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We introduce the Catalan transform of the Incomplete Jacobsthal numbers. We apply
the Hankel transform to the Catalan transforms of these numbers. We calculate deter-
minants of matrixes formed with C’Jl by using Hankel transform. Then we define the
incomplete h(z)-Jacobsthal polynomlals Then we examine the recurrence relation and
some properties of these polynomials.
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1. Introduction

Number sequences continue to attract the attention of researchers for a long time
[4HgL [8l @], 111 [T2] 19]. Number sequences, especially Fibonacci sequences, find appli-
cation in many departments of mathematics as well as in other branches of science

3, 9] 13 141 16, 17, 20].

*Corresponding author.
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While many generalizations of these number sequences are given, there are also
many studies on the polynomials of these number sequences [2], 10, [13], 16].

One of these generalizations is the Jacobsthal numbers. Jacobsthal numbers
were first defined by Horodam in 1996 as follows [6].

For n > 2, the Jacobsthal numbers J,, are defined by the following recurrence
relation:

Jn - n—1 + 22]71727

with JO =0 and Jl =1.
In the same paper, he gave an explicit form of Jacobsthal numbers as follows:

L5 n—1—r
Jn: Z ( >2T7

=0 r
where || = max{meZ : m < x}.
Jacobsthal introduced Jacobsthal polynomials in 1919 as follows [7]. For n > 2,
the Jacobsthal polynomials J,,(z) are defined by

Jn(x) = xdp—1(x) + 2J,—2(2),

with Jo(z) =0 and Jy(x) = 1.
Horodam defined a new Jacobsthal polynomial with a different recurrence rela-
tion

In(2) = xdp—1(x) + 22J, o (2),

with Jy(z) =0 and Jy(x) =1 [6).

Catarino et al. gave a generalization of Jacobsthal polynomials in 2016 [2].
Philip defined incomplete Fibonacci and Lucas numbers in 1996 [5]. Djordjevic et
al. introduced incomplete generalized Jacobsthal and Jacobsthal-Lucas numbers in
2005 [12]. Ramirez [16] also created the incomplete h(z)-Fibonacci polynomials and
incomplete h(x)-Lucas polynomials and gave some identities for them.

Uygun also defined a new generalization of Jacobsthal polynomials in 2018 [21].

In this work, we give the Catalan transform of the incomplete Jacobsthal num-
bers and find the generating functions of the Catalan transform of these numbers.
Also, we apply the Hankel transform to the Catalan transforms of these numbers.
We calculate determinants of matrixes formed with C’J}C’nby using Hankel trans-
form. We introduce the definition of the incomplete h(z)-Jacobsthal polynomials
by using the generalization of Jacobsthal polynomials defined in [21I]. We analyze
the recurrence relation and some properties of these polynomials.

Definition 1.1. Let h(z) be a polynomial with a real coefficient. For n > 2, the
h(x)-Jacobsthal polynomial {Jj, () }nen is given by

Jnn(x) = h(x) Iy n-1(x) + 2Jp n_2(z), (1.1)
with Jp0(z) =0 and Jp1(x) =1 [21].
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When h(xz) = x, we get the Jacobsthal polynomials. If k is a fixed positive
integer and h(xz) = k, then we obtain k-Jacobsthal numbers. Especially, if we take
k =1, we find the Jacobsthal numbers.

Definition 1.2. An explicit form for h(z)-Jacobsthal polynomial {Jy (%) }nen is
given by the following relation:

L2 n—1—1
Jh,n(fr) _ Z ( ' )21'h712i1(x)7

i=0 v

1]

For ([IIJ), the characteristic equation is given by
r? —h(z)r—2=0

and its roots are

h(z) + \/h(z)* + 8 h(z) — \/h(z)* +8

2 )

a(z) =

We get the following equations related to the roots:

a(z) 4+ B(x) = h(z), o@)B(x) =—-2, a(z)—B(x) =/ h(z)’+8.
The Binet formula for these sequences is
a"(z) — " (x)
a(z) - Bx)

Definition 1.3. The generating function for h(z)-Jacobsthal polynomial
{Jhn(2)}nen is defined by

Jhm(x) =

o0 n t
G(t) = ;Jh,n(x)t R
21].

Definition 1.4. The Catalan numbers with general term C(n) are defined in [I]

by
2n
C(n):n_l’_1 (n)

Generating functions of the Catalan numbers C'(n) are given in [I] by

1—-+v1—4x
2z '

c(x) =
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2. Incomplete Jacobsthal Numbers and Catalan Transform
Definition 2.1. The incomplete Jacobsthal numbers are defined by
k .
n—1-— .
Tk =3 ( | ]> 2, 2.1)
j=0 J

forn=1,2,...;0< k< L"Tflj

We give some values of the incomplete Jacobsthal numbers in Table [l

It is seen easily that J,, ([ 252]) = Jn.

Theorem 2.1. The terms of the above incomplete Jacobsthal numbers satisfy the
following recurrence relation:

T2k +1) = Jpp1(k+1) + 2J,(k), (2.2)
for 0 <k < L"T’lj

Proof. Let’s write the left side of the equality according to Definition 2] for the
proof.

ML M= 5\ Eofn—1-4\
Jng1 (k) + 2, (k) :Z( _ >2J+2Z< _ >2J
i J

Jj=0 j=0
o k _

:Z<” _J> 2j+z<” : J) it
j=0 \ J =0 J
k+1 . k+1

n—17j ; n—7

— J J
Z( j )2 +Z< 1>2
j=0 j=0
k+1 . .

- Kn J>+<n_i)] 97
=0 J J =
k+1 )

_ 1\ .

= (" I )2ﬂJn+2(k+1).

Jj=0 J
Thus, the proof is complete. O

Table 1. Some values of Jp (k).

n/k 0 1 2 3
1 1

2 1

3 1 3

4 1 5

5 1 7 11

6 1 9 21

7 1 11 35 43
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From ([22), we get the following relation:

k

Lemma 2.1 (see [14, p. 592]). Forn > 1, let {s,}02, and {r,}o>, be a complex
sequence with

n—1—k
Jni2(k) = Jug1(k) + 27, (k) — ( ) 2kx1, (2.3)

Sp = aSp—1 + bsp_2 + 1,
where a,b are complex numbers. Then the generating function U(t) for {s,} is

G(t) + so—10 + (51 — spa — 1)t
1 —at—bt? '
where G(t) is the generating function for {ry}.

U(t) =

Theorem 2.2. The generating functions for the incomplete Jacobsthal numbers
Jn (k) is given by
i p2k+1 (Jokg1 + 2t J25) (1 — t)kﬂ _ 429k+1

(1— 61—t —22)

Ri(t) = Ju(i)(x)t
1=0

Proof. From 1) and 23)), for 0 < n < 2k + 1, we get
Joki2(k) = Jopr2  and  Jagi1(k) = Joksa

and

n—3—k
In(k) = Jn1(k) + 2J5—2(k) — ( § ) k*l,

If we show sg = Jop41(k) and s1 = Japyo(k)then we get s, = Jpjaky1(k).
Similarly, if rg = r; = 0 then we get

- n+k—1 Qi1
n—2

The generating function for {r,} is

2 i1 ) 2 k+1
Gt)= ———2" " =" —
0o (12
see [18, p. 355].
From Lemma 2], we obtain the generating function Ry(t) for {s,}. m|

Definition 2.2. Following [I4], the Catalan transform of the incomplete Jacobsthal
numbers are defined as follows:

Cn (k) = zn: ( 2né T) (2:_;> Ji(k)

1=0

for n < 1 with CJ, (k) = 0.
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We can give terms some of the Catalan transform of the incomplete Jacobsthal

numbers as follows:

CJi(k) 1
CJ5(k) 2
CJ5(k) 5
cuk)| — | 12
CJ5(k) 42
CJs(k) 132

The following equation can be written as a product of two matrices:

[cank)] [1 Ji(k)
CJz(k) 11 Jo(k)
CJ3(k) 2 2 1 J3(k)
CLk)|_|5 5 3 1 Ja(k) |
CJs(k) 14 14 9 4 1 Js (k)
CJs(k) 42 42 28 14 5 1| |Js(k)

The entries of the matrix C' verify the recurrence relation C; ; = Zi—:ﬁﬂ Ciz1,r.
For i > 1, note that the first and second columns are the Catalan numbers.
The matrix C,, ,—; is the Catalan triangle. For 1 < ¢ < n, the entries of the

matrix Cy, ,,—; verify

@2n—i)l(i+1)

Definition 2.3. The generating function of Catalan numbers is defined in paper
[1] as follows:

Definition 2.4. Let ¢(z) and A(z), respectively, be the generating function of the
sequence of the Catalan numbers {C,,} and any sequence {a, }. It was proved in
[1] that A(c(x)) is the generating function of the Catalan transform of this last

sequence.
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Consequently, from the composition of functions, we obtain the generating func-
tion of the incomplete Jacobsthal numbers.

Definition 2.5. The generating function of the Catalan form of incomplete Jacob-
sthal numbers is as follows:

CJn(F)(2) = Jn(k)(x * ¢(z)) = Ri(c(x)),
where Ry (t) is the generating function of incomplete Jacobsthal numbers,

_ g2t (J2igs +26J5) (1 — £)" — 2okt

(1—t)" 1 —t—22)
The generating function of the Catalan form of incomplete Jacobsthal numbers
according to Definition [Z4] is as follows:

1—\/@)

Ry (t)

Rufeta)) = R (5
(J2rt1 + 2(%)!]%)(1 _ %)k-ﬂ

(1T a\ T (g)2gket
N 21 (1 — I=vldeykbi( — ¢ — 242)

Definition 2.6. Let A = {ag,a1,a2,...} be a sequence of real numbers. The
sequence of determinat H,, = Det[a;4,—2| is the Hankel transform of the sequence

A, ie. [15]
apg a1 az as
ap a2 az a4

az a3z a4 as

The upper-left n x n sub-determinant of H,, is called the Hankel determinant of
order n of the sequence A. The Hankel transform of the Catalan transform of the
incomplete Jacobsthal numbers for k£ = 0,

" Ti(k) Te(k)] |11 o,
J(k) Js(k)| |11
Juk) J(k) Js(E)| 111
Hs = |J(k) Js(k) Ja(k)|=[1 1 1/=0
Ja(k) Ju(k) Js(k)| |11 1
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If we continue in this way, in the case of £ = 0, the determinants of the other
matrices will also be 0.
Now let’s examine the determinants for the case k = 1.

Js(k)  Ju(k 3 5
H, - s(k)  Jalk)| —
Ju(k)  J5(k) 5 7
J3(k) Ja(k) Js(k)| |3 5 7
Hy = |Ja(k) Js(k) Je(k)|=1|5 7 9|=0.
Js(k) Je(k) Jz(k)| |7 9 11
We can continue in this form 4 x 4,5 x 5,...,n x n determinats will all come
out zero. For k = 2,
Js5(k)  Js(k 11 21
o | )] -
Js(k)  J7(k) 21 35
Js (k) Js(k)  J7(k) 11 21 35
Hs = |Js(k) Jz(k) Js(k)| =21 35 53| = —64.
Jr(k)  Js(k)  Jo(k) 35 53 75
Js (k)  Js(k)  Jr(k)  Js(k) 11 21 35 53
= Js(k) Jz(k)  Js(k)  Jo(k) 21 35 5B53 75 0
YT Jstk) Je(k)  Jw(k)| (35 53 75 101
Js(k)  Jo(k) Jio(k) Jii(k) 53 75 101 131
We can continue in this form 5 x 5,...,n x n determinats will all come out zero.

3. Incomplete h(x)-Jacobsthal Polynomials

Definition 3.1. The incomplete h(z)-Jacobsthal polynomials are given by

l
mmz<

where 0 < 1 < [251].

) 202 (), (3.1)

We give some values of incomplete h(x)-Jacobsthal polynomials in Table [2
n—1

It is seen easily that Jll,nTJ () = Jn.

We can see some n values that satisfy the above equation in Table [l

From (3], we can easily write the following equations:

o J) (x)=h""z), n>1.
o Ji(x) =h"" (z)+ (n—2)2h">(x), n > 3.
o J2,(z) = h" () + (n — 2)2h" 3 (z) + B2 92pn =5 (g), > 5.
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Table 2. Some values of J} ().

n/l 0 1 2 3
1 1
2 h
3 h? h?2 +2
4 h3 h3 + 4h
5 ht b +6h2 h* +6h2 44
6 h5 K5 +8h3 h® + 8h3 + 12h
7 k% hS410n* KO 4+10n* 4+ 24h2 KO 4+ 10R* +24h2 + 8

Tablie1 3. Some values for
I @) = g
n—1)

n Jin° (@) Jn

1 (@) = Ji=1
2 JP (@) =1 Jp=1
3 Jis(@) =3 J3 =3
4 J11’4(:B) = Jy =5
5 Jig(x) =11 Js =11

n—1
¢ Jf&,nTJ(w) = Jpn(x), n>1.

o Shii (@) = 14 h(@)+h* (@) + - +B (@) = e

Theorem 3.1. For n > 3, we have the following equality:

-1
Jhn(z) —n {nTJ h, if n is an even number,

Jhn(x) — ol™zt], if n is an odd number.

Proof. First let’s prove the theorem by mathematical induction on n, if n is an
even integer.

For n = 4, the equation is true sinceJ, 4(z) = h® = h3 + 4h — 4h.

Now, suppose it is true for all even numbers for n < 2k. Then we have

LZk—S

Jnot (@) = Jnar(x) — 2k {21{2 1J h. (3.2)

For n = 2k + 2, let’s find the following equation:

2k—1

Ji&,2l§+2 (w) = Jh,2k+2(£5) — (2k +2) {

2k+1
=0

For k£ > 2, since for k+1 < 2k, if we get k+ 1 instead of k then we find the desired
result.

Similar proof is made for odd numbers. O

2250119-9



E. Ozkan, M. Uysal & B. Kuloglu

Theorem 3.2. The terms of the above incomplete h(x)-Jacobsthal polynomials sat-
isfy the following recurrence relation:

-1
Tihele) = Mo 200 < 15 | M. (33)

Proof. Let’s write the left side of the equality according to (B for the proof.

h(z) li (” Z_ ’) 20" () + 2 zl: (” _2,1 B ’) 2R ()

i=0 i=0

l

N =1\ oin—2it1 n—=1=9\ jit1,n2i1
.)2h (:C)—I—Z( . )2 h (x)

=0

. I1+1 .
=1\ 5i; n—2i+1 =1\ 5i; n—2i+1 [ 07 n+1
. )2h (;C)—l—iEO(i_l)Qh (x) (_1>2h (z)

~

;l 12) 2ihn—2i+1(x) + <” ; Z) 2ihn—2i+1(x)

)+ (9w

I+1 .
_ (n — 1 - Z) 212 () = JIHL
i :
=0

Thus, the proof is complete. O

From ([B.3)), we get the following recurrence relation:

n—1-1 21—
Tusae) = WM s &) + 200 = () )220, 3

Theorem 3.3. We have the following equality:

. ’ . n—s—1
thtnsi218+2(x) = h(x)‘]htzs—t;s—&-l(x) + 2thLnS+2S’ 0 S ! S 2
Proof.
1 1
h(I)JhTiI§s+1 + 2‘]h4,rns+2s

=) 3

i=0

sl <n+2s+11i
i

) 2ihn+2s+1—2i—1 (x)

s <n+2s—1—i

+2Z ) 2ihn+2572i71<$)
=0

i

2250119-10
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1
_ Z (”JF 2s — ) i [y H2s—2i1 ()
=0
l+s o
+Z <n+ 2s—1- ) 2z+1hn+25 24— 1( )

1=0
I4s+1 _ +stl )
_ Z (n +2s Z) zhn+25 21+1 Z (n + 281 Z) 2ihn+2s—2i+1(w)
=0 i=1 71—
- st (4 95— gifyt2s—2i+ i <n+2s —i)
i=0 i i=0 i1

-1

I+s+1 . .
n+2s—1 n—+2s—1 ) )
§ 4 2lhn+25721+1 (J?) —0
=0 7 i —1
I+s+1 : :
n—+2s—1 n—+2s—1 ) )
E + 2zhn+2s—2z+1<$)
=0 ) i —1

sl (n—l—?s—i—i—l

X QRS2 (1) (” + 23) st ()

-3

j —2i !
> 2zhn+25 2i+1 ( ) Jh+7fi2ls+2 (.T)
1=0

Thus, the proof is complete. O

1

Theorem 3.4. We have
S s ;
5 (5) 2 (o) = UL L) — )LL)
i=0

Proof. We proceed by introduction on s.
Let’s first see that it is true for s = 0.
For s = 0, we get

0

> (1) 2 = 20k = o) = )L
=0

Now suppose that the result is true for s = k. So, we have the following equation:

k
kY o
> () 2 ko) =4O ) = W)
i=0

Now, we prove it for s =k + 1

-« k+ i+1 7l k+1 1+1 1+1
Z . 2 Jh,n( ) =3 (Jh n+2($) - h( )Jh n+1)

i=0 ¢

2250119-11
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MIE4+1Y MLk k _
3 ESVAEES ol (WIS | EREHE
i=0 ¢ i=0 \ \? i—1
k+1 k ) k+1 k .
=2 () 2L} )+ < i 1) 2L} ()
1=0 1=0

k
=35 (@) — h(x) ) + (k B 1) 262 1 (x)

k
(et

i=—1

k
kY o
—F Ul al) — h@f ) 0+ 3 (§) 242
1=0
+<ﬁ)?ﬁm@)

k
B\
:3Wﬁ;;g@44mwﬂ;;0+2§ Q)zﬁhmmu)+o
1=0

= 31@(!]}1;11”@) - h(x)J;:_nl-&-l) + 23k(<];jnl+2(17)
- h(fE)JilzTan)

= 3k+1(=]}lz,+nl+2(x) - h(x)J;jnlﬁ-ﬂ-

Thus, the proof is complete. O

Theorem 3.5. We get

n—101-2
1300 = Aty 24 ("1

Proof. From (B, we obtain

Slin—1-d\
VAEEDY ( , ) 21p" 2 ()

7

1 .
n—1—14\ . . n—2-—1
_ E 2zhn—21—1(w) =+ 2l+1hn—2l—3<$)
x ) [+1

n—2-—1
:JﬁAx}+< )T“h”ﬂ—%@.

Thus, the proof is complete. O

2250119-12
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Theorem 3.6. We get the following equality:

W(x)h(z)(n — Jnn(@)) W (@)Lna(n— Jnn(z))
n2(z) + 8 h2(z) + 8

Tpn(z) =

Proof. We recall the Binet formula for Jj, ,, (),

a™(z) - f*(z)
a(x) = B(x) ’

where a(x) = w7ﬂ(z) - w.

Let’s first find the derivatives of a(z) and §(z).

Jhm(ac) =

W (x)a(x) W(z)Bx)
\/ h(z)? 48 \/h(z)> +8

Let’s write this o/(z) and 3'(x) derivatives in the derivative of J; , (7).

o (z) =

RS

(na" " (@)al (@) — 0"~ (@) (@) (0(e) ~ B()) - (" (2)
~ B @) (o' (2) ~ B'(@))
(aw) — A@))?
(na"= (a) LI 4 (a) ZEEEL ) (a(x) — ()

(A () _ AN B (z)o(x) W (2)B(x)
(CY (‘T) B <:E))(\/h(m)2+8+ \/h(m)2+8)

(a(x) = B(z))
nh' (@) a(@)4nh (@)B@) 1, /)2 1 g — (@ (@) =B" (@) (@)(a(z)+B(z))
[ V(@) +8 (@) + Vh(@)?+8

Tpn (@) =

h(z)® +8
nh' () (a(w) + Bl@)) = () (ale) + Bla)) (* =)
h(z)* +38
_ k' (@)h(@) = W (@)h(@)Jnn (@) _ B (@)h@) 0 = Jnn(z)
h(z)* +38 h(z)? + 8

Thus, the first equality is obtained. For the other part,
Lyn=a"(z)+ 0" (x).
If we write n = 1 in the last equity,
Lp1 = afz)+ B(x),
is obtained.

2250119-13
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If we write h(z) = a(x) + B(x) = Lp1 in the derivative equation, we obtain

b (@) (ae) + B(a))  H (x)(a(s) + B(o) (*D=EE)

‘]l/l,n(x) = h(x)2 T8

N(x)Lp1(n— Jpn(z))
h(z)® +8 '
Thus, the proof is complete.

Theorem 3.7. The following equality is provided:
25 25

; T n() = <V2 IJ + 1) Tnn(x)— Y i (n _il - z> 9ipn=2i=1(z),

i=0

Proof. Let’s expand the left side of the equality.
L5 n—1-0
Y Jhnlz) = 2°h" " (x)
1=0 0

+

e

2250119-14
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(7 e (5 )

2 o1
_ Z Z( ' >2ihn—2i—1(w)

7

_ Q” . 1J + 1) Tnn() LZJi (" - Z) 2ipn21(z). O

p 7

Theorem 3.8. The derivative of J}L,n(x) is as follows:
l .
. , n—1-—1\ ., ) n—2i—2 /
= - - 1 .
(Jhn(2)) ;:0 ( ; ) 2'(n —2i = 1)h (@)h' ()

Proof. The proof is easily seen if the right side of Eq. (BI]) is taken as the derivative
with respect to x. O

Theorem 3.9. The generating functions for the incomplete h(x)-Jacobsthal poly-
nomials J,ll,n(:zz) is given by

Ruy(z) = > Jj (@)t
1=0

P a1 () + (Tn2ir2(2) — h(@) Tp 201 (@)t = 12 (3505:) )]
(1 — h(z)t —t?) '

Proof. From 1) and (34), for 0 <n < 20+ 1, we get

Jhor1() = Jnori(x) and  Jp g4 0(x) = Jp2p2(2)

and
! / / n=3 =1\ s
pn(@) = h(2) T} 1 (T) + 2} 5 _o(2) — l 27h (z).

If we let so = J}, 5,41 (2) and 51 = J} o, 5(2) then we get s, = J} o4 (2).
Similarly, if rg = r; = 0 then we get

n+l-—1
Tp = ( ) 2 Ipn=2 ().
n—2

The generating function for {r,} is

9 I+1
60 = (=)
see [18, p. 355].

From Lemma [2T], we have the generating function Ry ;(z) for {s,}. |

2250119-15
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4. Conclusions

We give the Catalan transform of the incomplete Jacobsthal numbers. Also, we
apply the Hankel transform to the Catalan transforms of these numbers. We give the
definition of the incomplete h(x)-Jacobsthal polynomials by using the generalization
of Jacobsthal polynomials defined in [2I]. We analyze the recurrence relation and
some properties of these polynomials. Then we calculate determinants of matrixes
formed with CJ ]lcn by using Hankel transform.
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