terms in the
Trace Formula

In this chapter, we compute the various terms which appear in the trace formula,
introducing the correction argument which makes the hyperbolic weighted orbital
integrals continuous. We show that the limit of these terms asa — 1in A, is a
term from the regular unipotent contribution to the trace formula.
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16 The elliptic part of the trace formula

We integrate Ag Ky (x,x) over Z(A)G(F)\G(A). We may integrate each term of
(15.0.2) separately. The integral of (15.0.2a) is simply

(16.0.1a) vol(Z(A)G(F)\G(A))f (e).

Proposition 16.0.1. The integral of (15.0.2b) over Z(A)G(F)\G(A) is

W(ZAT (F\T (A); dr)

16.0.2b
( ) [W(T, G)] TANGA)

fGyx)dzx,

(T} yeZ(F)\T(F)re

where dx = dx/dt and dt is a measure on T(A). Here, {T} is a set of repre-
sentatives for the set of G(F)-conjugacy classes of F-elliptic tori T in G, and
T(F)° =T(F)— Z(F). O

Proof. An F-elliptic torus is a maximal F-torus in G which is not F-split,
namely, it is isomorphic to G2, over a quadratic extension of F, but not over F.
Each elliptic regular y in G(F) has the form e~ 'y’e, with y’ € T(F)®8, T e (T},
and ¢ € G,(F)\G(F), where G, is the centralizer of y’ in G. Since y’ is reg-
ular in T'(F'), we have G,, = T. Each y is obtained [W(7, G)] times this way
(e tw™ Y we = ¢gy’e with 9, = wy'w™! € T(F) for any w € W(T, G)). Thus

1 —_ —
Zm Z Z f e yex)dx

{1} YEZ(F\T (F)t e€T (F)\G(F)

=>wTer' > /Z FO yx)dx

T yeZ(FNT (Fyee  ZAT(F\G(A)
L(Z(A)T (F)\T (A); dt
:Z vol(Z(A)T (F)\T (A); dr) / f(x_lyx)dx.
TANG(A) g

[W(T, G)]

/Z(A)G(F)\G(A)

{1} YEZ(FN\T (F)"e

17 The hyperbolic terms in the trace formula
Proposition 17.0.1. The integral of (15.0.2¢) over Z(A)G(F)\G(A) is

(17.0.1)  (nT)F*\A'| Y OI'(d(a), fdg)
a#l

A
(17.02) = ZSHFA\ANDY S WOI'd(a), fudg,) - [] OT'd(@), f.dg.).

2 a#l ueV v #u
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Note that (17.0.2) is Theorem 7.1(iii)’. Here,
Or'(d(a), f,dg,) = Av(d(a))/ [ (ny d(@ny)dn,,
N,
WOI'(d(a), f,dg,) = A,(d(a)) / 15y d(e)n, )(An 6, (wn,,))dn,,.
N,

Proof. Recall that by a hyperbolic regular element y in G(F'), we mean an
element with two distinct eigenvalues in F'*. Each such element is conjugate in
G(F) to a diagonal element. Hence, in the first sum of (15.0.2c), we write the
hyperbolic y in the form y = ¢~ 'd(a)e with e € A(F)\G(F), a € F*, a # 1.
Here, A is the centralizer of d(a) in G, namely, the diagonal subgroup. But as ¢
varies over A(F)\G(F’), each y is obtained twice, as Ad(w) permutes Z(F)\A(F),
namely,

wd(@)w ' =d(1,a) =d(@™") modZ(F).

Thus the first term in (15.0.2¢) is

1 1 - 1 1 -1 —

) Z Zf(x e~ d(a)ex) =5 Z Z Zf(x Le=hy=ld(a)vex).
e€A(F)\G(F) a#l eeB(F)\G(F) veN(F) a#l

The integral of (15.0.2c¢) is therefore the integral over Z(A)G(F)\G(A) of

% Z Z Zf(x_lg_lv_ld(a)vex)

eeB(F)\G(F)veN(F) a#l

- > / > fa e d(anex)Tr(5(ex))dn.
ceB(F\G(F) VN 44
Changing variables n — d(a)"'n"'d(a)n (a # 1), we see that the integral of
(15.0.2¢) over Z(A)G(F)\G(A) equals the integral over B(F)Z(A)\G(A) of

! > > e v d(ex) — / > e 'nT d(enx)Tr (S (x))dn.
2 VEN (F) a#l INA) 44

To compute this last integral, we have to integrate first over N (F)\N(A) and
then over N(A)A(F)Z(A)\G(A). The integration over the homogeneous space
N(F)\N(A), whose volume is 1, gives

;; &' d(e)nx)dn — /N " ; f& ™ d(@)nx)yTr(6(x))dn.

The subsequent integral over N (A)A(F)Z(A)\G(A) is the same as the integral of

N(A)

1
(17.0.3) > G d(a)x) (2 - ma(x)))
a#l



52 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

over A(F)Z(A\G(A).

Note now that f(x~!d(a)x) in the integral of (17.0.3) does not change when x
is replaced by wx, and w normalizes A(F'). But the factor % — 7r(d(x)) changes.
Thus the integral of (15.0.2¢) equals the integral over A(F)Z(A)\G(A) of

1 _ ~ ~
5 2 faT @) = Tr(6) = Tr(@(wx)).
a#l
Using the Iwasawa decomposition, we see that this integral is

(17.0.4) %Z /K f&'n~ d(a)nk)

a#l N&)

. (/ (1 —77(al) —?T(|a|_15(wn)))dxa) dn dk.
X\AX

But T > 1 and 6(wn) < 1. Therefore, the integrand in the inner integral of in
(17.0.4) vanishes, unless T~'6(wn) < |a| < T, in which case it equals 1.
Thus the integral of (15.0.2¢) over G(F)Z(A)\G(A) equals

X 1 —1..—1 1
[F*\A |§/K/N(A)f(k nd(a)nk) <1nT — 21n5(wn)> dndk.

Recall that |FX\A1| =1,dk = A_| ® dk,, dn = ®,dn,, and 5(g) = Hu 51)(g1))

where
5 aT) 'xl) ku —
0 b,

Hence Ind(wn) =3, Ind(wn,), and the last integral is equal to (17.0.1)+(17.0.2).
Indeed, since o # 1 is rational, the product formula asserts that [[, A,(d(a)) = 1.
Proposition 17.0.1 follows. (]

ay

by

]

18 The correction

Recall that the orbital integral OI, the normalized orbital integral OI’, and the
weighted orbital integrals WOI and normalized weighted orbital integrals WOI’
are defined in Subsection 2.12. We first study their asymptotic behavior at a € A,
asa — e.

Proposition 18.0.1. (1) For f, € C2(G,), we have

w

llIl’% OI,(d(OC), fvdgv) = OI,(d(l), fvdgv) = / fUK” (u(xu))dxu-
a—> F,
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@)
(18.0.1) / / Folk waYeo)ay |y dky d*a, = OLu(1), f,dg,).
Fx JK,
Proof. (1) Consider
OI'(d(@), f,dg,) = Ay(d(@)) / FXo - dayny ydn,
NU

Let n, = u(x,) with x, € F,. Note that d(a) ™ u(—x,)d()u(x,) = u(x,(1 — a=")).
Changing variables x, — x,(1 —a~!)7!, we get

A(d(@)]l — a7 /F FXo(d(oute)d,.

Since A,(d(@)l — a7 = |a — laly ' ?/(a — 1,lal;y?) = lals/?, letting
a — 1, we obtain lim,_,; OI'(d(a), f,dg,) = [5 K (ux,))dx, .
(2) By definition,

Ol(u(1), f,dg,) = / Fole u(Dg,)dg,

By the Iwasawa decomposition, g, = n,d,k, withn, € N,,d, € A,, and k, € K,,.
Since g, € Z,\G,, it follows that d, = d(a,) for some a, € F.*. Hence the Haar
measure decomposition is given by

d*a,

dg, = 0,(d,)"'dn, dd, dk, = dn, dk, .

lay o

For g, € Z,N,\G,, g, is of the form d(a,)k,, and thus

d*a, _
. - /F 5 ey

la

Oltu(h). fudg,) = [ £ (@@, (@)

d*a,
lay o ’

Changing variables a, — a; ! and recalling that d*a, = L(1, 1,)4%  we obtain

v layly

L1, 1) [ X (u(x,))dx,. Finally, recall that

orw (), f,dg,) =L(1,1,)"" Olu(), f,dg.).

Remark. When f, = l?, the integral OI'(d(1), f,dg,) is equal to 1.

Definition 18.1. For o € F — {1}, the corrected normalized weighted
orbital integral CWOI'(d(a), f.dg.), of f, at d(«) is defined to be

WOI'(d(a), fudg,) —2In|1 —a™'|, - OV'(d(a), fudg.).
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Ifa e F*—{1}then [l —a~'| =land },, In|1 —a~'|-OI'(d(a), fdg) = 0.
Noting that In|1 —a~!| =3, In|1 — a~!|, and adding O to

> ) WOrd(a), fudg,) [ Ord(a), f.dg.).

a#l ueV v #u

we obtain

>N eword(a), f.dg,) [] O @d(a), f,dg.).

a#l ueV v F#u
Thus in (17.0.2), we may replace WOI' by CWOTI'.

Proposition 18.1.1. For f, € C2,(G,) and o € F* — {1}, we have
lim CWOI'(d(a), fodg,) = —2/ FE (ux,)) In |x, | dox, .
oa—> F,

Denote the last integral by CWOI'(d(1), f,dg,).

Proof. We prove the proposition for the non-Archimedean case; the proof for
the Archimedean case is similar.

CWOI'(d(a), f,dg,) = WOI'(d(a), f,dg,) —2In|1 —a~"|, OI'(d(a), f,dg,)

1
= —2Au(d(a))/ I (ux,) ™ d(@)u(x,)) (hl I(L, x,)|p +1n |1 — — ) dxy,
F, aly
since Ind,(wu(x,)) = —2In|(1, x,)|,; see Subsection 2.6. As in the proof of
Proposition 18.0.1, we have
d(o)™ u(=x,)d(@)ux,) = ulx, (1 — o).
Changing variables x, — x,(1 —a~")~!, we obtain
CWOI'(d(a), f,dg,)
v 1
=—2|a|}/2/ & @ (ayu(x,)) (ln (1,x> +In(l—— )dxu.
F, 1—=aYH/|, al,

Note that

In Xv 11— a_l -1 v if Xo lo > 11— a_l v
mKL%U—a”Y5b={ o Sl = |

if [x,]p < |1 _a_llv-

Thus

CWOI'(d(a), f,dg,) = —2|a|;/2{ ln|l—a_1|u/ & d@yu(x,))dx, .
|

Xyl <|T—a1Y,

+/ £ d(oyu(x,)) In|x, |, dx, }
1o > 11—,
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Fora € F — {1} isclose to 1, we get

CWOI'd(@), fodg,) = —2In|1 — o[, 11 — a”'|, £ (e)

-2 £ ux,)) In|x, |, dx, .

1% 1y =1=a"1],

By L’Hopital’s rule, as a — 1, the limit of the right-hand side is

—2/F [ x) In|x,|,dx, = =2 CWOI'(d(1), f,dg,).

18.2 A limit. If we are to add in (17.0.2), corresponding to o = 1, the limit
of the terms o # 1 as a — 1 in F, (for each u € V), the new term must be

A1) CWOI'W(D), fudg,) [[OT(d(1), f,dgy).

ueV v #u

Then we extend the sum over a in (17.0.2) to range over all @ € F*, subtracting
the last displayed expression which, as shown presently, equals (19.0.3).

19 The unipotent terms in the trace formula

Recall the definitions of OI’, in particular, of OI'(d(1)), from Subsection 2.12.

Proposition 19.0.1. The integral of (15.0.2d) over Z(A)G(F)\G(A) is

(19.0.)  (nT)F\A'J]or@), f,dg,)

L', 1,) ,
(19.0.2) ( lzm . )2) [Torww, f,dg.)
(19.0.3) +A ZCWOI d(D), fudg,) [ OT(@(1), f,dg.).

v #u

Recall that Ao and A_, are given by the Laurent expansion at s = 1 of

A
L(s, 1) :s_l1 + Ao+

Moreover, for o € F*

v’

lim OI'(d(a), f,dg,) = OI'(d(1), f,dgy);
oa—>
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i.e., the unipotent term (19.0.1) is the limit as a — 1 in A, of the hyperbolic term
(17.0.1). Furthermore,

lim(—=2_1/2) CWOI'd(a), fudgy) | [ O (d (@), fdg,)
v #u

= /-1 CWOI'(d(1), fudg,) - [ [ OT'(d(1), f,dg,);
v #u

i.e., the unipotent term (19.0.3) is the limit as oo — 1 of the hyperbolic term
(17.0.2).

Note that (19.0.2) is Theorem 7.1(iv), and (19.0.3) is Theorem 7.1(iii)-(iii)’,
which is equivalent to Theorem 7.1(iv)’.

Proof. Every unipotent regular element y € G(F) has the form y = ¢~ u(y)e
with e € G(F), y € F*. In fact, ¢ € B(F)\G(F), since B(F') is the normalizer of
N(F) —1I. Thus (15.0.2d) is equal to

Z (Zf(x_lg_lu(y)ex) — / f(x_le_lnex)’fr(é(ex))dn).
£€B(F\G(F) \ y#0 N (&)
The integral of this sum over Z(A)G(F)\G(A) is equal to the integral of
(19.0.4) > fe u(y)x) — / FOT U7 (S ())dy
y#0 A
over B(F)Z(A)\G(A). Put x = na’k with «’ = d(a,1), n € NF)\N(A),
ae A*/F*,and k € K. Then (19.0.4) equals
> U@ uyna'k) — / SO @)™ 0 una' Ky (S (na k)dy
y#0 A

=Y O uly/ak) — /A FE uly/alzr(lal)dy

y#0

=Y U uly/ak) — /A FE ukyzr(lablaldy.

y#0

19.1 Computation of unipotent terms. Let

(19.1.1) Y(?) =/ f k™ ut)k)dk
K
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and observe that Y € C°(A). Recall that dx = dndk %. Changing variables
a — a~! transforms the integral of (19.0.4) over B(F)Z(A)\G(A) into

/FXW { > Y(ay) - 17(())?T(Ial‘l)lal‘l} lald*a.

yeF*

We split the domain of integration into the domains |a| > 1 and |a] < 1. On
the domain of |a| > 1, T7(Ja|™!) =0, so

I :/ > Y(ay)lald*a.
|a|21yeFx

The Poisson summation formula (see Subsection 6.5)

> Y(ay) =lal™' ) Y(y/a),

yeF yeF

applied on the domain |a| < 1 implies that the integral over |a| < 1 equals

yeF

/|| ] {mr1 > Y(y/a)—Y(0) - ?<0>?T(|a|—1>|ar‘} lald*a

= /|| 1 { > Y(y/a) — Y(0)la] + Y (0)(1 —%T<|a|—1>>} d*a.

yeF*

Then the integral of (19.0.4) over B(F)Z(A)\G(A) is I, + I + I5 — I, where

b =/|aISI > Y(/a)d*a,

yeF*
I =Y(0)- (1 —7r(al™")d*a,
lal<1
I, =Y(0) lald*a.
lal<1

0 iflal <T7,

Since 1 — 77 (Ja|™!) =
1 ifla| > T,

1
I; = Y(0) d*a =InT - |[F*\A'Y(0).
T—l

Moreover, for Re(s) > 1,

10 = [ v@iaraar= [ 3 vataa = 50+,

yeF*



58 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

where
ho = [ Y ¥alatd*a
la|>1 y#0
J(s) :/ ZY(ay)|a|sdxa :/ {Z Y(ay)|a|S—Y(O)|a|S}dxa
lal<1 y#0 lal<1 yeF

Using the Poisson summation formula again, we get

J'(s) =/|| 1 {Ials‘l (Z ?(y/a)+?(0>) - Y(O)|a|f}d*a

yeF*

= Ja(s) + J3(s) — Ja(s),

where
Jo(s) = / (Z ﬂy/a)) la|*~'d*a,
Ialfl yeFx
~ ~ F*\A
5 =70 [ Ja'a*a=70) [ lal2da = Y(@%,
lal<1 lal<1
J4(s) = Y(0) la|’d*a.
la|<1

Thus I; = Ji(1), I, = J»(1), and I = J4(1), from which it follows that that the
integral of (15.0.2d) over Z(A)G(F)\G(A) isthe sum of I3 = InT - |[F*\A!| - )7(0)
and the value at s = 1 of

|F X\All

J(s) — Ja(s) = /A Y@lafd*a— 7O

Continuing, we have J(s) = L(s, 17)0¢(s), where

_ 1 —1 K} X
0r(s) _M/X/Kf(k u(a)k)|al’ dk d* a.

For Re(s) > 0, the product 8¢(s) =[], €, (s), where 6y, (s) is the local analogue, is
convergent. Indeed, if f, = l?, then 60(s) = 1 if Re(s) > 0. Consequently, the
function 6 (s) is holomorphic at s = 1, and its Taylor series expansion at s = 1
is Op(s) = 0¢(1) + (s — 1)9}(1) + ---. Thus the value at s = 1 of J(s) — J3(s) =
L(s, 1p)0;(s) — }A’(O)|F’<\Al [/(s — 1)is AoOr(1) + /1_10}(1).

We get 0¢(1) = HD 0y, (1), where

0y, (1) =

L(l > / FEouan)anly d*ay = O (u(1), f,dgy).
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When f, = fz?, Or0(1) = 1. The derivative of the finite product 0y is 6}(s) =
2105, ()11, 2,0r,(s), where the sum ranges over the finite set of places where

fu # 19, and

L'(s, 1)

_-Zzgji;jz Gﬂ(s)

0),(s) = L(sll) / A ua@ e nla, da,
The first term here has the value CWOI'(d(1), f,dg,) ats = 1.
20 The geometric side of the corrected trace formula
Recall from Subsection 2.12 that
[y (d(@) = 6(d(@)'? / / f &~ d(a)nk)dn dk.
N JK

Corollary 20.0.1. The integral of the truncated kernel AYK r satisfies

(20.0.1a) AzTKf(x, x) = vol(Z(A)G(F)\G(A))f(e)

1
(20.0.1b) *+5 > Vol Z(A)T(F\T(A):d) Y Ol(y, fdx)
{1} yeZ(F)\T (F)re
(20.0.1c) — % > Y CWOI'd(a), f.dg.) [ ] O d(), f,dg,)
aeF>* u v#u
ra,1,) ,

(20.0.1d) + (,10 — Z‘ L(11)2) ore (), fdg)

(s fu 21}
(20.0.2) +(InT) Y f¥(d(@).

aeF*

Remark. The term (20.0.2) depends on T, but tr r(fdg) does not. Thus we
can expect (20.0.2) to cancel another term. This term, (21.0.1), is be discussed
in Subsection 21.1. Note that (20.0.2) comes from (17.0.1)+(19.0.1)). The term
(20.0.1a) comes from (16.0.1a) , (20.0.1b) from (16.0.2b), (20.0.1d) from (19.0.2),
and (20.0.1c) from (17.0.2)+(19.0.3).

21 Contribution from the continuous spectrum

Using the kernel on the continuous spectrum computed in Chapter I, we prove the
following proposition.
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Proposition 21.0.1. The contribution [ Ag Ky (x, x)dx from the continuous
spectrum is (20.0.2) plus

1
(-v) + 7 D Mg (u, fdg),
u=p
1 o0
(-vi) b 30 [ mi) T i) - i (i), S,
w VT
1 o0
(~vii) 3 / tr [RQu(iy) ™ R (u(iy))i§ (u(iy), fdg))dy.
u )=
+o(T)
where o(T) is a term which tends to 0 as T — oo. In (-v), M(u) = —1. In (-vi)

and (-vii), which equal the negatives of Theorem 7.1(vi) and (vii), respectively, u
ranges over the set specified in Subsection 6.2.

Note that the contribution of Section 21.0.1 from the continuous spectrum to
the trace formula appears with a negative coefficient; see (14.0.3). To obtain Theo-
rem 7.1(vii) from (-vii) write R = ®,R, and compute the logarithmic derivative
RR™' =%, R R

Proof. Recall that the kernel K.(x, x’) of the continuous spectrum is given
by (13.3.2). Truncating with respect to the second variable, we get

N © G . =
ATKpe(ox) = -3 0% / (i (uy), fdg)ply, 9lDE (9l iy, )N E (g}, iy, X')dy.
uoap T

Note that ¢y, (pg range over an orthogonal basis for H(x(0)). Integrating this over
the diagonal X’ = x in Z(A)G(F)\G(A) and interchanging the order of integration,
we obtain

1 o0
ALK o(r, x)dx = —— / GG (i), fdg)o, o)X )y,
/Z(A>G<F>\G(A) 4z ; ;. o B B

where

x0 = [ E(@t, iy, OATE(@l, iv, x)d.
Z(A)G(F)\G(A)
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Use (12.1.8) with ¢y,(s) = @5 (s), ¢2,(s) = goZ(s) to get

/ AT K o(x, x)dx
Z(MGENGA)
ln T G
(21.0.1) ZZ / (ig (u(iy), fdg)py. 0) (04> pp)dy,
(21.02) b > Z /_ =iy M i)t )
- (iy (u(ly) fdg)es, ) }dy
(21.0.3) + E Zﬂ: aZ/; /_ oo(iB (u(iy), fdg)ely, i)

T2iy T—2iy
-3 (@l M(u(iy)el) = — (M(u@iy)ey, pj)—— rdy.
21y 2iy
To complete the proof of the proposition we need to compute (21.0.1)-(21.0.3).

21.1 The term (21.0.1). After changing the order of ) and [, we can write
the term (21.0.1) as (In7/2x) Z# f_ tr ig S (u(iy), fdg)dy. But zg(,u (iy)) is an
induced representation whose trace can be computed (the standard computation is
left to the reader) to be

> [ [ @@ axdra
aeF* “\A! F3
Hence our term is

mr Yy [

aeF>

o]
/ / [ d(aat)) py (@)t d*t dy d*a.
—oo JFZ,

X\Al

Since u, ranges over the group of characters of F*\A!, in the Fourier inversion
formula (ﬁ (a) = F(a') ata = 1), applied to the function F = f]{,( and the group
F>*\A!, the sum over u; and integral over F*\A! cancel, and we set a = 1.
Similarly, in the Fourier inversion formula, applied to the same function on the
group F}, = RX, and its character group iR s iy : t — > the integrals 2 and

—00

Jr+ cancel, and we sett = 1. We obtain (In7) }_ .y« f¥(d(a)), which is (21.0.1).
21.2 The term (21.0.2). This term can be written as

1 o0
= M) i (), fghdy:
© )
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Recall that the intertwining operator M (u) is m(u)R(u), and R(u) is a product
&, R(u,) of local operators R(u, ), each acting as 1 on the unit vector in the space
of the induced representation i$(u,) when u, is unramified. Formally, taking
the logarithm of M (u(s)) = m(u(s)) ®, R(u,), noting that on each vector in the
induced representation the product is finite, and differentiating with respect to the
parameter s, we obtain

M(u()™ M (u(9)) = m(u()~'m'(u() + > R(uo() 'R (o (5)),

where, on each vector, the sum over v is finite. In particular, if x, is unramified and
f» is spherical, the operator R(u, (s))ig( Uy (), f,) factorizes through the projection
on the K,-fixed vector in i BG (uy(s)), the operator R(u,(s)) is a constant on this
vector, and its derivative is 0. Thus we obtain, for the term in question,

1 oo
(i) = [ )™ i) i (i), fdgydy
u /o

1 oo
(-vii) D / tr [RQu(i) ™ R (uiy)i§ (u(iy), fdg)\dy.
P —0o0

Here, R(u(iy))~'R'(u(iy)) denotes >, R(u,(iy))"'R'(u, (iy)), where the sum over
v is finite and ranges over the places at which y, is not unramified.

21.3 The term (21.0.3). As for this term, it can be written as

2iy

1 | 6, .. u T
o zﬂ:%: /_ N [(13 (u(iy), fdg)ofy, M(u(iy)ef) .

T—2iy
— (g (u(iy), fdg)ply, M (u(—=iy)™ o) ] dy

2iy
or
1 o] . T2iy _ T—2iy
= XX [ M) i ). fde). o) 5 —dy
w g™
1 o0
(21.3.1) +@ZZ/ l(ig(ﬂ(iy),fdg)q)Z,M(ﬂ(iy))coZ)
wop U
—2iy
— (i§ (u(iy), fdg)p), M(#(—iy»qo,’;)] 2y
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The last term here is the Fourier transform F x) = ffooo F(y)e~2"dy of the inte-
grable function

F(y) =YY G5 (uliy), fdg)el, M(u(iy)e))
u B

— (i (u(iy), fdg)ply, M (u(—iy)p})]/8wiy

at In7/z, and so tends to 0 as T — oo. The following lemma shows that the
function F(y) is integrable.

Lemma 21.4. The improper integral

|3 Sttt Hun@myed
D)

converges.

Proof. For z € C, the induced representation i(z) = iﬁéﬁ;A(F)Ago (0%), which
acts by right translation on the Hilbert space H(z) of functions w : G(A) — C
with fK lw(k)|>dk < oo and w(nag) = 6(a)*'?y(g), n € N(A), a € A(FHAL,,
decomposes as the direct sum over x4 of i(u(z)). Hence it suffices to show the
convergence of

o
| St pun@msed
—00
To this end, we may replace i by i/, where i’(z) acts on the space
H = {y/ : N(ADAF)ALN\G(A) — C; / lw(k)|>dk < oo}
K
by (i'(g, 2 w)(h) = 5(hg)z+%5(h)_z_% w(hg). Indeed, i(z) and i’(z) are equivalent
via the intertwining operator 1(z) : i(z) — i'(z) given by I(2) : w(g) — ¥/ (g) =
3(§)"" 7 y(g), as y/(ang) = d(ang)™"" y(ang) = 5(g)™"y(g), since S(ang) =
0(a)o(g).
Let us compute the convolution operator
(i@ Hy)h) = / f(@)'(g, w)(h)dg
ZIN\GA)

= / F(@w(hg)5(hg)y26(h) "2 dg
ZE\G(A)

=5yt / F 9 w(9)d(e) ™ dg.
ZI\G(A)
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Decomposing g = natk, we get that this is [, 8(z, f;h, k)y(k)dk, where

8z, fih k) =02 Y / f(h™ nad(g)d(d 1)y 2 d dn,
weA(r) ) 1€FL JN(A)
with (d(?)) =t > 0.

Since f is compactly supported on ZX \G(A) and 8(z, f;h, g) is a continu-
ous function in (h, g) on the compact space (N(A)A(F)A} \G(A))?, the operator
i’(z, ) is Hilbert-Schmidt on H with continuous kernel 8(z, f; h, g).

For fixed A, g, f, the function y — 8(iy, f;h, g) is Bruhat-Schwartz on R,
namely, it is Fourier transform of a compactly supported function. Hence the
integral ffooo 8(iy, f; h, g)d|y| is finite. The sum Zﬁ(i’(z’y, Dyp)(h)yy(g) defines
a Hilbert-Schmidt kernel for i’(iy, f) also, which equals S(iy, f; h, g) since both
kernels are continuous in / and g. ([l

To evaluate the first term in (21.3.1) we need the following lemma.
Lemma 21.5. If F is continuous on R, and F, F are integrable, then

e27rixy _ e—2m'xy
lim [ ——— % F(y)dy = 27iF(0).
y

X—>+00

Proof. Set G(x) = [%_((e*™ — ¢™2™™) /y)F (y)dy. Then G(0) = 0, and

G'(x) = 2ri / (€¥™™ + e~ F (Wdy = 27i (F (x) + F (—x)).
Therefore,
G(x) =27i / (F(t) + F(—t)dt =2xi / F(Hdt forx> 0.
0 —x

So as x = 00, G(x) — 27xiF (0). O

21.6 Completion of the proof of Proposition 21.0.1. Applying Lem-
ma 21.5 to (21.3.1), we conclude that the limit of (21.3.1) as T — oo is

1 1
SIS ;(M(u(o))ig(u(()), fag)ely, o) =3 > M Qi (u, fdg).
u u

By (5.3.1), since u is unitary, i§(u) is irreducible. Recall that the mapping
M(u) :i§(u) — i§ (1) is a G(A)-equivariant isomorphism. Hence, unless x4 = /i,
tr M(,u)ig(,u, fdg) =0. Hence > tr M(,u)ig(,u, f)ranges only over u = (u1, 1),

2 _
Hy = .
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Note that M(u) in (v) is a scalar, since ig (u) is irreducible. It equals m(u)
(see (5.2.1) for m(u,)) and this equals —1, by the the functional equation for L-
functions (see Subsection 5.2 for the local case) and L’Hoépital’s rule. The proof
of Proposition 21.0.1 is now complete. O

Chapter IV
Invariant Trace Formula

In this chapter, we present the invariant trace formula for GL(2).

22 Invariant trace formula for GL(2)

22.1 Equivalence classes. The trace formula has been rearranged by

Arthur to take the form
> Je(f) =D T,
0€0 xeX

Here O is the set of equivalence classes of elements in G(F'), where y ~ ' if they
have same eigenvalues. The set X consists of equivalence classes of irreducible
representations of G(A), where 7 ~ 7’ if both are constituents of i§(u) or i§ (i)
(with the same u), or are equivalent cuspidal representations. We write O,.(G) for
the set of 0 € O with eigenvalues not in F (elliptic regular classes). Then O,(G)
is the set of 0 € O with distinct eigenvalues in F'*, and O,(G) is the set of the
o € O with equal eigenvalues. In our case of Z(F)\G(F'), O,(F) consists of the
identity and the unipotent regular elements. Thus the terms (ii) are parametrized
by 0 € 0.(G), the terms (iii)’ by 0 € O,(G), and the terms (iv)’ and (i) by O,(G).
We write Xo(G) for the cuspidal representations in LfU(G), X1(G), for the one-
dimensional representations and X.(G) for the disjoint union of the X ,(G) =i g )
over the characters u = (u1, us) : A(A)/A(F)AL, — C! with uyu» = w, up to the
equivalence u ~ u.

22.2 Study of invariance. All terms in the trace formula except for
(iii) and (vii) are invariant. A distribution D on G (i.e., a linear function
D : C%/(G) — C)is called invariant if its value at f” is independent of
y € G(A), where f¥(x) = f(y~'xy). Our aim is to incorporate (vii) into (iii) to
form a sum over 0 € O — O.(G) of invariant distributions. For this, we first need
to study the failure of the terms in (iii) and (vii) to be invariant. This has been done
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by Arthur [Ar 81] for a general reductive group. We work out here our example of
G =GL(2).

We introduce some notation.

(1) Let H(g) =Ind(g),and ¢t =InT > O.

(2) Fora € A(A) and f € CZ5,(G), put

fust@ =s@' [ [ | FO ankoH ey

Here y € G(A); and, if ky = d(a, p)n’k’, then H(ky) =1Ind(ky) =In|a/p|.
(3) Denote by JI(f) the integral over x € Z(A)G(F)\G(A) of
Kl,c,x)— Y K} (nx, n0)Ts(H(nx) — 1),
neB(F)\G(F)

where 7p is the characteristic function of R. . This is the contribution to the trace
formula from' the elements of type 0. Here Kg’o(x, y) is the part Zyeo f(x"yy) of
the kernel K(f;(x, y) = ZyeZ(F)\G(F) f(x~yy) of terms in 0. In general,

Kiw= Y / FGyny)dn
yeMp(F)No Np(A)

if P is a standard F-parabolic subgroup of G with standard Levi subgroup Mp and
unipotent radical Np. In our case of P = B, Mg is A and N is N.

Proposition 22.2.1. Forall f € C2(G)andy € GA)ando € O,

L =JEE = >0 o).

yeANO

Proof. Since
T = [ (Koo = S K Gzt o) = 0],
NEB(F\G(F)

we need to consider

Zg(H (nxy) — 1) — T5(H (1x)) = T5(H (nxk ™" ky) — 1) — 75 (H (3x))
=7g(H(nx) — t + H(ky)) — 73(H (%)),
where k = kg(yx) € K is such that nxk=! € B(A). Put H = H(nx) — t, X =
—H (ky). As a function of H, T';(H, X) = 7g(H) — Tp(H — X) is the character-

istic function of {H € R;0 < H < X}, since Tp is the characteristic function of
{H > 0}. Hence [ I';(H, X)dH = X. We conclude that

Jo(f =)= —/ K} (6, )T (H (x) — t, —H (kg (x)y))dx.
Z(AB(F\G(A)
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Writing x = nak and noting that
Kl{l,(nak, nak) = Z f(k_la_ln_lynnak)dn = 5(a)Kl£a(k, k)

yeA(F)No 7N @A)

since dx = d(a)"'dn da dk, we see that
e -n=-[1/ Ul (H @) — 1, —H (ky))da) K, (k. K)dk
K “JAMR)/Z(MAF)
= / K}, o (k, K)H (ky)dk
- ¥ O mlodnH Gk =3 s,

yEA(F)NO PEA(F)NO

22.3 Continuous spectrum. The kernel on the continuous spectrum is
KZ o, y) = > u K/{ (x,y), sum over the pairs of characters 4 = (u1, uz) of
FX F*\A* with u;u, = w. Here,

1 <. . = .
KlGng) = 33 [ 5. fdow). o Bk, iv (). iv. ).
a.p
The equivalence class y of u consists of { u, zt}. Put

) = -3 [ i) i i Gu), gy
T wex
from (-vi) of Subsection 21.2.

Let K};, «(x,y) be the kernel of the restriction of the operator rz(fdg) to the
invariant subspace L’ = L (N (A)A(F)Z(A)\G(A)), of LE(N(A)AF)Z(A\G(A))
of automorphic forms type u or z. This kernel can be obtained by projecting
Ké,w(x, Y) =20 caw)z) fN(A) f(x~tyny)dn, regarded as a function of x or y, onto
L2. In other words,

Kf e = | £ any)6(@) 2 u(a) da dn,
’ Z(AA\AA) JN(A)

Note that #(z) = w(z) on z € Z(A), and f(zg) = 0~ '(2) f(g).

Proposition 22.3.1. For f € C2(G)andy € G(A) and y € X,

T = () =D Fra(w.

uex



68 A. AYDOGDU, Y. Z. FLICKER, E. OZKAN, AND R. OZTURK

Proof. Repeating the computation of J7 (f* — f) for J (defined on replacing
O by xin JI), we obtain that JT (f — f) is

L= ) =— / K} (6, T (H(x) — T, —H (kp(x)y))dx.
Z(A)B(F)\G(A)

Using the Iwasawa decomposition x = nak, a € Z(A)A(F)\AA), k € K,

n € N(F)\N(A), with dx = d(a)"'dn da dk, we compute the integral over n,

a, k,a, nof

—f(k'a~'n"'annak)é(@)'? u(a) - Tp(H(a) — T, —H (ky))d(a)~".

The integral over n € N (F)\N (A) can be absorbed into that of n and be eliminated.
Conjugating n by a replaces n = u(x) by u(x/a) if a = d(a). By the change of
variables X — ax, we gain a factor §(a) which cancels the §(a)~'. So a = d(a)
is no longer present in the argument of the function f. Now H(d(a)) = In|al.
The change of variables a — H = In|a], transforms d*a into dH. We also have
Jz Ts(H, —H (ky))dH = —H (ky). Thus

/ d(a)l/? / f(k~‘ank)dn H (ky)dk p(a)da
A(F)Z(A\A(A) K JN(A)

/ Foa@pu@da = Fp ().
A(F)Z(AM\A(A) [l

22.4 Invariant trace formula. Define

ba(pe, fdg) = tr(R(p, 0)" 'R (p, 0)ig (pe, fdg)).

Then the function ¢4(fdg) : 1 — ¢da(u, fdg) is a Schwartz function on the space
of characters u on A(A)/A(F) (with 4 = w on Z(A)) and is the Fourier transform
of a Schwartz function on A(A)/A(F). Denote the restriction of this function to
A'JA(F) =~ (A'/F*)? by ¢Y(fdg). Then the term (vii) in the trace formula is

1 o0
= [ atutin, fagra,
i J—o

where u(iy) = (u1v?, uov=?) . This is the sum over u € y of the values of
the Fourier transform of ¢y (fdg) at u. Since ¢ (fdg) is a Schwartz function,
the Poisson summation formula on A'/A(F) can be applied, which yields

Za,[ieF* ¢X((OC, /B)s fdg)
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In fact, using the product formula and the fact that ¢4 (u, fdg) is a finite sum
over v of products where all but one factors are the Fourier transform of smooth
and compactly supported local functions, it can be seen that ¢y (fdg) is compactly
supported on (A!/F>)?

If o is the equivalence class (union of conjugacy classes) with eigenvalues
a, e F*, put

L,(fdg) = Jo(fdg) — > ¢i((a, ), fdg).
(a,$)e0

It follows from our computation of JI (f* — f) and J (f — f) that I,(fdg) is an
invariant distribution. We obtain a trace formula

tr ro(fdg) =Y L(fdg)— > L(fdg),

0€0 xX€X—Xo(G)

in which all distributions are invariant.

Acknowledgements. We thank Michael Belfanti, Adam Gamzon and the
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